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Figure: In torus plane model
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c
oy | oy | oz | oy | Gys | Qo | Gog | Gog | Qyg | Groo
Ggy | gy | Gy | Gsy | Ggs | G | Gg7 | Gss | Ggo | oo
gy |Gy | Ggy |Gy | Qs | g | G | G | Gao | Gyo
gy | G2 | o3 | Goa | Gos | Ge6 | o7 | Gos | Deo | Gro
Qs) | dsy | Gs3 | Osy | Gss | Asg | sy | Gsg | Gso | go
iy gty
Ay | Quy | Quz | Qyy | Gas | Gag | Qar | Gus | Qao | Gso
Ay | Gyy |y |Gy | Gss |Gy | Gag | Chg | Gag | Gy
Qo) |Gy |Gos | oy | Gos | Chg | oy | Cog | Gy | Gy
Gy |Gy | Gis | Gy | Gis | Gig | Gig | Gig | Grg | G
G |G |G | dy |G |G |G |G| G| Do
o
Figure: Naming cells
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Gy | Goy | Goy | oy | Gos | Gog | Go7 | Gog | oy | Choo)
Og) | Gsy | Qg3 | Ggy | Gss | Ggg | Ggy | Ggg | Ggo | Cog
Q) |Gy |Ggy |Gy | Gys | g | Goy | Cog | Gy | Gyo
g1 | G | Qg3 | Goa | Gos | Gss | Go7 | Gos | Goo | Gro
U5y | Gsy | Gs3 | sy | Gss | Gsg | Os7 | Gsg | Gso | o
1r gt
Ay |Gy |Gz |Gy | Gys | Gy | Gag | Gug | Gao | G5
Gy |y |Gy |Gy | Gas | g | Gy | g | o | Gao
) |Gy |z | Gy | s | g | oy | s | Gao | Gao
a, A3 | Gy | Gis | Qi | Gyg | Gig | G | g
Ay | G5 |96 | @ | G | | Do
o
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N
Qg | Goy | Cos | Coy a(); Qo | Qg7 | Gog | Ay | oo
Og) | Gsy | Qg3 | Ggy | Gss | Ggg | Ggy | Ggg | Ggo | Cog
Q) |Gy |Ggy |Gy | Gys | g | Goy | Cog | Gy | Gyo
g1 | G | Qg3 | Goa | Gos | Gss | Go7 | Gos | Goo | Gro
Gs) |dsy | Gs3 | Gy | Gss | s | sy | Gsg | Gso | dgo

1r gt
Ay |Gy |Gz |Gy | Gys | Gy | Gag | Gug | Gao | G5
Oy |Gy |3 | Gay | Gss | g | Ga7 | g | g | Gyo
Gy |Gy |G |Gy | Cos | o | oy | Chg | Gao | Gao
a, A3 | Gy | Gis | Qi | Gyg | Gig | G | g

Ay | G5 |96 | @ | G | | Do
o

ai+a +az+ ajpp =

a +as+as+ as
az + as+ as + as
a4 + as + as + ais
as + 8p + az + aie
des + a7 + as + aiz
ary + ag + ag + ais
dg + dg + a0 + aig
dg + a10 + a1 + ao
ajpp + ay + az + aiq

O O O O O o o o o o
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c
Gy | Gy | Gos | oy | Gos | Cog | Gog | Gog | oy | Coo)
Ggy | Gsy | Gs3 | Ggy | Ggs | Oy | Gg7 | Gss | Ggo | Cog
Qg Gy |Gy | oy | Gys | Gy | Gg7 | G | oo | G
gy |G | g3 | Gos | o5 | 6 | o7 | Gos | Goo | o
U5y | Gsy | Gsy | Osy | Gss | Asg | Os7 | Gsg | Gso | o

1 !
Ay | Qyy |Gy | Gay | Qus | Gug | Qar | Cag | Gao | Gso
Gy |y |Gy |Gy | Gas | Grg | Gy | g | oo | Gao
Gy |Gy |G |Gy | Cos | Gog | oy | Chg | Gag | Gag

Ay | Gis | Gig | Gy | g | Gro | g
G G |Gy | G5 |G | |G || Do
i
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N
c
Gy | Gy | Gos | oy | Gos | Cog | Gog | Gog | oy | Coo)
Ggy | Gsy | Gs3 | Ggy | Ggs | Oy | Gg7 | Gss | Ggo | Cog
Qg Gy |Gy | oy | Gys | Gy | Gg7 | G | oo | G
gy |G | g3 | Gos | o5 | 6 | o7 | Gos | Goo | o
U5y | Gsy | Gsy | Osy | Gss | Asg | Os7 | Gsg | Gso | o
1 !
Ay | Qyy |Gy | Gay | Qus | Gug | Qar | Cag | Gao | Gso
Ay |y |Gy [ Gay | Gss | Oy | Ga7 | Ghg |Gy | yo
Gy |Gy |G |Gy | Cos | Gog | oy | Chg | Gag | Gag
Ay | Gis | Gig | Gy | g | Gro | g
@ a4 | a, |as J s | G | Gy | Gy | Gy
i

ayr +aietaiz+a =
aio + a1z + ai4 + as =
a3+ aigs+ass+as=
ais + ais + aie + as =
a5 + aie + a7 + ap =
aie +aiz +aig+ar =
ai7 + aig + ajg + as =
aig + aig + az + ag =
819 +a + ai1 + ai =
ao+ai+apta =
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Ay | gy | Qo3 | oy a‘)Sﬁ\a% Aoy | Cog | Gy | Groo a11 + a12 + a13 + az -
g |Gy | Qo | Gy | Gos | Ggs | G | Gis | o | oo a2 + a3+ ant+az=
ay |G | oy | oy | s |y | a0y | a0 | o | g a3 + 814 + a15 + a4 =
g, | G | Gy | Gsa | Gis | s | G | s | Ao | Go ai4 + a5 + a1 + a5 =
{Iail s, | sy | Gsy | Gss | Qs | Gsy | Gsg | Gy %o1 ais + aie + a7 + as =
ay |ay, (as |ay |as | a | an | a | a | as aig + @17 + aig + a =
ay | ay |G |y | s | arg | a5 | aig | 5o | g Q17 + aig + a9 + ag =
@y |y |G |y | s | G | Gy | g | g | a9 s + 1o + app + 80 —
ay | as | ag | a; | ag | a | ay
a a|aaa|a|ala|a 819 +a + ai1 + ai =
” o +apn +apt+a =
ant+aptast+a = 0
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Gy | Gy, | oy | Gy a‘)?a‘)6 Gy | s | Gy | Ao an tantanta=
g |Gy | Qo | Gy | Gos | Ggs | G | Gis | o | oo a2 +aiz+ait+a=
gy | Oy | oy | Goy | Qgs | Qo | Qg | Grg | Qo | Gy ais +a14 +a15 + as =
g, | G | Gy | Gsa | Gis | s | G | s | Ao | Go ai4 + a5 + a1 + a5 =
{IaSl s, | sy | Gsy | Gss | Qs | Gsy | Gsg | Gy %01 ais + aie + a7 + as =
ay |y |ag [ ay |as | | an | aw | aw | as, aig + ai7 + ais + ar =
a, |y |G | @y | ass | a | ay [ | @ | ay Q17 + aig + a9 + ag =
@, |y | s |Gy | s | g | oy | g | g | 5 aug -+ A1 + dop + 8 =
ay, |as | ag |y, | ag | ay | ax
a a|aaa|a|ala|a g+ ao +ai +ap =
7 doo+an +apta =
ant+aptast+a = 0
ajrt+at+aigtan = 0
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Gy | Gy, | oy | Gy a‘)?a% Gy | s | Gy | Ao an tantanta=
g |Gy | Qo | Gy | Gos | Ggs | G | Gis | o | oo a2 +aiz+ait+a=
gy | Oy | oy | Goy | Qgs | Qo | Qg | Grg | Qo | Gy ais +a14 +a15 + as =
g, | G | Gy | Gsa | Gis | s | G | s | Ao | Go ai4 + a5 + a1 + a5 =
IaSl s, | sy | Gsy | Gss | Qs | Gsy | Gsg | Gy %oﬂ ais + aie + a7 + as =
ay |y |ag [ ay |as | | an | aw | aw | as, as + a7 + ajg + a7 =
a, | ay | ay | ay | s | a | a5 | ag | @ | @y Q17 + aig + a9 + ag =
@, |y | s |Gy | s | g | oy | g | g | 5 aug -+ A1 + dop + 8 =
a, |as | ag | ay |ag | a, | @y
a a|aaa|a|ala|a 819 +a + ai1 + ai =
7 doo+an +apta =
ant+aptast+a = 0
ajrt+at+aigtan = 0
ax = az2
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Homology groups of
generalized polyomino
type tilings
a =az=as=4ar =34y = a2 = a4 = e = a1g = a0 Edin Lidan

A =38 =3dg = ajp = ay = a3 = a5 = a17 = aig
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a1 =4z =4as = ar = dg = 12 = a4 = 816 = a1 = a0
A =38 =3dg = ajp = ay = a3 = a5 = a17 = aig

Analogue

1 = 83 = A5 = @27 = 29 = A3z = d34 = dze = dzg = 440
Q41 = Q43 = 45 = Q47 = Q49 = Qup = 44 = 4e = dag = dp0
dp1 = 83 = dps5 = A7 — dp9 — dp2 = Apa — dpe — dpg — dgo
dg1 = dg3 = dgs — dg7 — dgg — dgz2 = dg4 = dge = dgg = a100
o2 = 84 = ¢ = g = 830 = 431 = d33 = d3zs = dz7 = dag
42 = 844 = A4 = A48 = As0 = d51 = As3 = dss5 = ds7 = dsg
8p2 = 84 = e — dpg = A70 = Q71 = a@rz = ars = dr7 = arg
dgo = dg4 = Age — dgg = dgp — &gy = dg3 = dgs = dg7 = dgg
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i
G |G |4 a g T G |G| a a4 aq
ala|a|a|a|la|a|a|a|a
G |G |G |G |G |G |G| a |d |4
ala |a|a|a|la|la|a|a|aq

ala|a|la|a|la|a|a|q

a|lala|a|a|ag|la|a|a
al|la|ala|la|a|a|q|la|q
ala|a|a|a|a|a|a|a|a
ala|lala|a|a|la|la|alaq
a la |a|a|a|a|al|la|la|a

Figure: Equivalent cells
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G |G |4 a g T G |G| a a4 aq
ala|a|a|a|la|a|a|a|a
G |G |G |G |G |G |G| a |d |4
ala |a|a|a|la|la|a|a|aq

ala|a|la|a|la|a|a|q

a|la |la|a|a|a|la|q|a
ala|ala|la|a|lalag|la|aq
ala|a|a|a|a|a|a|a|a
aG|a |ala|a|a|ala|a|aq
a la |a|a|a|a|al|la|la|a

Figure: Equivalent cells

3a) + ao
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Figure: Equivalent cells

3a) + ao
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"
G |G |4 | a azﬁ G |G| a a4 aq
alalal|lala|la|a|a|a|a 3a) + ao
G |G |G |G |G |G |G |G |4 |4 332 +a =
alala|la|a|la|ala|q]|aq

- N I N N N I

G |G |G |G |G |G |4 |G ‘721} > < ay, a2‘3a1+32«,332+a1 >
G |G |GG |G |G |G |4 |4 |a
alalal|la|a|a|a|la|q]|a
G |G |G |G |G |G |a|a|a|q
G |G |G |G| q |G| & |G| 4|4

Figure: Equivalent cells
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-
G| a | &G azﬁ 4 |Gy | G |GG
alalal|lala|la|a|a|a|a 3a) + ao
L T B I O O T T I 3a+a; =
ala|ala|a|a|a|la|q|a

- N I N N N I

G |G |G |G |G |G |4 |G ‘721} > < ay, a2‘3a1+32«,332+a1 >
G |G |GG |G |G |G |4 |4 |a > =< ay |881 -0 >= Zg
alalal|la|a|a|a|la|q]|a
G |G |G |G |G |G |a|a|a|q
G |G |G |G| q |G| & |G| 4|4

Figure: Equivalent cells
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N
ala|a|a|a T a |4 | a |G| G
G |G |G (G |G |G |G |G |G |G
ala|a|a|a|a|a|a|a]|aq
a | @ |4 |G |G |G |G |G |G |a
a|a |a|a |a|a|a|a |a|q
{ral ala |a|a|a|ala|a)|a
al|la|ala|la|a|a|q|la|q
ala|a|a|a|a|a|a|a|a
Gla|a|a | |a|la|ag|ala
alala|ala|alalala|a

Figure: Equivalent cells

3as+a = 0
3aa+a = 0

> < ay, 32‘3a1+a2,3a2+a1 >
> =< aylga—0 >= Zg

50a; + 50a, = —100a; = 44,
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Figure: Coloring the Chessboard

» 50 red cells
» 50 yellow cells
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v
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The torus chessboard of dimension (4k + 2) x (4k + 2) can be
not tiling with T — tetrominoes.
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Example

Is it possible to tile torus chessboard 9 x 5 with one removed
cell in the middle to tile with square shapes 2 x 2 and cross
shape (all orientation are allowed)?
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Example

Is it possible to tile torus chessboard 9 x 5 with one removed
cell in the middle to tile with square shapes 2 x 2 and cross

shape (all orientation are allowed)?

Uy | Gas | Gro | uo | Gyy | Guy | Gas

oy | Gho | Gao | G5y | Gaa | a3 | Gy

Gy | Gos

25

a

OR

Figure: In torus plane model Figure: Naming cell
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A
T
3y | Gag | Chg | Aug | Ay | Ay | Qa3 | Ayy | s
g | Gy gy | Gz | Oy | Grs | Oy
Tay | a K] s | s | g | o
G | Gy | Gy | i3 | Gy | Gis | Gy | g | Cig
G |G| G| a4 | 95| ds | B | G|
i
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5

Ay

G5

a

+ a2 + ato + an
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A
T
3y | Gag | Chg | Aug | Ay | Ay | Qa3 | Ayy | s
g | Gy gy | Gz | Oy | Grs | Oy
Tay | a K] s | s | g | o
G | Gy | Gy | i3 | Gy | Gis | Gy | g | Cig
G | Gy

ai + az + ajo + ait
dp1 + 8zo + az2 + asq

=0
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A
T
3y | Gag | Chg | Aug | Ay | Ay | Qa3 | Ayy | s
g | Gy G5y | O3 | Gy | Gss | Gy
Tay | ay K G| s | s | T
G | Gy | Gy | i3 | Gy | Gis | Gy | g | Cig
4 | A | Gy

ai + az + ajo + ait
a1 + azo + a2 + asq

N
T

iy | g | G | Gyg | Gy | Gy | Daz | Qyy | Qs

g | Gy gy | O3 | Gay | Gss | O

Gy K s | s | g | o

s | Gy | Gis | Gy | Qg | Gig

a G| dy | G| s | | ds| G
i
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A
T
3y | Gag | Chg | Aug | Ay | Ay | Qa3 | Ayy | s
g | Gy G5y | O3 | Gy | Gss | Gy
Tay | ay A
G | Gy | Gy | i3 | Gy | Gis | Gy | g | Cig
G | & | G| a, | G| dg| ay | Gy | Gy
nd

ai + az + ajo + ait
a1 + azo + a2 + asq

Il
o

N
T
iy | g | G | Gyg | Gy | Gy | Daz | Qyy | Qs
g | Gy G5y | Gy | Gsy | Bss | Os6
Gy K s | s | g | o
s | Gy | Gis | Gy | Qg | Gig
a G| dy | G| s | | ds| G
i

ao+aip+ant+apt+a=0
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&
s
Gy | G | Gao | Gyo | Ay | Gy | Gz | Ay | Gas
s | Gy G5y | G5 | Gay | s | Gsg
Ty K G| s | s | BT
Gy | Gy i3 | Gy | Gis | Gy | D7 | g
G || & || 0| d|d|d|d
>
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&
s
Gy | G | Gao | Gyo | Ay | Gy | Gz | Ay | Gas
s | Gy sy | Gy | Gy | Gss | Gy
Ta, K G| s | s | BT
Gy | Gy i3 | Gy | Gis | Gy | D7 | g
G || & || 0| d|d|d|d
>

aio+ aoo+ @y + amw +az =0
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&
s
sz | G | g | Cyg | Ay | Ay | Qys | gy | Ays
s | Gy G5y | G5 | Gay | s | Gsg
Ta, K G| s | s | BT
G | 9y 3| Gy | Gs | e | 7 | s
G || & || 0| d|d|d|d
>

aio+ aoo+ @y + amw +az =0

2
o
Qg | Gag | Gao | ug | Ay | Qyy | Gas | iy | Gas
g | Gy Gy | 53 | Gay | Gss | Gs6
9 K G| Bs | G| @it
A3 | Gy | Gis | g | D7 | g
a G| 4y | a5 | G5 | 4 | ds | Gy
o

Homology groups of
generalized polyomino
type tilings

Edin Lidan

Homology groups of
generalized polyomino
type tillings

University of Bihaé
31 ) Bosnia and Herzegovina



&
s
Gy | G | Gao | Gyo | Ay | Gy | Gz | Ay | Gas
s | Gy G5y | G5 | Gay | s | Gsg
Ta, K] | Bs| @ | @ 1
G | 9y 3| Gy | Gs | e | 7 | s
G || & || 0| d|d|d|d
>

aio+ aoo+ @y + amw +az =0

2
o
Qg | Gag | Gao | ug | Ay | Qyy | Gas | iy | Gas
g | Gy Gy | 53 | Gay | Gss | Gs6
9 K G| Bs | G| @it
A3 | Gy | Gis | g | D7 | g
a G| 4y | a5 | G5 | 4 | ds | Gy
o

asq
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&
s
Gy | G | Gao | Gyo | Ay | Gy | Gz | Ay | Gas
s | Gy sy | Gy | Gy | Gss | Gy
Ta, K G| s | s | BT
Gy | Gy i3 | Gy | Gis | Gy | D7 | g
G || & || 0| d|d|d|d
>

2
D
Ay | Gy | Gy | Gy | Gy | Ay | Qs | Gy | Qs
g | Gy sy | O3 | Gy | Gss | Gy
o K G| Bs | G| @it
A3 | Gy | Gis | g | D7 | g
a G| 4y | a5 | G5 | 4 | ds | Gy
o

a = as4

Analogue

az1 = a1 = az7 = a2

a1 = az4 = a10 = d40 = dos
agz7 = a1z = aog

dog = 84 = A19 = 443

g = ar
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A | Gag [Gao | O | Gy |Gy | G | Gy | s

D |G| G| G| Gy | Gy | D | G5 | O

T | gy | G| X |Gy | D | | B

G |Gy |G| G| ay|Gs | G |G| G

a |G | G| G| Gs | Ao | G | Gy | Gy
3

Figure: Cells generated with a;
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2
A | Gag [Gao | O | Gy |Gy | G | Gy | s
D |G| G| G| Gy | Gy | D | G5 | O

Th | |Gy | | X [y | D | | Dot
G |Gy |G| G| ay|Gs | G |G| G
Gl |G| || |%|%

D

Figure: Cells generated with a;

Analogue

dp = 34 = 85,434 = 811 = A41 = 826
a11 = 844,800 = 8s,dp9 = A14 = a34
ag = dpg, a3g = 17 = 832, a17 = a9
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@ | G |G| G| Ay | Gy | G | Gy |dys
al az (13 0 al a}z az al a2 a}(,
Tl a ay | G| X |a || a |t
G |G |G| G|yl G| G |G|
G| |G| a|% | H |4 |4 |%
D

Figure: Cells generated with a,
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a | a |G | q Zm G | G | Gy | ys
B | D |G| D |ay| G |4 |G| ay
D0 |l a, |ay | G| X |a|d |a |t
G |ty |G| G| dy| G |G |G|
G| |G| a|% | H |4 |4 |%

D

Figure: Cells generated with a,

Analogue

az = azp = dg = Aoy

azg = ayg = aqp = dp7,da12 = ass

azz = dg, dp1, o4 = d9,d30 = 15

Homology groups of
generalized polyomino
type tilings

Edin Lidan

Homology groups of
generalized polyomino
type tillings

University of Bihaé
Bosnia and Herzegovina



Homology groups of
generalized polyomino
type tilings

Edin Lidan

Homology groups of
generalized polyomino
type tillings

University of Bihaé
31 ) Bosnia and Herzegovina



-
aq |4 |lal a|d | a a, | G
aq |G |lalag|b|a|lag|a| g

T la, || A X |al|d|a | BT
g la|la|la|lag|a|aq|a|q
a |la || g a, | a |a | &%

Figure: Cells generated with as
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-
aq |4 |lal a|d | a a, | G
aq |G |lalag|b|a|lag|a| g

T la, || A X |al|d|a | BT
g la|la|la|lag|a|aq|a|q
a |la || g a, | a |a | &%

Figure: Cells generated with as
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2ai +2a; =0 o
2a, +2a3 =0
2a; +2a3 =0
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o
G |G| a | G| & |G 4 | &%
ala|lala|dG|agla|a| aq

T la, || A X |al|d|a | BT
G |G| G| G |6 |G |a| a4k
a |la || g a, | a |a | &%

Figure: Cells generated with as

2a; +2a> =0
2a, +2a3 =0
2a; +2a3 =0

3ax+aj+a3=0
3as+ai+a =0
3ai+a+az3=0
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-
G 1 |a| G| % |G a, | &
alalalale|alalala §a1 + gaz — 8

a as =
Pl o Al X|a |4 |a a{r 5 2 12 3 0
aq as =
G |G| G| G |6 |G |a| a4k 3 +a+a3=0
G |G| % 4|4 |G| 4|4 & 3az+ai+a =0
D

3ai+a+a3=0
Figure: Cells generated with as

> < ay,a,azl2a1 =2a =2a3=a+a+a;=0>
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-
G 1 |a| G| % |G a, | &
ool alalala|alas|a §a1 + ;az — 8
a as =
Pl o Al X|a |4 |a a{r 5 2 12 3 0
aq as =
G |G| G| G |6 |G |a| a4k 3 +a+a3=0
G |G| % 4|4 |G| 4|4 & 3az+ai+a =0
D

3ai+a+a3=0
Figure: Cells generated with as

> < ay,a,azl2a1 =2a =2a3=a+a+a;=0>

15a; + 14a> + 15a3 = a1 + a3
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» The same idea can be used for studying tilings on
surfaces of genus g. Which are subdivided in more
general cells grids.
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