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Tilings and Fibonacci numbers

Tilings of a (1 x n)-board with squares and dominoes
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Tilings and Fibonacci numbers

Tilings of a (2 x n)-board with dominoes

(2 x 8)-board :

n:1,f1:1: —

n=2 f=2:

n=3, f3=3:

n-1 + n-2

generally, f, = fo_1 + fr_2:
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Tilings of a (k x n)-board with dominoes

(2 x n)-board: f, =f,—1 + f,_o (OEIS: A000045)

(3 x n)-board: f, =4f,_» —f,_4 (OEIS: A001835)

(4 x n)-board: f, = fo_1 +5f_ + fr3 — fo_a  (OEIS: AD05178)

(5 X n)—board: fo = 15fp_5 — 32fp_4 + 157, — fr_sg (OE|S A003775)
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Tilings with colored squares and dominoes

Tiling a (1 x n)-board with colored squares and dominoes
Let u, be the generalized Fibonacci number, where
Up = aup_1+ bup—2, (n>2) (1)

with initial values up = 1, u; = a, is interpreted as the number of ways to tile a (1 x n)-board
using a colors of squares and b colors of dominoes.

For example, (1 x 8)-board -:_

If a=1, b=1, then u, = f,.
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Tilings with colored squares and dominoes

Tilings of a (2 x n)-board with colored squares and dominoes

Let R, be the number of tilings of (2 x n)-board using a colors of squares and b colors of
dominoes. Katz and Stenson (2009) showed the recurrence rule

R, = (a® +2b)Rp_1 + a*bRy_2 — b3Ry_3, (n>13) (2)

with initial values Ry =1, Ry = a®> + b and Ry = a* + 4a%b + 2b°.

For example, (2 x 8)-board and a = 3, b = 4, breakable and unbreakable

menll Bun el |

Ifa=1, b=1, then R, =3R,—1+ Ro—2 — Rn—3.
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Tilings with colored squares and dominoes in hyperbolic plane

A (2 x n)-board on the hyperbolic mosaic with Schifli symbol {4,5}
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Figure: (2 x 4)-board on hyperbolic mosaic {4,5}
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Tilings with colored squares and dominoes in hyperbolic plane

A (2 x n)-board on the hyperbolic mosaic with Schifli symbol {4, q}
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Figure: (2 x 1)-board and (2 x 4)-board on hyperbolic mosaic {4, q} (g > 5)

Tiling exercise of the hyperbolic (2 x 1)-board on the mosaic {4, q} (g > 5) is the same as the
tiling exercise of the Euclidean (1 x (g — 2))-board. So Ry = uq—» and n = fy_».
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Tilings with colored squares and dominoes of a hyperbolic (2 x n)-board

Subboards of a board

01 i n 01 i n 01 7 n 01 7 n

Figure: Breakable and unbreakable tilings in position i when ¢ =7

Let A,, By, C, and R, be the number of the tiling on A,, B,, C, subboards and all the board,
respectively.
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Tilings with colored squares and dominoes of a hyperbolic (2 x n)-board

Figure: Base of recurrence connections of the subboards
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Tilings with colored squares and dominoes on hyperbolic (2 x n)-board

The recurrence equations for n > 1 satisfy the system

= Ug—2Rn-1+abug_aAn_1+bug_3B,_1+ b2 ug—4Cp_1
Ug—3 Rn—1+ ab Uq—SAn—l +b Uq—4Bn—1 + b? Ug—5 Cr1
uq—3Rn—1 + b Uq—4An—1 ‘
= Uq—4Rn—1 +b Uq—SAn—l

(3)

H PR

Ro=1 Ry =ug2 R = u:‘;_g +abug_4ug_3+ bu3_3 + b2u3_4, R3 = (U?,_z +2abug_4ug_3+
2bu 3+ 2b%u3_4)ug2 + b*(ug3uq_a + (3% + b)ug atq s+ aud_4)ug 3+ ab>u?_,uq s.

The matrix of the coefficients of (3) is

Ug—2 abugs bug3 b>ug 4
M — Ug—3 ab Ug—5 b Ug—2a b2 Ug—5

Ug-3 bug_s 0 0

Ug—4 b Ug—5 0 0
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Theorem

Assume q > 4. The sequence {R,}°>, can be described by the fourth order linear
homogeneous recurrence relation

Rn = Qg Rn—1+ Bq Rn—2 + Yq Rn—3 — b2(q_2)Rn—4a (” > 4)

where
OQg42 = aoagy1 + bag,
Ba+s = (a2 + b)Bgia + b(a® + b)Bgr1 — b3By,
Ygr2 = —abyqi1+ b3'7q

with initial values

a4 = a° + b, as = a(a® + 3b),
Ba = 2b(a® + b), Bs = b(a* + b)(a® + 2b), Bs = b(a® + 6a*b + 10a°b* 4 2b°),
v4 = b%(a® — b), 15 = —ab>(a® + b).
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Tilings with colored cubes and bricks in the Euclidean space

Cubes, bricks, (2 x 2 x n)-board, tilings when n = 1, unbreakable tilings

sl
GEEEEL

y / /) /)

Laszl6 NEMETH (Sopron) Domino and square tilings of Euclidean and hyperbolic b September 27-28, 2018



Tilings with colored cubes and bricks in the Euclidean space
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The sequence {R,}52, can be described by the sixth order linear homogeneous recurrence
relation 6
R, = Zai Rn—i (n > 6)? (4)
i=1

where

oy = a*+7a%b+6b%

as = b(a®+6a*b +6a°bh% — 7b%),

a3 = —2b3(a® 4 5a*b + 132%b% + 4b°),

ag = b3 +2a%b + 6a%b% + 9b°),

as = b¥(a* — a%b 4 2b%),

ag = —b'2
and the initial values R, (n =0,...,5) are 1, a* + 4a°b + 2b?,
2% 4 122%b + 42a*b? + 442%h3 4+ 9b*
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Connections between the tilings and the unbreakable tilings

If n>1and m> 1, then
n—1
Rn — Ri'F\)n—l
i=0
n m _
Rn+m — Ran + Z Rn—iRm—jRi+j-
i=1 j=1
n n__ n—i
SR=YFR-YR
i=1 i=1 Jj=0

For the proof of these identities we just use the tilings.
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Classical Pascal'’s triangle

Value of a vertex is the number of the shortest paths from the vertex to the base vertex along
the edges.
The layers are the vertices with same distance from base vertex.
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Hyperbolic Pascal triangle {4,5}

Extension in hyperbolic plane
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Vertices are “Type A", “Type B" and wingers.
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Hyperbolic Pascal triangle {4,5}

In a graph form

Vertices are “Type A", “Type B" and wingers.
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Hyperbolic Pascal triangle {4, g}

Number of elements in a row
sn=(q—1)sp-1—(q—1)sp—2+sn-3 (n=4).
Sum of values in a row
S5 =@q%-1—(q+1)8,—2 + 25,3 (n>4).

Alternating sum of values a row
If g>5 and odd

0, if n=3t+1, n>1,
Sn = (-2)Y(q—5)1t+2, if n=3t—1, n>n,
2(-2){(g—5)"1+2, if n=3t, n> ny.
If g > 6 and even
: _ 0, if n=2t+1, n>1,
"7 —2(5—q)tt42, if n=2t, n>2.
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