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ABSTRACT

In 2001 Sir M. F. Atiyah formulated a conjecture
(C1) and later with P. Sutcliffe two stronger
conjectures (C2) and (C'3). These conjectures,
inspired by physics (spin-statistics theorem of
quantum mechanics), are geometrically defined
for any configuration of points in the Euclidean
three space. The conjecture (C'1) is proved for
n = 3,4 and for general n only for some special

configurations (M. F. Atiyah, M. Eastwood and
P. Norbury, D. Pjokovic).

Here we shall explain some new conjectures
for symmetric functions which imply (C2)
and (C3) for almost collinear configurations.
Computations up to n = 6 are performed with
a help of Maple and J. Stembridge’s package SF
for symmetric functions. For n = 4 we have also
verified the conjectures (C2) and (C'3) for some
infinite families of tetrahedra.

INTRODUCTION

In the case of type (A) configurations of points
(all but one point are collinear, [6]) Pokovi¢ ar-
rived at a matrix M,,,1 =

i 1 A1 o .- 0 0
0 1 Ao - 0 0
0 0 1 0 0
0 I A

i (_1)nen (_1)n_16n_1 c .. c o —eq 1 1

where 0 < Ay < Ao... < A\, are real numbers
and ex = er(A1,..., ), 1 <k <n, is the k—th
elementary symmetric function of A1, Aa, ..., A,,.
Inequality [det M, 1(A1,...,A,)]" "1 >

> szl det Mn()\la Cee )\k—ly )\k_|_1, Ce ey >\n)

is equivalent to conjecture (C3) in this case.
For n = 2 this inequality takes the form

1 4+ Aoe1(A1, A2) + A1 daea (A, Ao) >
> (1 + Ager(A2))(1 + Arer(Ar)

that reduces to (Ao — A1)A1 > 0, so it is true.

Even for n = 3 the inequality is quite messy
thanks to non-symmetric character of both sides.
Let us start with the case n = 2. Take a look at

the following inequality
1+ X1(§1+82) + X1 X28182 > (1+X161) (1+X282)

which is true if X7 > X5 > 0 and &,& > 0. It

we set X1 a 51 — )\2, X2 s 52 — )\1 then we get
the original inequality.
Now, let &1, ...,&,, X1,...,X,,,n > 1 be two sets

of commuting indeterminates. For any [,1 <[ <
n and any sequences 1 <11 < --- <73, <n,1 <

j1 < --- < 7; < n we define polynomials
Uh = Wi e Qe 6, X, X
as follows:

[

\IJI . — Zek(§j1?§j2? .« o

k=0

& ) Xy Xy - Xy

where [ > 1, \IJ% =1 (j = 0) and ey, is the k-th
elementary symmetric function.

POLYNOMIALS Wi5:"
In particular we have
v’ =1+&X
U2 =1 (& + &) Xy + &5y &5 Xy Xy,

J1J2
\P;lzézﬁs =1 (‘gh ‘5]’2 €j3)Xz1
o (‘fjl §j2 T €j1€j3 - ‘sz‘fjg)Xil Xig—l_
T €j1€j25j3X7L1 X’iQXig-

Let us formulate a conjecture which implies the
strongest Atiyah—Sutcliffe’s conjecture for type

(A) configurations of points ([6]).
Conjecture 1. For any n > 1, let

XlZXZZZ 207617‘{527"'757120 be
any nonnegative real numbers. Then

Lo= (Wi325)" = [T = R

AN

where 12---k---m  denotes the sequence
12---(k—=1)(k+1)---n. The equality obviously
holds true ifft X; = X9 =--- = X,,.

kon = k(X2 — X3) + W57 be ob-
tained from Wi3-" by replacing only one term
X1 by §kX2, hence \P12:::£:::Z are still posi-
Let Ln := [Ti_s W13k,

tive. Since clearly

L, > Ln, our str(lnger conjecture reads as
Conjecture 2. L, > R, (n > 1)

with equality ift X2 — X3 — s = Xn

More generally, we conjecture that the difference
L, — R, is a polynomial in the differences X5 —
X3, X3—X4, ..., X,,_1—X,, with coefficients in

ZZO[XM SR 7Xn7€17 SR 7€n]
We have some monotonicity properties:

Theorem 3. Let for1 <r <n

1...m 176\?’2, 1...n 1...k...n
A?“ - aer\j[jl...n ) \Illgn _ \Ijln ) aXr\Ij L n?

Then we have the following explicit formulas
(i) for anyr, 1 <r < k(< n) we have A, =

k 5 R
gk Z §2313 1 — 1)X X Xz_|_1Xka_|_
0<i<r<jyi<n
+ Z ezegk)x X%Xi_l_l...j(\r...k\k...xj(xk_Xj+1)

O<i<r,k<j<n

(ii) for any r, (1 <)k < r < n we have A, =

(k) 2 2 = = _
_ Z (2113 @1>X1"Xq;Xz—l—l"'Xk"'X"""'Xg‘l‘
0<z<r<jgj<n
(k) xX?.. . X%Xx X X, X (X X
+ Z FXT CX 4 X X - ( 1 — )
<1<k, fr<g<n

Lemma 6. For any k, (1 <k <n), we have

n—1
l...k..n _ en—1—y
\Ijl/k\n o Z ajfk
7=0
where
an—1 =14+ Xje1 + X1 Xoe2+ ...+ X1 - Xp_1€n—1,
An—2 = —X1 — X1X9e1 —... — X1+ Xpn_1€n—_2,
a0 = (—1)"1X1 - Xn_1,
.n—l
1.€. An—1—73 — (—1)] Z Xl . -Xiez-_j
i=j

It follows that the right hand side

O I T (DT
can be understood as a resultant R, = Res(f,g)
of the following two polynomials

(—1)eja" ™

=
=
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qamp
5
|
Tag
||
()=

Using Sylvester formula we get a matrix A,

with entries

( 1—7

S (-1)'TIxy - X,
—O

Z (—1)7 7' xq -
\ k=0

By elementary operations we get

Ap = det(d;;)1<ij<n—1

kjkn_1>7’>-7>0

where
( n—1
STo(—D)"TIT Xy X (X — X)epaq, for i < j
k=j41
R e R e T

Jg—1 o
S (-1 I xy -
. k=0

X p—2(Xi g1 — Xj)eg, fori >

Corollary 7. The conjecture 5 1s equivalent to
a Hadamard type inequality for the (non Hermi-
tian) matriz (0;;)1<i j<n—1, i-€.

det 5’ <H5

where Sg\) denotes the A—th Schur function of BIBLIOGRAPHY

517---a€k—1afk+17--->fn (fk Omztted).
Corollary 4. Let X1 > --- > X, > 0,

£1,...,&, > 0 be as before. Then

(i) for any r, 1 < r < k (<

n) we have

1... l1... 1 r+1 ...n

\Ijlg > \Ijl r r+1 ...n
q;lEn o \Ifl r+1 r+1 L k...n
1...k...n 1... r» r+1 ...k...n

(1) for any r, (1 <) k < r (< n) we have

1... l... r—1 r—1 ..n

\Ijlg > \Ijl r—1 r n
\Ijl?f\n o \IJ1E r—1 r—1 ...n

Conjecture 5. Let X; > > X,
£1,...&, > 0. Then the following inequality for

symmetric functions in &4, ... ,fn
n—1

k=1
holds true. (Implies the strongest (CS) for type
(A) configurations; checked up to n = 5 by using
MAPLE and symmetric function package of J.

Stembridge. )
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