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Abstract

We introduce a notion that we call a ” M-sum” and use it to examine the divisibility

properties of some binomial sums.

There is a close relationship between M-sum and D-sum. By using D sums, we

give recurrence relations for M-sums.

We present three applications of our new sums. The first application is for a known

alternating binomial sum studied by Calkin.
The second application is for the following binomial sum S: ZHQO — 7,

>—
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which arises as a generalization of a known identity connected with a famous Dixon’s
formula. We prove that, if m is a positive integer, then S(2n,m,ai,as9,...,qa;) is

divisible by (2:) and (“*") for all i = 1,1.

As a third application, we present an interesting connection between our new sums

and one Theorem by Guo, Jouhet and Zeng.

1 Introduction

Let m, n, and k be non-negative integers such that m > 1. We consider the sum

soum) =3 (1) Fnh),

k=0

where F'(n, k) is an integer-valued function that depends only on n and k.

The aim is to examine some divisibility properties of sums of the form S(n,m).

this, we introduce the notion of “M sums”.

To do


mailto:jnmikic@gmail.com

Definition 1. Let n, j, and ¢ be non-negative integers such that j < [%]. Then the M sums
for S(n,m) are as follows:

N n—2j ‘ t
v (I e o
Obviously, for m > 1, the equation
S(n,m) = Mg(n,0,m — 1) (3)
holds.

Hence, we can see the sum Mg(n,j,m — 1) as a generalization of the sum S(n,m).
Let n, j, and ¢ be as in Definition 1. We present our main theorem:

Theorem 2.
| 252

Ms(n,j,t +1) = CL) 22: <n;j)Ms(n,j+u,t).

u=0

Theorem 2 gives a recursive definition of a Mg sum.
For proving Theorem 2, we use a method of “D sums”.

2 Background

Recently, in our previous paper [6], the notion of “D sums” was introduced.
Let n, 7, and ¢ be as in Definition 1; and let S be as in Eq. (1).
Then the D sums for S(n,m) are

Ds(n,j,t)zﬁ(”l_Q (?:Z) (jil)tF(n,jJrl). (4)

=0

For m > 2, by Eq. (4), it follows that
S(n,m) = Dg(n,0,m — 2). (5)

Furthermore, D sums satisfy the following two recurrence relations [6, Thm. 2, p. 2], [8,
Eqns. (14) and (15), p. 4]

(jj_u) (n;j)DS(nJ—l-u,t), (6)

Ds(nj0)= S° (”;j) (”j_i;“) n_fh (n_Zi_2u>F(n,j+u+v). (7)

v=0

2
DS(n7j7t+ ]-) = Z
u=0



In 1998, Calkin [1, Thm. 1] proved that the alternating binomial sum Zzio(—l)k(%f)m
is divisible by (27?) for all non-negative integers n and all positive integers m. In 2007, Guo,
Jouhet, and Zeng proved, among other things, two generalizations of Calkin’s result [5, Thm.
1.2, Thm. 1.3, p. 2].

The first application of D sums [6, Section 8] was for proving Calkin’s result [1, Thm. 1].
Also, by using D sums, it was proved [6] that S .7 (Qg)m]n — k| is divisible by n(*") for all
non-negative integers n and all positive integers m.

Recently, by the same method, it was proved [8, Thm. 1] that > 3" (—1)* ™ (2:) (42:‘;2;)

is divisible by (2:) for all non-negative integers n and all positive integers m.

Furthermore, it was proved [8, Corollary 4] that Zii()(_l)k(%?)kaOQn_k is divisible by
(2:) for all non-negative integers n and all positive integers m.

We will show that there is a close relationship between M-sums and D-sums.

3 Proof of Theorem 2

We need one auxiliary result.
We will use a symmetry of binomial coefficients and the well-known binomial identity

a\ (b a\ {a—-c
— : 8
()= C)G=0) ®
where a, b, c are non-negative integers such that a > b > c.

Lemma 3. Let n and j be non-negative integers; and let t be a positive integer. Then the
following equation

MS(najvt): (?>D5<n7.77t_1) (9)
holds.

Proof. By Eq. (2), we know that

Ms(n,j,t):§<”;j) (”‘UQJ) (jiva(n,j—kv). (10)



Starting from Eq. (10), we have gradually:
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By the definition of D sums (see Eq. (4)) and the last equation above, we conclude that

Ms(n, j,t) = (?) Ds(n, j.t —1).

This completes the proof of Lemma 3.

Now, we are ready for the proof of main theorem 2. We will use Equs. (6), (7), and
Lemma 3.

By Eq. (6), it follows that

n—279

Dstnjt+1) = 3 (”;j> (jZU>DS(n,j—|—u,t). (11)

u=0

Let us recall that ¢ in Eq. (11) is a non-negative integer.
By Lemma 3, it follows that

n
, Dgs(n,j+u,t) = Mg(n,j+u,t+1). 12
(; 1, )Dstines ) = Mstn. ) (12)

By Eq. (12), Eq. (11) becomes as follows:

Ds(n, j,t+1) Z ( )Mgnj+ut+1) (13)

=0
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By multiplication of both sides of Eq. (13) with (?), it follows that

Ln72j

(Nossa = (1) 3 ("L )astes ey s

u=0
By Lemma 3, Eq. (14) becomes as follows:

%52

Mg(n, j,t +2) = (?) Z (n_‘j)MS(n,jJru,tJrl) (15)

u

u=0
By setting ¢t :=t + 1, Eq. (15) becomes

| 252 |

Mg(n, j,t +1) = (;L) 3 (n;j)Mg(n,j—i—u,t).

u=0

If ¢ is a positive integer, then Eq. (15) proves Theorem 2.
For t = 0, we will use Eq. (7).
By Eq. (7), it follows that

=

pnso= 3 (")) S (T e

u=0 v=0

u=0

By the last equation above, it follows that

Ds(n,j,0)= ) (n;j)Mg(n,jJru,O). (16)

u=0

By multiplication of both sides of Eq. (16) with (’;), it follows that

(panso=(3)

By Lemma 3, we know that

| 252 |

(n;j)MS(n,j+u,O). (17)

u=

Ms(n,j,1) = C) Ds(n, j,0). (18)
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By using Eq. (18), Eq. (17) becomes, as follows:

1%52]

Ms(n, j,1) = (?) 3 (n;])Mg(n,j—i—u,O). (19)

u=0

It is readily verified that Eq. (19) proves Theorem 2 for the case t = 0.
Hence, Eqns. (15) and (19) complete the proof of Theorem 2.

4 How do we use “M” sums ?

In one particular situation, Theorem 2 implies a simple consequence which is important for
us.

Let n be a fixed non-negative integer. Let ¢y be a non-negative integer, and let 7 be an
arbitrary integer in the range 0 < j < | %]. Suppose that ¢ = g(n) is a positive integer which
divides Mg(n, j,to) sums for all j in the given range. We want ¢ to be as large as possible.
Then it can be shown, by Theorem 2, that ¢ divides Mg(n, j,to + 1) for all j in the given
range.

By induction, it follows that ¢ divides Mg(n, j,t) for all ¢ such that ¢t > ¢y and for all j
in the given range. By Eq. (3), it follows that ¢ divides S(n,t+ 1) for all ¢ such that ¢ > ;.

See also [8, Section 5, p. 7].

5 The first application for the alternating sum

We give a proof of Calkin’s result [1, Thm. 1] by using M sums.
Let n be a non-negative integer and let m be a positive integer. Let

Sy (2n,m) = i(—l)k(gg)m.

Obviously, the sum S;(2n,m) is an instance of the sum (1), where F}(2n, k) = (—1)*.
We use the well-known identity [2, Eq. (1.25), p. 4]

2n .
2n 0, ifn>0;
§ —1)* =<7 ’ 20

where n is a non-negative integer.
By Eq. (20), we conclude that S3(2n,1) is divisible by (2:)



Furthermore, it is known

S1(2n,2) = (—1)" (2:), (Kummer’s formula)
S1(2n,3) = (—=1)" (2:) (;Z) (Dixon’s formula)

Therefore, it follows that S;(2n, m) is divisible by (*") for 1 < m < 3.

Let us calculate Mg, (2n, j,0) sum; where j is a non-negative integer such that j < n.

Without loss of generality, let us assume that n is a positive integer.
By Def. (1), it follows that

o — 7\ 2 ron — 25\ [ 2n \°
M51(2n,j,0):( . )Z( . )(jH)) Fi(2n,j +v)

J v=0

_ (Qn - j) 2”2—21 <2n ; 2]') (= 1)+,

J v=0
By the last equation above, it follows that
N 2(n—j) .
_  (2n — o[ 2(n —
M (2n,7.0) = (1 (P ) X e (7).

By Eqns. (20) and (21), it follows that

0, if0<j<n;

Let us calculate Mg, (2n, j,1) sum. We will use Theorem 2 and Eq. (22).

By setting t = 0 in Theorem 2, it follows that

n—j
2
Mg, (2n, j,1) < ) ( ne ])A[$(2nhj+1@0)

u=0
By Eq. (22), it follows that

0, if0<u<n-—j;

Ms,(2n, j +u,0) = {(_1)" ifu=n—j

(21)

(22)

(24)



By Eq. (24), Eq. (23) becomes gradually

Ms, (2n,j,1) = <—1>"(2f) (25__]?)
= (—1)"( 2" ) (2" —J > (by symmetry)

2n —j n

- () e

By the Ist equation above, it follows that

Mg, (2n, 5,1 < )( ) (25)

By setting j = 0 in Eq. (25) and by using Eq. (3), we obtain Kummer’s formula.
Furthermore, Eq. (25) suggets setting ¢;(2n) (2 )

By Theorem 2 and induction, it can be shown that Mg, (2n, j,t) is divisible by ( ) for
all positive integers ¢ and all integers j such that 0 < 7 < n.
Let m > 2. By Eq. (3), we know that

S1(2n,m) = Mg, (2n,0,m — 1).

Since m — 1 > 1, the sum Mg, (2n,0,m — 1) is divisible by (*"). By Eq. (3), S1(2n,m) is
divisible by (2:) for m > 2.
This proves Calkin’s result.

Remark 4. By using M-sums, we also can prove Dixon’s formula [4, 7]. Namely, by using
Theorem 2, Eq. (25), and the Vandermonde identity, it can be shown that

Mg, (2n,§,2) = (—1)" (2:) (2;,7’) <3n2; J > (26)

By setting j = 0 in Eq. (26) and by using Eq. (3), we obtain Dixon’s formula.

6 Generalization of new sums

We begin with the following definition:

Definition 5. Let m, n, k, ay, as, ..., a; be non-negative integers such that m > 1. We
consider the sum:

S(n,m, a1, as,...,q) = Z (Z) F(n,k,a1,aq,...,q), (27)

k=0

where F(n, k,ai,as,...,q) is an integer-valued function.
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The aim is to examine some divisibility properties of sums of the form S(n, m, ay, as, ..., a;).
To do this, we introduce a natural generalization of a notion of M sums.

Definition 6. Let n, j, t, a; ,a, ..., a; be non-negative integers such that j < [%]. Then
the M sums for S(n,m,ay,as,...,q) are as follows:
n—j - 27 n \'

M ,t e = F(n,j e . (28
S(n7j7 , a1, a2, 7al) ( ] > UZ:; < v >(]+U) <n7j+vaa’17a‘27 ,Cll) ( )
Obviously, for m > 1, the equation

S(n,m,aq,as,...,a;) = Ms(n,0,m —1,ay,as,...,q) (29)
holds.
The Eq. (29) is similar with Eq. (3).
Let n, j, t, ay, as, ..., a; be as in Definition 6. Then the following theorem is true:

Theorem 7.

Ln—2j

5] .
M t+1 = M t .
S(n7j7 + 1,01, as, 7a’l> <]) Z < u ) S(nu.] +u,t,a,as, 7al>

u=0

The proof of Theorem 7 is similar with the proof of Theorem 2.

7 The second application of new sums

Let us consider the following binomial sum S: Z2, — Z

>=0
2n m
2n a;+k\ (a; +2n —k
S(2 ca) =Y (—1)F ' ' ;
(n,m,al,ag, ,CL[) Z( ) (k‘) H( k )( m— k )7
k=0 i=1
where [ is a positive integer and n, m, a, as, ..., a; are non-negative integers.

It is known [3, Eq. (6.56), p. 29] that

S e ()6 e

S () () () = () ()
S () e () ()

Note that Eq. (31) is Dixon’s formula.
By using M sums, we can prove the following theorem:
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Theorem 8. If m is a positive integer, then S(2n,m,ay,as, ..., q;) is divisible by (2:) and
(‘”:”) for alli=1,1.

8 The third application of new sums

In [5, Section 4, Theorem 4.1 ,p. 8], Guo, Jouhet, and Zeng presented, among other, a
theorem which gave an another proof of Calkin’s result [1, Thm. 1]. Their theorem has a
direct consequence:

Theorem 9. Let [ be a positive integer greater than 1, and let k, ny, no, ...,ni1 be non-
negative integers. Then the sum

i (_1)k ﬁ (nz + ni—i-l)
k=—n1 i=1 n; + k

ni+ng

. ), where N1 = ny.

18 divisible by (
We assert that the following implication is true:

Theorem 10. Let | be a fized positive integer greater than 2, and let k, ny, no, ...,n;4q be
non-negative integers.. Let us suppose that the sum

ni

> T )

k=—n1

ni+ng

- ), where nyy 1 = ny. Then, by using M sums, it can be proved that the

ni m -1
2nq n; + N1
§ —1)* . | |
( ) (k+n1) iZl(ni—i-k)

k=—nq

15 divisible by (
following sum

. L ) B . .- .
is divisible by (n”ll) and ("1271” 1); where m is a positive integer and n; = ny.
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