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“There should be no such thing as boring mathematics.
Edsger Dijkstra
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Polyominoes

Definition (Solomon W. Colomb)

A polyomino is a plane geometric figure formed by joining one or
more equal squares edge to edge. It may be regarded as a finite
subset of the regular square grid tilling.

COMBINATORICS
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Polyominoes

Definition (Solomon W. Colomb)

A polyomino is a plane geometric figure formed by joining one or
more equal squares edge to edge. It may be regarded as a finite
subset of the regular square grid tilling.
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Figure: A non-free polyomino and
a non polyomino shape

Figure: Polyomino shapes
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Polyominoes

Definition (Solomon W. Colomb)

A polyomino is a plane geometric figure formed by joining one or
more equal squares edge to edge. It may be regarded as a finite
subset of the regular square grid tilling.
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Figure: A non-free polyomino and
a non polyomino shape

Figure: Polyomino shapes

A polyomino is called free if does not contain any ‘holes’ (or if its
fundamental group is trivial).
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Figure: Tetrominoes
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Polyomino tiling problem

Polyomino tiling problem asks if it is possible to properly cover a
finite region M consisting of cells with polyomino shapes from a
given set T
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finite region M consisting of cells with polyomino shapes from a
given set T

Example

A set consisting of 12 distinct pentominoes tiles 3 x 20 table?
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Polyomino tiling problem

Polyomino tiling problem asks if it is possible to properly cover a
finite region M consisting of cells with polyomino shapes from a
given set T

Example

A set consisting of 12 distinct pentominoes tiles 3 x 20 table?

There are numerous generalizations of this question towards
symmetrical and asymmetrical tilings, higher dimension analogs,
polyomino types in other regular lattice grids (triangular,
hexagonal), etc. The problem in the general case is NP-hard and
we can give definite answer only in a limited number of cases.
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Number of distinct polyomino tilings

Theorem (Fischer - Temperley & Kasteleyn, 1961)

Number of distinct polyomino tilings of 2m x 2n board by
dominoes is

jm 5 T
4 cos? 4 .
( cos 2m+1+ cos 2n+1>
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Theorem (Fischer - Temperley & Kasteleyn, 1961)
Number of distinct polyomino tilings of 2m x 2n board by

dominoes is

m n . .
jm 5 T

[] 4 cos? 4 .

11] ( cos 2m+1+ cos 2n+1>

For 8 x 8 board this number is 12.988.816 = 36042.

COMBINATORICS
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Number of distinct polyomino tilings

Theorem (Fischer - Temperley € Kasteleyn, 1961)

Number of distinct polyomino tilings of 2m x 2n board by
dominoes is

m n . .
jm 5 T

4 cos? 4 .

H,:Hl< oS o1 T reos 2n—i—1>

For 8 x 8 board this number is 12.988.816 = 36042.
For m = 2 this number is n+ 1-th Fibonacci number.
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Simplicial complexes

An abstract simplicial complex K on a vertex set

[m] ={1,2,...,m} is a collection of subsets of [m] such that,
(i) for each i € [m], {i} € [m],

(ii) for every o € K, if 7 C o then 7 € K.

We assume that @ € K.
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Simplicial complexes

An abstract simplicial complex K on a vertex set

[m] ={1,2,...,m} is a collection of subsets of [m] such that,
(i) for each i € [m], {i} € [m],

(ii) for every o € K, if 7 C o then 7 € K.

We assume that @ € K.

. — A

0-simplex 1-simplex 2-simplex 3-simplex

Figure: Simplices
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Simplicial complexes

An abstract simplicial complex K on a vertex set

[m] ={1,2,...,m} is a collection of subsets of [m] such that,
(i) for each i € [m], {i} € [m],

(ii) for every o € K, if 7 C o then 7 € K.

We assume that @ € K.

The elements of K are
called faces. The
. R A <b dimension of a face ¢ of a
F e simplicial complex K is
defined as dimo = || — 1,

where |o| denotes the
cardinality of o.

Figure: Simplices
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Simplicial complexes

Faces of dimension 0 are called vertices while faces of dimension 1
are called edges. The dimension of K, dim K, is defined as the
maximum dimension of the faces of K.
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Simplicial complexes

Faces of dimension 0 are called vertices while faces of dimension 1
are called edges. The dimension of K, dim K, is defined as the
maximum dimension of the faces of K.

A face of K is maximal if it is not contained as a subset in any
other face of K. The maximal faces are also called facets. A
complex K is pure if all of its facets are of the same dimension.
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Figure: A non-pure simplicial

Figure: A pure simplicial
complex

complex
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Simplicial complexes

Faces of dimension 0 are called vertices while faces of dimension 1
are called edges. The dimension of K, dim K, is defined as the
maximum dimension of the faces of K.

A face of K is maximal if it is not contained as a subset in any
other face of K. The maximal faces are also called facets. A
complex K is pure if all of its facets are of the same dimension.

s \ a0

Figure: A non-pure simplicial

Figure: A pure simplicial
complex

complex
A simplicial complex containing no face of dimension greater than
1 is called graph.
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Link and star of a simplex

The link of a simplex o € K is
the subcomplex

lko:={reK|tNno=0,7Uo € K}.
Figure: The link of a vertex
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Link and star of a simplex

The link of a simplex o € K is
the subcomplex

lko:={reK|tNno=0,7Uo € K}.
Figure: The link of a vertex

The star of a simplex o € K is
—)
the subcomplex

sto :={T € K|tUo € K}.
Figure: The star of a vertex



POLYOMINOES SIMPLICIAL COMPLEXES K(M;T) CONNECTIVITY HomoTOPY TYPE COMBINATORICS
000000 00000 000 000000 0000 00000000

Link and star of a simplex

The link of a simplex o € K is
—)
the subcomplex

lko:={reK|tNno=0,7Uo € K}.
Figure: The link of a vertex

The star of a simplex o € K is
—)
the subcomplex

sto :={T € K|tUo € K}.
Figure: The star of a vertex

The deletion of a simplex o € K is the subcomplex

delo :={r e Klo L 7}.
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Flag simplicial complexes

A subset 7 of an abstract simplicial complex K on a vertex set
[m] ={1,2,...,m} is called a missing face of K.
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Flag simplicial complexes

A subset 7 of an abstract simplicial complex K on a vertex set
[m] ={1,2,...,m} is called a missing face of K.

A missing face of K is called minimal if it is does not contained
some other missing face of K as a proper subset.
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Flag simplicial complexes

A subset 7 of an abstract simplicial complex K on a vertex set
[m] ={1,2,...,m} is called a missing face of K.

A missing face of K is called minimal if it is does not contained
some other missing face of K as a proper subset.

A simplicial complex is called flag if each its minimal missing face
has size 2.
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Flag simplicial complexes

A subset 7 of an abstract simplicial complex K on a vertex set
[m] ={1,2,...,m} is called a missing face of K.

A missing face of K is called minimal if it is does not contained
some other missing face of K as a proper subset.

A simplicial complex is called flag if each its minimal missing face
has size 2.

The clique complex CI(G) of a graph G is an abstract simplicial
complex, formed by the sets of vertices in the cliques (complete
subgraphs) of G.
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Flag simplicial complexes

A subset 7 of an abstract simplicial complex K on a vertex set
[m] ={1,2,...,m} is called a missing face of K.

A missing face of K is called minimal if it is does not contained
some other missing face of K as a proper subset.

A simplicial complex is called flag if each its minimal missing face
has size 2.

The clique complex CI(G) of a graph G is an abstract simplicial
complex, formed by the sets of vertices in the cliques (complete
subgraphs) of G.

The flag complex of K is the clique complex of sk(K).
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The f-vector of a simplicial complex

The f-vector of an (n— 1)-dimensional simplicial complex K"~ is
the integer vector

f(Kn_l) = (ffla fba fl?' ) fnfl)a

where f_1 =1 and f; = f;(K"~1) denotes the number of i-faces of
K lforalli=1,...,n—1.

IBINATORICS
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The f-vector of a simplicial complex

The f-vector of an (n— 1)-dimensional simplicial complex K"~ is
the integer vector

f(K"™ 1) = (f_1, o, f1,. .. 1),

where f_1 =1 and f; = f;(K"~1) denotes the number of i-faces of
K lforalli=1,...,n—1.
The f-polynomial of an (n— 1)-dimensional simplicial complex K is

f(t)=t"+fit" 4 fg.
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The f-vector of a simplicial complex

The f-vector of an (n— 1)-dimensional simplicial complex K"~ is
the integer vector

f(Kn_l) = (fflafbaflw"vfnfl)a
where f_1 =1 and f; = f;(K"~1) denotes the number of i-faces of
K lforalli=1,...,n—1.
The f-polynomial of an (n— 1)-dimensional simplicial complex K is
f(t)=t"+fit" 4 fg.
The integral value

X(Kn—l) =fo—f+-- _|_(_1)"_1fn_1 = (—l)n_lf(—1)+ 1

is called the Euler characteristic of a simplicial complex K"~1.
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Simplicial complex of a polyomino tiling problem

We consider polyomino tiling problem of a finite subset M of
square grids by given set of 7 of polyomino shapes.
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placement of /41 polyomino shapes from T onto M without

overlapping.
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placement of /41 polyomino shapes from T onto M without
overlapping.

By definition of K(M;T) we have that
Proposition

K(M;T) is a flag simplicial complex.
K(M;T) is in general is a non-pure.
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Simplicial complex of a polyomino tiling problem

We consider polyomino tiling problem of a finite subset M of
square grids by given set of 7 of polyomino shapes.
Definition

K(M;T) is a simplicial complex whose i-faces correspond to a

placement of /41 polyomino shapes from T onto M without
overlapping.

By definition of K(M;T) we have that

Proposition
K(M;T) is a flag simplicial complex.
K(M;T) is in general is a non-pure.
Proposition

dim(K(M;T))+1 is maximal number of polyomino shapes from T
that may be placed on M without overlapping.



POLYOMINOES SIMPLICIAL COMPLEXES K(M;T) CONNECTIVITY HOMOTOPY TYPF COMBINATORICS
000000 00000 fo] 1} 000000 0000 00000000

An example of K(M;T)

Example
If we consider tiling of 2 x 3 board by dominoes then a geometrical
realization of corresponding simplicial complex is
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A property of K(M;T)

Proposition

There is an integer I(T) such that the number of vertices in

K(M; T)\1kk(m.7)Vv is not greater than I(T) for all regions M in a
plane and any vertex of K(M;T)

Proof.
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A property of K(M;T)

Proposition

There is an integer I('T') such that the number of vertices in

K(M; T)\1kk(m.7)Vv is not greater than I(T) for all regions M in a
plane and any vertex of K(M;T)

Proof.

Obviously, up to translation there is only finitely many positions in
the plane grid such that two polyomino shapes from 7T overlap.
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A property of K(M;T)

Proposition

There is an integer I('T') such that the number of vertices in

K(M; T)\1kk(m.7)Vv is not greater than I(T) for all regions M in a
plane and any vertex of K(M;T)

Proof.

Obviously, up to translation there is only finitely many positions in
the plane grid such that two polyomino shapes from 7T overlap.
Since T is a finite set, the claim follows.
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Simple connectivity

Let 7 be a given finite set of polyomino
shapes and let K(m,n;T) and T(m,n;T) be
the simplicial complexes of polyomino tilings of
the board m x n in the plane and on the torus,

respectively.
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Simple connectivity

Let 7 be a given finite set of polyomino
shapes and let K(m,n;T) and T(m,n;T) be
the simplicial complexes of polyomino tilings of
the board m x n in the plane and on the torus,

respectively.
Theorem
There exists an integer p(T) such that w1 (K(m,n;T)) is trivial for
all m,n> p(T).
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Simple connectivity

Let 7 be a given finite set of polyomino
shapes and let K(m,n;T) and T(m,n;T) be
the simplicial complexes of polyomino tilings of
the board m x n in the plane and on the torus,
respectively.

Theorem
There exists an integer p(T) such that w1 (K(m,n;T)) is trivial for

all m,n> p(T).

Theorem
There exists an integer p'(T') such that w1(T (m,n;T)) is trivial for

all myn>p/'(T).
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Simple connectivity

Proof.
A space X is simply connected if , w1(X) =0, or equivalently X is
non-empty and each continuous map S — X is nullhomotopic.
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Simple connectivity

Proof.

A space X is simply connected if , w1(X) =0, or equivalently X is
non-empty and each continuous map S — X is nullhomotopic.
We will use the induction on the length of the cycle to prove that
it is nullhomotopic in K(m,n;T). The cycles of the length one and
two are obviously nullhomotopic and let us suppose that all cycles
of length k are nullhomotopic. Consider a cycle a = VyVi... Vi,
where V; are some vertices of K(m,n;T).
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Simple connectivity

Proof.

A space X is simply connected if , w1(X) =0, or equivalently X is
non-empty and each continuous map S — X is nullhomotopic.
We will use the induction on the length of the cycle to prove that
it is nullhomotopic in K(m,n;T). The cycles of the length one and
two are obviously nullhomotopic and let us suppose that all cycles
of length k are nullhomotopic. Consider a cycle a = VyVi... Vi,
where V; are some vertices of K(m,n;T). From Proposition 3.3,
we can see that in K(m,n;T)\

(1kK(m,n;T) V-1 U le(m,n;T) ViU 1kK(m,n;'7') Vo U le(m,n;T) Vl)
there are no more than /(7") vertices, so the path Vi_1V,VpVi is
contained in the star of a vertex V for all sufficiently large numbers
m and n. Therefore « is homotopic to the cycle VV;... V| 1,
which by the induction hypothesis nullhomotopic.
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Simple connectivity

The same argument may be applied for the
m x n boards on a torus.
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Simple connectivity

The same argument may be applied for the
m X n boards on a torus.Moreover, the
argument may be applied on any sequence
of the regions M, having the property that
the number of the vertices in K(M,,T) is a
strictly increasing function of n.
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Simple connectivity

The same argument may be applied for the
m X n boards on a torus.Moreover, the
argument may be applied on any sequence
of the regions M, having the property that
the number of the vertices in K(M,,T) is a
strictly increasing function of n. An
example of such sequence is the Aztec
diamond of order n.

i

I
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Higher connectivity
Let r > —1 be an integer.
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Higher connectivity
Let r > —1 be an integer.

Definition (Jonathan Barmak, 2020)
A simplicial complex K is called r-conic if any subcomplex of K on
r vertices is contained in a star stk v of a vertex v € K.
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Higher connectivity
Let r > —1 be an integer.

Definition (Jonathan Barmak, 2020)

A simplicial complex K is called r-conic if any subcomplex of K on
r vertices is contained in a star stk v of a vertex v € K.

Proposition
There exists an integer r(T) such that K(m,n;T) is r-conic for all

m,n>r(T).
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Higher connectivity
Let r > —1 be an integer.

Definition (Jonathan Barmak, 2020)

A simplicial complex K is called r-conic if any subcomplex of K on
r vertices is contained in a star stk v of a vertex v € K.

Proposition
There exists an integer r(T) such that K(m,n;T) is r-conic for all

m,n>r(T).

Proof.

By Proposition 3.3 for any r vertices vi,...,v, of K(m,n;T) there
are at most r-/(T) vertices lying outside

Kk (m,nmyviU... 1Kk (m,m7yv1 so for sufficiently large m and n
there is a vertex v such that vi,...,v, € lkk(m n7)V-
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Higher connectivity
Let r > —1 be an integer.

Definition (Jonathan Barmak, 2020)

A simplicial complex K is called r-conic if any subcomplex of K on
r vertices is contained in a star stk v of a vertex v € K.

Proposition
There exists an integer r(T) such that K(m,n;T) is r-conic for all
m,n>r(T).

Proof.

By Proposition 3.3 for any r vertices vi,...,v, of K(m,n;T) there

are at most r-/(T) vertices lying outside

Kk (m,nmyviU... 1Kk (m,m7yv1 so for sufficiently large m and n

there is a vertex v such that vi,..., v, € Ikk(m,n7)Vv.Since

K(m,n;T) is a flag complex than any subcomplex of K(m,n;T)

on vi,...,V, is contained in stx(m »-7)v and K(m,n;T) is r-conic.
L]
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Higher connectivity

Actually, we can apply the argument above in broader context.
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Actually, we can apply the argument above in broader context.Let
M,, be a sequence of regions in a plane or a torus such that the
number of the vertices in K(M,;T) increases as n — co. We call
such sequences increasing.
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Actually, we can apply the argument above in broader context.Let
M,, be a sequence of regions in a plane or a torus such that the
number of the vertices in K(M,;T) increases as n — co. We call
such sequences increasing.

Lemma
There exists an integer m(T') such that K(Mp;T) is r-conic for all
n>m(T).
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Higher connectivity

Actually, we can apply the argument above in broader context.Let
M,, be a sequence of regions in a plane or a torus such that the
number of the vertices in K(M,;T) increases as n — co. We call
such sequences increasing.

Lemma

There exists an integer m(T') such that K(Mp;T) is r-conic for all
n>m(T).

Theorem ( Jonathan Barmak, 2020)

Each 6"-conic simplicial complex is n-connected.
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Actually, we can apply the argument above in broader context.Let
M,, be a sequence of regions in a plane or a torus such that the
number of the vertices in K(M,;T) increases as n — co. We call
such sequences increasing.

Lemma
There exists an integer m(T') such that K(Mp;T) is r-conic for all
n>m(T).

Theorem ( Jonathan Barmak, 2020)

Each 6"-conic simplicial complex is n-connected.

Corollary

For any increasing sequence of regions M; and a finite fixed set of
polyomino shapes T, there is a sequence of positive integers
pk(M;, T) such that mK(Mp;T) is trivial for all n > px(M;; T).
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Higher connectivity
The numbers px(M;,T) connect combinatorics of 7 and regions
M; with topology of K(M;;T). Particularly, we know some of the
exact values for the following cases domino tilings:
@ for the plane boards 1 x n it holds
po(K(1,m2)=5,p(K(1,n2)=8,p(K(1,n;2) =38
® for the plane boards 2 x n it holds
po(K(2,m2) =3,p1(K(2,n;2) =4,p2(K(2,n;2) =6
® for the torus boards 1 x n it holds
po(T(1,n2)=5,p1(T(1,n2)=8,p2(T(1,n;2) =8
@ for the torus boards 2 x n it holds
po(T(2,m2)=3,p(T(2,n2)=4,p2(T(2,n;2)=5
©® for the nx n boards po(K(n,n;2) =3, p1(K(n,n;2) =2
Problem

Estimate px(Mn,T) in terms of n for a given increasing sequence
of regions M,, and the set of polyomino shapes T
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Lemma
[Cone Lemma] Let K be a simplicial complex and v a vertex of K.
If Ik v is contractible in delxv then

K ~delxv VX (lkkv)
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Lemma
[Cone Lemma] Let K be a simplicial complex and v a vertex of K.
If Ik v is contractible in delxv then

K ~delxv VX (lkkv)

Let iy < ip <--- < ik be positive integers and T consists of 1 x i
I-mino for all 1 <j < k and let us denote by K(m,n; i1, fa,...,ik)
the simplicial complex of tilings of the board 1 x n by 7.
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Homotopy type of K(M;T)

Lemma
[Cone Lemma] Let K be a simplicial complex and v a vertex of K.
If Ik v is contractible in delxv then

K ~delxv VX (lkkv)

Let iy < ip <--- < ik be positive integers and T consists of 1 x i
I-mino for all 1 <j < k and let us denote by K(m,n; i1, fa,...,ik)
the simplicial complex of tilings of the board 1 x n by 7.

Proposition

For n > iy + iy, we have that

K(L it i, ik) 2 I TK (L, n—ijiin iz, i) V

I k . PR .
Vi VIS ZK(L,n—ij—riit, oy ...y ik)
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Homotopy type of K(M;T)
It follows that
i1k

X~YV\ \/ZK@n—ij—r+1i,i,...,i),
r=1j=1

where Y is obtained from X by deleting all of the simplices

containing one of the vertex ui where 1 <j <k, and 2<r<i.
But, as we already removed all vertices outside lkxup, Y is the
simplicial cone with the vertex in u; and therefore, contractible.

The claim now follows.
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Homotopy type of K(M;T)
It follows that
i1k

X~YV\ \/ZK@n—ij—r+1i,i,...,i),
r=1j=1

where Y is obtained from X by deleting all of the simplices
containing one of the vertex ui where 1 <j <k, and 2<r<i.
But, as we already removed all vertices outside lkxup, Y is the
simplicial cone with the vertex in u; and therefore, contractible.
The claim now follows.

If n < iy + iy observe that we cannot place 1 X i, I-mino and a tile

from T on the board without overlapping. Thus,

Proposition
If n < i1+ iy then
K(l,n; i,.. .,ik) ~ K(l,n; My, ik—l)\/\/n—ik-i-lso-
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Homotopy type of K(M;T)

It follows that the homotopy type of K(1,n;i1,...,ix) is determined
by the homotopy types of K(1,/;i1) for all 4 </<2i; —1.
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It follows that the homotopy type of K(1,n;i1,...,ix) is determined
by the homotopy types of K(1,/;i1) for all 4 </<2i; —1.

Proposition

K(/;i1) is contractible for | = iy and K(I;i1) is homotopic to the
wedge of | — iy spheres SO forip < 1<2ip—1.
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Three proposition above together imply the following result, which
generalizes the result of Kozlov.
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Homotopy type of K(M;T)

It follows that the homotopy type of K(1,n;i1,...,ix) is determined
by the homotopy types of K(1,/;i1) for all 4 </<2i; —1.
Proposition

K(/;i1) is contractible for | = iy and K(I;i1) is homotopic to the
wedge of | — iy spheres SO forip < 1<2ip—1.

Three proposition above together imply the following result, which
generalizes the result of Kozlov.

Theorem
K(n;i1,...,ix) has the homotopy type of a wedge of spheres.
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Homotopy type of K(M;T)

Let iy <ip <--- < ik be positive integers and T consists of 1 x jj
I-minoes for all 1 < j < k and let us denote by T(m,n;iy,i,...,ix)
the simplicial complex of tilings of the board 1 x n on the torus by

T.
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Homotopy type of K(M;T)

Let iy <ip <--- < ik be positive integers and T consists of 1 x jj
I-minoes for all 1 < j < k and let us denote by T(m,n;iy,i,...,ix)
the simplicial complex of tilings of the board 1 x n on the torus by

T.

Proposition
T(1,n; 1) has the homotopy type of a wedge of spheres.
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Homotopy type of K(M;T)

Let iy <ip <--- < ik be positive integers and T consists of 1 x jj
I-minoes for all 1 < j < k and let us denote by T(m,n;iy,i,...,ix)
the simplicial complex of tilings of the board 1 x n on the torus by

T.
Proposition

T(1,n; 1) has the homotopy type of a wedge of spheres.

Theorem
T(1,n;i1,...,ik) has the homotopy type of a wedge of spheres.
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f-vectors

Proposition
fx coordinate of the f-vector of K(M;T) calculates number of
ways to place k+1 shapes from T to M.
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f-vectors

Proposition

fx coordinate of the f-vector of K(M;T) calculates number of
ways to place k+1 shapes from T to M.

Theorem

K(Lnid) = <n—d(k:ji+k+1>_
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f-vectors

Theorem

f(T(Lmd) — (d_1)<n+(1—kd)k—k>+<n—(dk—i)1(k+1)>.
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f-vectors

Theorem

f(T(Lmd) — (d_1)<n+(1—kd)k—k>+<n—(dk—i)1(k+1)).

Table: Values of f(K(2,n;2)) for small values of n

fo £ fa f3 fa f5 fe f7
4 2

7 11 3

10 29 26 5

13 56 94 56 8

16 92 234 263 114 13

19 137 473 815 667 223 21

22 191 838 1982 2504 1577 424 34

O NO O b WNS
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f-vectors

For K(2,n;2) we have that

fo(K(2,n;2)) =3n—2

COMBINATORICS
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Proposition
For K(2,n;2) we have that
0
fo(K(2,n;2)) =3n—2
e
90 —27n+22

fi(K(2,n2)) = >
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f-vectors
Proposition
For K(2,n;2) we have that
0
fo(K(2,n;2)) =3n—2
@ 9n2 —27n+22
fL(K(2,n;2)) = %
(3]
n—1 n—2
fro1(K(2,n;2)) = H ajan_1-;j+2 H ajan—1-j
i=0 0<i<j<n—1

where ag = a1 =1 and a, = a,—1 +an—> for all n> 2.
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f-vectors

Let us denote by L(m,n;d) the simplicial complex of tiling of the
board m x n without the upper left cell by 1 x d l-omino.
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f-vectors

Let us denote by L(m,n;d) the simplicial complex of tiling of the
board m x n without the upper left cell by 1 x d l-omino.

Proposition
For L(2,n;2) we have that
o
fo(L(2,n;2))=3n—4,n>2
© 9 39n+48
fL(L(2,:2)) = %7,7_3
®

fr_1(L(2,n;2)) Zanl,—an+1—l

where ag — a1 =1 and a, = a,—1 +an—> for all n > 2.
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f-vectors

For any fixed k, we can determine f,(K(2,n;2)) and fx(L(2,n;2))
using recurrent relations given in the next theorem

Theorem
For K(2,n;2) and L(2,n;2) it holds
O f (K(2,m2)) =f(K(2,n—1;2))+f_1(K(2,n—1;2)) +
fro(K(2,n—2;2))+2f,_1(L(2,n—1;2))
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For any fixed k, we can determine f,(K(2,n;2)) and fx(L(2,n;2))
using recurrent relations given in the next theorem

Theorem
For K(2,n;2) and L(2,n;2) it holds
0 fi (K(2,n2))=Ff(K(2,n—1,2))+f_1(K(2,n—1;2)) +
fio(K(2,n—2;2))+2f,_1(L(2,n—1;2))
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f-vectors

For any fixed k, we can determine f,(K(2,n;2)) and fx(L(2,n;2))
using recurrent relations given in the next theorem

Theorem
For K(2,n;2) and L(2,n;2) it holds
0 fi (K(2,n2))=Ff(K(2,n—1,2))+f_1(K(2,n—1;2)) +
fio(K(2,n—2;2))+2f,_1(L(2,n—1;2))
® i (L(2,n;2)) =Ff(K(2,n—1;2)) +fr_1(L(2,n—1;2))

Corollary
For a fixed k, fi(K(2,n;2)) and f,(L(2,n;2)) are polynomial
functions of n of degree k.
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The Euler Characteristic

Theorem (Kozlov)

. n=2 (mod 3)

K(1,n;2) ~ s[5 n#2 (mod 3)
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The Euler Characteristic

Theorem (Kozlov)

e n=2 (mod 3)
K(l,n,2)—{5[g]—1 n#2 (mod 3)

Corollary

(5] i (n—i 1 n=2 (mod 3)
,-:1(_1) ( i >:{1+(_1)[§]1 n#2 (mod 3)

NIs
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The Euler Characteristic

Theorem

K(1,m3)~XK(1,n—4;3)VEK(1l,n—4;3)
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The Euler Characteristic

Theorem

K(1,m3)~XK(1,n—4;3)VEK(1l,n—4;3)
Corollary

g
Z i ("_2'>_b +1,
=1

where b, is the nth term of the sequence given by
bs=1,bs=2,b5s =3,b6 =3,b; =2 and for all n > 8

bn + bn—4 + bn—5 =1
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