
CroCoDays 2022, September 22-23, Zagreb, Croatia

Hyperbolic analogue of the Eastwood-Norbury
formula for Atiyah determinant

Dragutin Svrtan
dragutin.svrtan@gmail.com

University of Zagreb

September 22, 2022

Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022 1 / 63



Outline
1 Introduction
2 3 points inside circle
3 Normalized determinant D3

4 Explicit formulas for D3

5 4 points inside a ball
6 Normalized 4–point Atiyah’s determinant D4

7 Conjectures (n = 4)
8 New proof of the Eastwood–Norbury formula
9 Positive parametrization of distances between 4 points
10 Verification of the Atiyah–Sutcliffe four–point conjectures
11 Mixed Atiyah determinants
12 Main Theorem
13 New developments (1/3)
14 New developments (2/3)
15 New developments (3/3)
16 References
Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022 2 / 63



Introduction 1/3
In 2001. Sir Michael Atiyah, inspired by physics (Berry–Robbins problem related to
spin statistics theorem of quantum mechanics) associated a remarkable determinant
to any n distinct points in Euclidean 3–space, via elementary construction.
More generally, let (x1, x2, . . . , xn) be n distinct points inside the ball of radius R in
Euclidean 3–space.

Definition.
Let the oriented line xixj meet the boundary 2–sphere in a point (direction) uij
regarded as a point of the complex Riemann sphere (C ∪ {∞}).

Form a complex polynomial pi of degree n− 1 whose roots are uij , j 6= i

(pi is determined up to a scalar factor). The Atiyah’s conjecture C1 now reads

Conjecture C1

For all (x1, x2, . . . , xn) the n polynomials pi are linearly independent.

Conjecture C1 ⇔ nonvanishing of the determinant D of the matrix of coefficients of
the polynomials pi.
The determinant D can be normalized so that D becomes a continuous function of
(x1, x2, . . . , xn) which is SL(2,C)–invariant (using the ball model or upper half space
model of hyperbolic 3–space).
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Introduction 2/3

The more refined conjectures of Atiyah and Sutcliffe C2 and C3 relate D to products of
2 and n− 1–subsequences of points x1, x2, . . . , xn.

The conjecture C1 is proved for n = 3, 4 and for general n only for some special
configurations (M.F. Atiyah, M. Eastwood and P. Norbury, D. D-- oković).

In a lengthy preprint [5] we have verified the conjectures C2 and C3 for parallelograms,
cyclic quadrilaterals and some infinite families of tetrahedra.

Also we proved C2 for D-- oković’s dihedral configurations. In [8] a proof of C1 is given
for convex planar quadrilaterals. We have also proposed a strengthening of the
conjecture C3 for configurations of four points (Four Points Conjectures, stronger then
some new conjectures in [8]) and a number of conjectures for almost collinear
configurations, and proved them for n up to 10.

In 2001. Eastwood and Norbury [3] found an intrinsic formula for the

four point Atiyah determinant (a polynomial of sixth degree in six

distances having several hundreds of terms) and gave a proof of C1.
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Introduction 3/3

The present author found a new geometric fact for arbitrary tetrahedra which leads to
a proof of C2 and C3 for arbitrary four points in the euclidean three space (and also a
proof of stronger Four Points Conjecture of Svrtan and Urbiha).

Later we obtain another intrinsic polynomial formula a la Eastwood and Norbury for
four points (and for five "planar" points – having one hundred thousand terms) and
have an existence proof of a polynomial formula for all planar configurations what was
conjectured in [3].

This approach produces also trigonometric formulas for four points Atiyah
determinants (not involving so called Crelle angles which are used in [8]). Some work
is done in the hyperbolic case by finding a hyperbolic analogue of the Eastwood and
Norbury formula (in the planar case- spacial case is quite a challenge!).

We also introduce (mixed) Atiyah type energies associated to any graph (on given

points) and can prove that Conjecture C1 is true, for arbitrary n, for some of these

energies (work in progress).
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3 points inside circle
Three points x1, x2, x3 inside disk (|z| ≤ R)

Three point-pairs on circle

P1 (u12)(u13)

P2 (u21)(u23)

P3 (u31)(u32)

Point–pair u12, u13 define quadratic with roots
p1 = (z − u12)(z − u13)

3 point–pairs → 3 quadratics

P1, P2, P3 → {p1, p2, p3}

Theorem (Atiyah 2001.)
For any triple x1, x2, x3 of distinct points inside the disk the three quadratics
{p1, p2, p3} are linearly independent.

Remark: Atiyah’s proof, which is synthetic, does not generalize to more than
three points.
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Normalized determinant D3

Theorem 1.
3-by-3 determinant of the coefficient matrix:

|M3| =
1 −u12 − u13 u12u13

1 −u21 − u23 u21u23

1 −u31 − u32 u31u32

6= 0, D3 = |M3|
(u12−u21)(u13−u31)(u23−u32)

Remark: D3 = 1 only for collinear points.

Theorem 2.
D3 ≥ 1.

Remark: Theorem 2. ⇔ Theorem 1.

Points on the "circle at∞" are directions on a plane.

Remark: Theorem 1. and Theorem 2. are also true for R =∞.
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Explicit formulas for D3

Extrinsic formula: D3 = 1 +
(u21 − u31)(u13 − u23)(u12 − u32)

(u12 − u21)(u13 − u31)(u23 − u32)

Intrinsic formula for hyperbolic triangles (0 < A+B + C < π):

D3 =
1

2
(cos2(A/2) + cos2(B/2) + cos2(C/2))− 1

4
Φ ,

where Φ2 = 4 cos
(
A+B+C

2

)
cos
(−A+B+C

2

)
cos
(
A−B+C

2

)
cos
(
A+B−C

2

)
= −1 + cos2(A) + cos2(B) + cos2(C) + 2 cos(A) cos(B) cos(C)

Intrinsic formula involving side lengths
a, b, c, p = (a+ b+ c)/2, pa = p− a, pb = p− b, pc = p− c:

D3 = 1 + e−p sinh(pa) sinh(pb) sinh(pc)
sinh(a) sinh(b) sinh(c)

(
→ 1 + (−a+b+c)(a−b+c)(a+b−c)

8abc Eucl. case
)

= 1 + e−(pa+pb+pc) (epa−e−pa )(epb−e−pb )(epc−e−pc )

(epa+pb−e−(pa+pb))(epa+pc−e−(pa+pc))(epb+pc−e−(pb+pc))

= 1 + (e2pa−1)(e2pb−1)(e2pc−1)

(e2(pa+pb)−1)(e2(pa+pc)−1)(e2(pb+pc)−1)
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D3 = 1 +
(e2pa − 1)(e2pb − 1)(e2pc − 1)

(e2(pa+pb) − 1)(e2(pa+pc) − 1)(e2(pb+pc) − 1)

Lemma.

For 0 < a < b the function f(x) =
e
a
x − 1

e
b
x − 1

(0 < x <∞) is strictly increasing

and lim
x→∞

f(x) =
a

b
.

By using this lemma the recent monotonicity conjecture of Atiyah (in case
n = 3) follows immediately (if a is replaced by a/R etc... in previous formulas).

D3 = 1 + e−p
sinh(pa) sinh(pb) sinh(pc)

sinh(a) sinh(b) sinh(c)
= 1 +

e−pa−pb−pc sinh(pa) sinh(pb) sinh(pc)

sinh(pa + pb) sinh(pa + pc) sinh(pb + pc)

= 1 +
(cosh(pa + pb + pc)− sinh(pa + pb + pc)) sinh(pa) sinh(pb) sinh(pc)

sinh(pa + pb) sinh(pa + pc) sinh(pb + pc)

= 1 +
(1− tanh(pa))(1− tanh(pb))(1− tanh(pc)) tanh(pa) tanh(pb) tanh(pc)

(tanh(pa) + tanh(pb))(tanh(pa) + tanh(pc))(tanh(pb) + tanh(pc))
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Equations for Atiyah 3pt energies (1/4)
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Equations for Atiyah 3pt energies (2/4)
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Equations for Atiyah 3pt energies (3/4)
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Equations for Atiyah 3pt energies (4/4)
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4 points inside a ball

Four points x1, x2, x3, x4 in a ball (|z| ≤ R)

4 point-triples on the boundary 2–sphere
P1 (u12)(u13)(u14)

P2 (u21)(u23)(u24)

P3 (u31)(u32)(u34)

P4 (u41)(u42)(u43)

point-triple u12, u13, u14 defines a cubic (polynomial):
p1 := (z − u12)(z − u13)(z − u14)

p1 = z3 − (u12 + u13 + u14)z2 + (u12u13 + u12u14 + u13u14)z−
−u12u13u14

4 point–triples→ 4 cubics
P1, P2, P3, P4 → {p1, p2, p3, p4}
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Normalized 4–point Atiyah’s determinant D4

Determinant of the coefficient matrix of polynomials:

|M4| =

1 −u12 − u13 − u14 u12u13 + u12u14 + u13u14 −u12u13u14

1 −u21 − u23 − u24 u21u23 + u21u24 + u23u24 −u21u23u24

1 −u31 − u32 − u34 u31u32 + u31u34 + u32u34 −u31u32u34

1 −u41 − u42 − u43 u41u42 + u41u43 + u42u43 −u41u42u43

,

D4 =
|M4|

(u12 − u21)(u13 − u31)(u14 − u41)(u23 − u32)(u24 − u42)(u34 − u43)
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Conjectures (n = 4)

C1 (Atiyah): D4 6= 0 (⇔ p1, p2, p3, p4 lin. indep.)

C2 (Atiyah–Sutcliffe): |D4| ≥ 1

C3 (Atiyah–Sutcliffe): |D4|2 ≥ D3(1, 2, 3) ·D3(1, 2, 4) ·D3(1, 3, 4) ·D3(2, 3, 4)
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Eastwood-Norbury formulas for euclidean D4

In 2001 they proved, by tricky use of
MAPLE, that for n = 4 points in Eucl.
3-space
Re(D4) = 64abca′b′c′

−4 · d3(aa′, bb′, cc′)
+SUM
+288 · V OLUME2,

where
SUM := a′[(b′ + c′)2 − a2)]d3(a, b, c) + ...
D4/(64abca′b′c′) = D4

(=>eucl. Conjecture 1, and ”almost”
(= 60/64) of euclidean Conjecture 2)
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New proof of the Eastwood–Norbury formula

The four points:
Pi : xi = (zi, ri), zi ∈ C, ri ∈ R

Rij := rij + ri − rj , zij := zi − zj

RijRji = r2
ij − (ri− rj)2 = |zij |2 = −zijzji

p1 =
(
z + z12

R12

)(
z + z13

R13

)(
z + z14

R14

)
p2 =

(
z + z21

R21

)(
z + z23

R23

)(
z + z24

R24

)
p3 =

(
z + z31

R31

)(
z + z32

R32

)(
z + z34

R34

)
p4 =

(
z + z41

R41

)(
z + z42

R42

)(
z + z43

R43

)
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Matrix of coefficients of {p1, p2, p3, p4}

M4 =

∣∣∣∣∣∣∣∣∣∣∣∣

1 · · z̄12
R12

z̄13
R13

z̄14
R14

1 z̄21
R21

+ z̄23
R23

+ z̄24
R24

· ·

1 · z̄31
R31

z̄32
R32

+ z̄31
R31

z̄34
R34

+ z̄32
R32

z̄34
R34

·

1 · · z̄41
R41

z̄42
R42

z̄43
R43

∣∣∣∣∣∣∣∣∣∣∣∣
·A

·B

· C

A = z21, B = z31z32, C = z41z42z43

Normalized Atiyah determinant

D4 = det(M4)︸ ︷︷ ︸
antisym.

· z21 · z31z32 · z41z42z43︸ ︷︷ ︸
antisym.

=
∑

1 ·
(
z21z̄21

R21
+
z21z̄23

R23
+
z21z̄24

R24

)
·

·
(
z31z̄31z32z̄32

R31R32
+
z31z̄31z32z̄34

R31R34
+
z32z̄32z32z̄34

R32R34

)
R14R24R34 =

=
∑

(R12R24 + z21z24︸ ︷︷ ︸)(R13R23R34 +R13 z32z̄34︸ ︷︷ ︸+R23 z31z̄34︸ ︷︷ ︸)R14+

+(R13R24R34 z21z̄23︸ ︷︷ ︸+R13R24R32 z21z̄34︸ ︷︷ ︸+R24 z21z̄23z31z̄34︸ ︷︷ ︸)R14

(where summations are over all permutations of indices).
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By writing zij z̄kl = C[i, j, k, l] +
√
−1S[i, j, k, l] and using a Lagrange identity

(involving the dot product of two cross products; a fact mentioned by N.
Wildberger to the author) we have
S[i, j, k, l]S[p, q, r, s] = C[i, j, p, q]C[k, l, r, s]− C[i, j, r, s]C[k, l, p, q]
(we have discovered this identity independently) and using the formula

C[i, j, k, l] = Re(zij z̄kl) = 1
2 [|zil|2 + |zjk|2 − |zik|2 − |zjl|2] =

= 1
2 [r2

il + r2
jk − r2

ik − r2
jl]− (ri − rj)(rk − rl)

we obtain our derivation of the Eastwood–Norbury formula.

By this new method we obtained a polynomial formula for the planar

configurations of 5 points (by S5–symmetrization of a "one page" expression)

and a rational formula for the spatial 5 point configuration (this last formula

has almost 100000 terms).

This settles one of the Eastwood–Norbury conjectures. We do not yet have
definite geometric interpretations for the "nonplanar" part of the formula
involving heights ri, i = 1, . . . , 5.
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Our trigonometric (euclidean) Eastwood–Norbury formula
(where ci_jk := cos(ij, ik) and cij_kl := cos(ij, kl) ):

16Re(D4) = (1 + c3_12 + c2_34)(1 + c1_24 + c4_13)+

(1 + c2_13 + c3_24)(1 + c4_12 + c1_34)+

(1 + c3_12 + c1_34)(1 + c2_14 + c4_23)+

(1 + c1_23 + c3_14)(1 + c2_34 + c4_12)+

(1 + c2_13 + c1_24)(1 + c3_14 + c4_23)+

(1 + c1_23 + c2_14)(1 + c3_24 + c4_13)+

2(c14_23c13_24 − c14_23c12_34 + c13_24c12_34)+

72(normalized volume)2.

Open problems:

Hyperbolic (euclidean) version for n ≥ 4 (n ≥ 5) points in terms of

distances, or in terms of angles.
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NEW TRIGONOMETRIC FORMULA FOR
NORMALIZED VOLUME OF A TETRAHEDRON

A law of sines for tetrahedra and the space of all shapes of tetrahedra

A corollary of the usual law of sines is that in a tetrahedron with vertices O, A, B, C, we have

sin∠OAB · sin∠OBC · sin∠OCA = sin∠OAC · sin∠OCB · sin∠OBA.

Putting any of the four vertices in the role of O yields four such identities, but at most three of

them are independent: If the "clockwise" sides of three of them are multiplied and the product is

inferred to be equal to the product of the "counterclockwise" sides of the same three identities,

and then common factors are canceled from both sides, the result is the fourth identity. Three

angles are the angles of some triangle if and only if their sum is 180◦ (Pi radians). What condition

on 12 angles is necessary and sufficient for them to be the 12 angles of some tetrahedron?

Clearly the sum of the angles of any side of the tetrahedron must be 180◦. Since there are four

such triangles, there are four such constraints on sums of angles, and the number of degrees of

freedom is thereby reduced from 12 to 8. The four relations given by this sine law further reduce

the number of degrees of freedom, from 8 down to not 4 but 5, since the fourth constraint is not

independent of the first three. Thus the space of all shapes of tetrahedra is 5-dimensional.
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Recall the Cayley-Menger matrix, the squared volume of a tetrahedron:

M4 =


0 1 1 1 1
1 0 r2

12 r2
13 r2

14

1 r2
12 0 r2

23 r2
24

1 r2
13 r2

23 0 r2
34

1 r2
14 r2

24 r2
34 0


Vsq :=

Determinant (M4 )

23 (3!)2
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Vsq := −
r12

4r34
2

144
− r12

2r13
2r23

2

144
+

r12
2r13

2r24
2

144
+

r12
2r13

2r34
2

144

+
r12

2r14
2r23

2

144
−

r12
2r14

2r24
2

144
+

r12
2r14

2r34
2

144
+

r12
2r23

2r34
2

144

+
r12

2r24
2r34

2

144
−

r12
2r34

4

144
−

r13
4r24

2

144
+

r13
2r14

2r23
2

144

+
r13

2r14
2r24

2

144
−

r13
2r14

2r34
2

144
+

r13
2r23

2r24
2

144
−

r13
2r24

4

144

+
r13

2r24
2r34

2

144
−

r14
4r23

2

144
−

r14
2r23

4

144
+

r14
2r23

2r24
2

144

+
r14

2r23
2r34

2

144
−

r23
2r24

2r34
2

144
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vols1 := 144V sq

vols1 := − r12 4r34 2 − r12 2r13 2r23 2 + r12 2r13 2r24 2 + r12 2r13 2r34 2

+ r12 2r14 2r23 2 − r12 2r14 2r24 2 + r12 2r14 2r34 2 + r12 2r23 2r34 2

+ r12 2r24 2r34 2 − r12 2r34 4 − r13 4r24 2 + r13 2r14 2r23 2

+ r13 2r14 2r24 2 − r13 2r14 2r34 2 + r13 2r23 2r24 2 − r13 2r24 4

+ r13 2r24 2r34 2 − r14 4r23 2 − r14 2r23 4 + r14 2r23 2r24 2

+ r14 2r23 2r34 2 − r23 2r24 2r34 2

Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022 26 / 63



To each vertex i = 1..4 and a cyclic orientation of its complement we
associate the following quantities:

b1 := (r2
12 − r2

13 + r2
23)(r2

13 − r2
14 + r2

34)(−r2
12 + r2

14 + r2
24)+

+ (−r2
12 + r2

13 + r2
23)(−r2

13 + r2
14 + r2

34)(r2
12 − r2

14 + r2
24)

b2 := (r2
12 + r2

13 − r2
23)(r2

23 − r2
24 + r2

34)(−r2
12 + r2

14 + r2
24)+

+ (−r2
12 + r2

13 + r2
23)(−r2

23 + r2
24 + r2

34)(r2
12 + r2

14 − r2
24)

b3 := (r2
12 + r2

13 − r2
23)(r2

23 + r2
24 − r2

34)(−r2
13 + r2

14 + r2
34)+

+ (r2
12 − r2

13 + r2
23)(−r2

23 + r2
24 + r2

34)(r2
13 + r2

14 − r2
34)

b4 := (r2
12 + r2

14 − r2
24)(r2

23 + r2
24 − r2

34)(r2
13 − r2

14 + r2
34)+

+ (r2
12 − r2

14 + r2
24)(r2

23 − r2
24 + r2

34)(r2
13 + r2

14 − r2
34)

Then it follows that

4 vols1 = b1 + b2 + b3 + b4 .
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Recall the notation for cosine of angle at vertex i in a triangle with
vertices i, j, k:

Ci_jk =
r2
ij + r2

ik − r2
jk

2rijrik
.

Then the last computation reads as the following NEW FORMULA:
(for the normalized squared volume of a tetrahedron)

288V 2

64 r12 r13 r14 r23 r24 r34
=

1

16

∑
Ci_jl Cj_kl Ck_il

where sumation of triple products of cosines is over all 8 oriented three
− cycles < ijk > of vertices of our tetrahedron.

Corollary For a semiregular tetrahedron (r12 = r34 = c, r13 = r24 = b,
and r14 = r23 = a) we obtain the well known formula:

72V 2 =
(
−a2 + b2 + c2

) (
a2 − b2 + c2

) (
a2 + b2 − c2

)
.
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INTRINSIC FORMULA FOR THE HYPERBOLIC
4-POINT ATIYAH DETERMINANT

p1 := (z − t12)(z − t13)(z − t14)
p2 := (z − t21)(z − t23)(z − t24)
p3 := (z − t31)(z − t32)(z − t34)
p4 := (z − t41)(z − t42)(z − t43)

M4 :=


1 −t12 − t13 − t14 t12t13 + t14t12 + t14t13 −t12t13t14

1 −t21 − t23 − t24 t21t23 + t24t21 + t24t23 −t21t23t24

1 −t31 − t32 − t34 t31t32 + t34t31 + t34t32 −t31t32t34

1 −t41 − t42 − t43 t41t42 + t43t41 + t43t42 −t41t42t43


∆4 := Determinant(M4)
prod := (t12 − t21)(t13 − t31)(t23 − t32)(t14 − t41)(t24 − t42)(t34 − t43)
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D4 :=
∆4

prod
=

t21t41t42t43t31t32 + · · · 214 more similar terms · · ·+ t34t12t13t14t24t23

(t12 − t21)(t13 − t31)(t23 − t32)(t14 − t41)(t24 − t42)(t34 − t43)

Let D4a be equal to D4 after substitutions

tij = (sAij +Bij)/2, i = 1..j − 1, j = 1..4,
tji = (sAij −Bij)/2, i = 1..j − 1, j = 1..4.

cc(i, j, k, l) :=
(tkl − tji)(tij − tlk)
(tij − tji)(tkl − tlk)

C(i, j, k, l) := 2
(tkl − tji)(tij − tlk)
(tij − tji)(tkl − tlk)

− 1
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AMPLITUDE(12, 13, 24)

Q121324:=−1+C(1,2,1,3)2+C(1,2,2,4)2+C(1,3,2,4)2+2C(1,2,1,3)C(1,2,4,2)C(1,3,2,4)

Q121324:=
4(t12t13t21 −+ · · · 10 more similar terms · · ·+−t24t31t42)2

(t12 − t21)2(t13 − t31)2(t24 − t42)2

Q121324 is symmetric in Aij = tij + tji, and antisymmetric in
Bij = tij − tji coordinates:

Q121324 = 1
4

(A13−A24)(A12−A24)(A12−A13)s3

B12B13B24
− 1

4
(A13−A24)B12s

B13B24

+1
4

(A12−A24)B13s
B24B12

− 1
4

(A12−A13)B24s
B12B13

F123 =
1

2

(
cos

(
A

2

)2

+ cos

(
B

2

)2

+ cos

(
C

2

)2
)

G123 = (−1 + cos(A)2 + cos(B)2 + cos(C)2 + 2 cos(A) cos(B) cos(C))
1
2
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Positive parametrization of distances between 4 points

Key Lemma. (Shear
coordinates of a tetrahedron)
In any tetrahedron (degenerate or not) one
has the following type of nonnegative
splitting of edge lengths:

r12 = t1 + u+ v + t2, r13 = t1 + v + t3,
r23 = t2 + u+ t3, r14 = t1 + u+ t4,
r24 = t2 + v + t4, r34 = t3 + u+ v + t4

if and only if r12 + r34 =
max{r12 + r34, r13 + r24, r14 + r23}.

Proof.
The form of the solution:

t1 =
r13 + r14 − r34

2
, t2 =

r23 + r24 − r34

2
, t3 =

r13 + r23 − r12

2
,

t4 =
r14 + r24 − r12

2
, u =

r12 + r34 − (r13 + r24)

2
, v =

r12 + r34 − (r14 + r23)

2
proves the Lemma immediately.
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Verification of the Atiyah–Sutcliffe four–point
conjectures

Let us recall the original Eastwood–Norbury formula for the real part of the Atiyah’s
determinat D4 of a tetrahedron:
Re(D4) := prod− 4d3(r12r34, r13r24, r23r14) +A4 + vols;

where d3(a, b, c) := (−a+ b+ c)(a− b+ c)(a+ b− c);

A4 =
(r14((r24 + r34)2 − r2

23) + r24((r14 + r34)2 − r2
13) + r34((r24 + r14)2 − r2

12))d3(r12, r13, r23)+
+(r13((r23 + r34)2 − r2

24) + r23((r13 + r34)2 − r2
14) + r34((r23 + r13)2 − r2

12))d3(r12, r14, r24)+
+(r12((r23 + r24)2 − r2

34) + r23((r12 + r24)2 − r2
14) + r24((r23 + r12)2 − r2

13))d3(r13, r14, r34)+
+(r12((r13 + r14)2 − r2

34) + r13((r12 + r14)2 − r2
24) + r14((r13 + r12)2 − r2

23))d3(r23, r24, r34);

prod := 64r12r13r23r14r24r34;

vols := 2(r2
12r

2
34(r2

13+r2
14+r2

23+r2
24−r2

12−r2
34)+r2

13r
2
24(−r2

13+r2
14+r2

23−r2
24+r2

12+r2
34)+

r2
14r

2
23(r2

13− r2
14− r2

23 + r2
24 + r2

12 + r2
34)− r2

12r
2
13r

2
23− r2

12r
2
14r

2
24− r2

13r
2
14r

2
34− r2

23r
2
24r

2
34);

(vols = 288volume2) and normalized Atiyah determinant of face triangles:

δ1 := 1 +
1

8

d3(r23, r24, r34)

r23r24r34
, δ2 := 1 +

1

8

d3(r13, r14, r34)

r13r14r34
,

δ3 := 1 +
1

8

d3(r12, r14, r24)

r12r14r24
, δ4 := 1 +

1

8

d3(r12, r13, r23)

r12r13r23
.
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We first prove a stronger four–point conjecture of Svrtan – Urbiha
(arXiv:math0609174v1 (Conjecture 2.1 (weak version)) which implies (c.f. Proposition
2.2 in loc.cit) all three four–point conjectures C1, C2, C3 of Atiyah – Sutcliffe).

The substitution from the Key Lemma
Sub := {r12 = t1 + u+ v + t2, r13 = t1 + v + t3, r23 = t2 + u+ t3,
r14 = t1 + u+ t4, r24 = t2 + v + t4, r34 = t3 + u+ v + t4};

in the Maple code DifferSU :=coeffs

expand

subs

Sub,
1

64
numer

 Re(D4)− 4vols

prod
−
δ2
1 + δ2

2 + δ2
3 + δ2

4

4

 ;

gives the output DifferSU = {2, 3, 4, . . . , 5328, 5564, 6036} which proves the conjecture
coefficientwise.

The Maple code for the strongest Atiyah – Sutcliffe conjecture DifferAS :=coeffs

expand

subs

Sub,
1

64
numer

 (
Re(D4)− 4vols

prod

)2

− δ1δ2δ3δ4

 ;

gives the output DifferAS = {64, 128, 192, . . . , 233472, 246720, 261888}

(coefficients of a 4512 terms inequality of degree 12 in 6 distances).
Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022 36 / 63



Remark 1. Similarly to DifferSU one can check the upper estimate with the additional
coefficient equal to 37/27.

Remark 2. Recently we also proved Atiyah – Sutcliffe conjecture C2 directly from the
following new formula:

Re(D4) = 64
∏

1≤i<j≤4 rij + 8d3(r12r34, r13r24, r14r23) + 4vols+ 32R4 ,

where

R4 = 4m2211 + (s13p
2
24 + s24p

2
13)u+ (s14p

2
23 + s23p

2
14)v + (m221 + 8m2111)w+

+ 2(τ2
13 + τ2

14 + τ13τ14)uv + (2m211 + 8m1111)(2u2 + uv + 2v2)
+ 4m111(u3 + v3) + (3m21 + 14m111 + 3m11w)uvw + [(s14p14 + s23p23)(u+ w)+
+(s13p13 + s24p24)(v + w)]uv +

[
(τ13 + τ14)(u2 + uv + v2)+

+τ14u
2 + τ13v

2
]
uv + 2(m1 + w)(4m1 + 3w)u2v2

and where

u = r12+r34−r13−r24
2

, v = r12+r34−r14−r23
2

, w = u+ v, τ13 = t1t3 + t2t4,

τ14 = t1t4 + t2t3, t1 = r13+r14−r34
2

, t2 = r23+r24−r34
2

, t3 = r13+r23−r12
2

,

t4 = r14+r24−r12
2

, sij = ti + tj , pij = titj ,m1 = t1 + t2 + t3 + t4,

m11 = t1t2 + · · · , m21 = t21t2 + · · · , m111 = t1t2t3 + · · · ,m1111 = t1t2t3t4,

m2111 = t21t2t3t4 + · · · , m221 = t21t
2
2t3 + · · · , m2211 = t21t

2
2t3t4 + · · ·
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Mixed Atiyah determinants

We further generalize Atiyah normalized determinant D(x1, . . . , xn) to
DΓ(x1, . . . , xn), where Γ is any (simple) graph with the vertex set {x1, . . . , xn}.

Definition.
We start with the normalized Atiyah determinant D viewed as a function of all
directions uij (1 ≤ i 6= j ≤ n). Then we define DΓ by simultaneously

switching the roles of directions (i.e. replacing uij by uji and also replacing

uji by uij) for each pair ij such that xixj is an edge of Γ.

For n = 3 we obtain eight mixed Atiyah’s determinants (mixed energies)
which we can label by binary sequences D3 = D000

3 , D001
3 , . . . , D111

3 for which
we also have simple explicit trigonometric formulas, which can be obtained
from the original Atiyah determinant by suitable sign changes of the lengths
of the sides of a triangle.
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Observe that

D3 = D000
3 , D111

3 = 1 + ep
∏

sinh(pa)/ sinh(a)

are both ≥ 1. All other mixed determinants, eg.

D110
3 = 1− epc sinh(p) sinh(pa) sinh(pb)/

∏
sinh(a) ,

are between 0 and 1.
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Main Theorem

Now we state our

Main Theorem.
We have

∑
ΓD

Γ = n!, where the summation extends over all simple
graphs on n vertices.

The proof is obtained by our method of computing Atiyah’s
determinants.

Corollary.
For any configuration of points in a hyperbolic 3–space at least one of
the mixed Atiyah determinants is nonzero.
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Proof of the main Theorem
Proof of the Main Theorem.
In coordinates Bij = uij − uji (antisymmetric) and Aij = uij + uji

(symmetric) 1 ≤ i 6= j ≤ n, DΓ differs from D in changing signs of Bij ’s for
each edge ij ∈ Γ. Let us first observe that each nonconstant term in D
(and in each DΓ) is a square free Laurent monomial w.r.t. all variables Bij ’s ,
hence in the sum over Γ its contribution is zero.
Therefore, we have to compute the constant term (C.T.) of D (which is the
same in all DΓ). Since D is a symmetrization over Sn of its main diagonal
term, we have C.T.(D) = n!C.T.(diagonal term). But diagonal term of D is
equal to
1 · ( −u21 + · · · )( (−u31)(−u32) + · · · ) · · · [ (−un,1)(−un,1) · · · (−un,n−1) ]

(u12 − u21)(u13 − u31)(u23 − u32) · · · (u1,n − un,1) · · · (un−1,n − un,n−1)

so C.T.(diag.term) = C.T.
B12

2
B13

2
B23

2 · · ·
B12B13B23 · · ·

=
1

2(n2)
and C.T.(D) =

n!

2(n2)
and

C.T.

(∑
Γ

DΓ

)
= n!.
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New developments (1/3)

In 2011. M.Mazur and B.V.Petrenko restated the original Eastwood
Norbury formula in trigonometric form which besides face angles of a
tetrahedron uses also angles of so called Crelle triangle (associated to
the tetrahedron). Our formula in [5] does not involve Crelle’s angles, but
uses "skew" angles.

C2 proved for convex (planar) quadrilaterals

C3 proved for cyclic quadrilaterals (we have it proved already in [5])

Three conjectures stated which are consequences of some of our
conjectures in [5]. (Hence we have a proof of all three.)
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New developments (2/3)

In a recent paper M.B.Khuzam and M.J.Johnson (arXiv:1401.2787v1)
gave a verification (by linear programming) of both C2 and C3 four–point
conjectures of Atiyah and Sutcliffe, by using symmetric functions of

degree 12 in 12 variables til = rij + rik − rjk, {i, j, k, l} = {1, 2, 3, 4}

(which are linearly dependent) , so for C2 (resp. C3) they use 64 (resp.
114) huge monomial symmetric functions.

In a recent paper J. Malkoun defined a symplectic version of Atiyah
conjecture and proved it for n = 2 (which also follows from [5], 2.6 Atiyah
- Sutcliffe conjectures for parallelograms). We observe that symplectic
Atiyah determinants are special case of ordinary Atiyah determinants for
centrally symmetric configurations!
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New developments (3/3)
Tropical Version of Atiyah–Sutcliffe Conjecture for

almost collinear configurations
Almost collinear configurations. D-- oković’s approach and generalizations.

Type A configuration (n+ 1) (n points collinear)
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λ1 = a1 +
√
b2 + a2

1 = a1 + d1 = d1(1 + cos(ϕ1)) ,
. . .

λ2 = a2 +
√
b2 + a2

2 = a2 + d2 = d2(1 + cos(ϕ2)) ,
λn = an +

√
b2 + a2

n = an + dn = dn(1 + cos(ϕn)) .

Mn,1 =

∣∣∣∣∣∣∣∣
1 λ1

1 λ2

(−1)nen −e1 1

∣∣∣∣∣∣∣∣ ,
e1 = λ1 + λ2 + · · ·λn
e2 = λ1λ2 + · · ·+ λn−1λn
. . .
en = λ1 · · ·λn

Dn,1 = det(Mn,1) = 1 + λne1 + λnλn−1e2 + · · ·+ λn · · ·λ1en
≥ 1 + e1(λ2

1, . . . , λ
2
n) + · · ·+ en(λ2

1, . . . , λ
2
n)

= (1 + λ2
1)(1 + λ2

2) · · · (1 + λ2
n)⇒ proof of C2

Atiyah–Sutcliffe conjectures:
C2 : Dn,1 = Dn,1/

∏
(1 + λ2

k) ≥ 1

C3 : (Dn,1(λ1, · · · , λn))n−1 ≥
∏
Dn−1,1(λ1, · · · , λ̂k, · · · , λn)
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Already in 2004., we generalized asymmetric D-- oković’s formula for

Dn,1 = 1 + λne1(λ1, . . . , λn) + λnλn−1e2(λ1, . . . , λn) + · · ·+ λn · · ·λ1en(λ1, . . . , λn)

by introducing new parameters A1 ≥ A2 ≥ · · · ≥ An > 0 for non-symmetrically
appearing λ1, . . . , λn and commutative variables a1, a2, . . . , an for symmetrically
appearing λ1, . . . , λn.

ΨA1,A2,...,An
a1,a2,...,an := 1+A1e1(a1, . . . , an)+A1A2e2(a1, . . . , an)+· · ·+A1A2 · · ·Anen(a1, . . . , an)

which we abbreviate as (with A1...k := A1A2 · · ·Ak)

Ψ12···n
12···n = 1 +A1e1 +A12e2 + · · ·+A1...nen

and proposed a conjecture (in [4], c.f. Conj. 1.5. in [9])

(
Ψ12...n

12...n

)n−1 ≥
n∏
k=1

Ψ1...k̂...n
1...k̂...n

(∗)

hold coefficientwise in the ring R[a1, . . . , an] of polynomials in (commuting)
indeterminants a1, a2, . . . , an (and verified it with a number of refinements for n ≤ 9).
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It is trivial for n = 2:

Ψ
12
12 = a + A1(a1 + a2) + A1A2a1a2 ≥ (1 + A2a2)(1 + A1a1) = Ψ

2
2Ψ

1
1

because
Ψ

12
12 − Ψ

2
2Ψ

1
1 = (A1 − A2)a2

(and we assumed A1 ≥ A2 > 0).

Note that the r.h.s. of the Conjecture is not symmetric in variables
a1, . . . , an, but by studying the derivatives of

Ψ1...n
1...n

Ψ1...k̂...n
1...k̂...n

in [4] we stated a strengthened symmetric version.
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Conjecture
Let A1 ≥ · · · ≥ An ≥, a1, . . . an ≥ 0. Then the following inequality for symmetric
functions in a1, . . . , an

Ψ112...n−1
123...n Ψ1223...n−1

1234...n · · ·Ψ12...n−2 n−1 n−1
12...n−2 n−1 n ≥ Ψ1 2...n−1

1 2...n−1Ψ1 2...n−1
1 2...n−2 n · · ·Ψ

1 2...n−1
2 3...n−1

i.e.

n−1∏
k=1

Ψ1 2...k k ...n
1 2...k k+1...n ≥

n∏
k=1

Ψ1 2 ... n−1

1 2...k̂...n
(∗∗)

holds true coefficientwise (m–positivity).

Now by the following Lemma we interpreted the Conjecture (∗∗) as (polynomial wrt
Schur functions) a Hadamard type inequality for certain non symmetric matrices.

Lemma
For any k, (1 ≤ k ≤ n), we have

Ψ1...k...n−1

1...k̂...n
=

n−1∑
j=0

cja
n−1−j
k

where

cn−1−j = (−1)j
n−1∑
i=j

X1 · · ·Xiei−j , j = 0, . . . , n− 1 .
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By the Lemma, the right hand side of (∗∗) can be written as Rn =
n∏
k=1

n−1∑
j=0

cjξ
n−1−j
k

 and can be written as

Rn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −e1 e2 −e3 . . . (−1)nen
1 −e1 e2 −e3 . . .

. . .
1 −e1 · · ·

c0 c1 c2 · · · cn
c0 c1 c2 · · · cn

. . .
c0 c1 c2 · · · cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(
=:

∣∣∣∣ A B
C D

∣∣∣∣)

can be simplified as = |A| · |D − CA−1
B| = |D − CA−1

B|.

The entries of the n× n matrix ∆ := D − CA−1B are given by

δij =


(−1)

j−i−1
n∑

k=j+1

A1 · · ·Ak+i−jek, 0 ≤ i < j ≤ n− 1

(−1)
j−i

j∑
k=0

A1 · · ·Ak+i−jek, 0 ≤ j ≤ i ≤ n− 1

For example, for n = 3

∆3 =

∣∣∣∣∣∣∣∣∣
1 A1e2 + A1A2e3 −A1e3

−A1 1 + A1e1 A1A2e3

A1A2 −A1 − A1A2e1 1 + A1e1 + A1A2e2

∣∣∣∣∣∣∣∣∣
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By elementary operations we get

∆3 =

∣∣∣∣∣∣∣∣∣
1 ∗ ∗

0 Ψ112
123 A1(A2 − A1)e3

0 A2 − A1 Ψ122
123

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣
Ψ112

123 A1(A2 − A1)e3

A2 − A1 Ψ122
123

∣∣∣∣∣∣
Similarly, for n = 4 we obtain

∆4 =

∣∣∣∣∣∣∣∣
Ψ1123

1234 −A1(A1 −A2)e3 −A1A2(A1 −A3)e4 A1(A1 −A2)e4

−(A1 −A2) Ψ1223
1234 −A1A2(A2 −A3)e4

A1(A2 −A3) −(A1 −A3)−A1(A2 −A3)e1 Ψ1233
1234

∣∣∣∣∣∣∣∣
In general

∆n = det(δ
′
ij)1≤i,j≤n−1

where

δ
′
ij =



(−1)
j−i

n∑
k=j+1

A1 · · ·Ak+i−j−1(Ai − Ak+i−j)ek , 1 ≤ i < j ≤ n− 1

Ψ
1 ... i i ... n
1 2 ... n , i = j

(−1)
j−i

j∑
k=0

A1 · · ·Ak+i−j−1(Ak+i−j − Ai)ek , 1 ≤ j < i ≤ n− 1

Then we conjecture that the following Hadamard type inequality

n−1∏
i=1

δ
′
ii ≥ det(δ

′
ij), (δ

′
ij)1≤i,j≤n−1

should hold coefficientwise w.r.t. Schur functions in a1, . . . , an.
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Let a1, . . . , an, A1, . . . , An, n ≥ 1 be two sets of commuting indeterminates. For any l, 1 ≤ l ≤ n and any sequences

1 ≤ i1 ≤ · · · ≤ il ≤ n, 1 ≤ j1, . . . , jl ≤ n we define polynomials ΨIJ = Ψ
i1...il
j1...jl

∈ Q[a1, . . . , an, A1, . . . , An]

as follows:

Ψ
I
J :=

l∑
k=0

ek(aj1 , aj2 , . . . , ajl
)Ai1Ai2 · · ·Aik , (l ≥ 1), Ψ

∅
∅ := 1 (j = 0)

where ek is the k-th elementary symmetric function.

The polynomials ΨIJ are symmetric w.r.t. aj1 , aj2 , . . . , ajl , but nonsymmetric w.r.t. Ai1 , Ai2 , . . . , Ail . By specializing
Ai ’s to assume real values such that Ai1 ≥ Ai2 ≥ . . . ≥ Ail ≥ 0 then we obtain polynomials in aj ’s satisfying the
following simple but important property.

Proposition (Partition property)
Let (I1, . . . , Is) and (J1, . . . , Js) be ordered set partitions of respective sets I =

⋃s
p=1 Ip and J =

⋃s
p=1 Jp such that

|Ip| = |Jp|, 1 ≤ p ≤ s. Then the inequality

Ψ
I
J ≥

s∏
p=1

Ψ
Ip
Jp

holds coefficientwise w.r.t. aj ’s.
Proof. Proof is evident from the definition of ΨIJ and the monotonicity of Ai ’s.

For the powers
(
ΨIJ

)m
we made the following conjecture in ([4]):

Conjecture(Weighted Multiset Partition Conjecture)
For given natural number m and sets I and J , |I| = |J|, of natural numbers let (I1, . . . , Is) and (J1, . . . , Js) be the
partitions of the multiset Im consisting of m copies of all elements of I and similarly for Jm.

(i) Then the inequality
(
Ψ
I
J

)m
≥

s∏
p=1

Ψ
Ip
Jp

holds coefficientwise w.r.t. aj ’s.

(ii) The difference
(
Ψ
I
J

)m
−

s∏
p=1

Ψ
Ip
Jp

is multi–Schur positive with respect to partial alphabets

corresponding to the atoms of the intersection lattice of the set system {J1, . . . , Js}.
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Tropical Version of Atiyah–Sutcliffe Conjecture for
almost collinear configurations (n = 3)

In case n = 3 we illustrate the tropical version of Atiyah–Sutcliffe conjecture.
Let n = 3, A1 ≥ A2 ≥ A3 > 0.

E(x) = (1 + a1x)(1 + a2x)(1 + a3x)
= 1 + e1x+ e2x

2 + e3x
3

E(1)(x) = (1 + a2x)(1 + a3x)

= 1 + (a2 + a3)x+ a2a3x
2 = 1 + e

(1)
1 x+ e

(1)
2 x2

E(2)(x) = (1 + a1x)(1 + a3x)

= 1 + (a1 + a3)x+ a1a3x
2 = 1 + e

(2)
1 x+ e

(2)
2 x2

E(3)(x) = (1 + a1x)(1 + a2x)

= 1 + (a1 + a2)x+ a1a2x
2 = 1 + e

(3)
1 x+ e

(3)
2 x2
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AS3 = Ψ123
123Ψ123

123 − Ψ12
12Ψ13

13Ψ23
23

= (1 + A1e1 + A1A2e2 + A1A2A3e3)2 −
(
1 + A2e

(1)
1 + A2A3e

(1)
2

)
·

·
(
1 + A1e

(2)
1 + A1A3e

(2)
2

)
·

·
(
1 + A1e

(3)
1 + A1A2e

(3)
2

)
AS

trop
3 =

[
t1
]
subs

(
A1 = eα1t, A2 = eα2t, A3 = eα3t, AS3

)
=
[
t1
]
subs (A1 = 1 + α1t, A2 = 1 + α2t, A3 = 1 + α3t, AS3)

=
[
t1
] [

(1 + (1 + α1t)e1 + (1 + (α1 + α2)t)e2 + (1 + (α1 + α2 + α3)t)e3)2−

−
(
1 + (1 + α2t)e

(1)
1 + (1 + (α2 + α3)t)e

(1)
2

)
·

·
(
1 + (1 + α1t)e

(2)
1 + (1 + (α1 + α3)t)e

(2)
2

)
·

·
(
1 + (1 + α1t)e

(3)
1 + (1 + (α1 + α2)t)e

(3)
2

) ]
=
[
t1
] [

(1 + e1 + e2 + e3 + (α1e1 + (α1 + α2)e2 + (α1 + α2 + α3)e3)t)2

−
(
1 + e

(1)
1 + e

(1)
2 +

(
α2e

(1)
1 + (α2 + α3)e

(1)
2

)
t
)
·

·
(
1 + e

(2)
1 + e

(2)
2 +

(
α1e

(2)
1 + (α1 + α3)e

(2)
2

)
t
)
·

·
(
1 + e

(3)
1 + e

(3)
2 +

(
α1e

(3)
1 + (α1 + α2)e

(3)
2

)
t
) ]

=
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=
[
t1
] [ (

E(1) + (α1e1 + (α1 + α2)e2 + (α1 + α2 + α3)e3t)
2
)

−
(
E(1)(1) +

(
α2e

(1)
1 + (α2 + α3)e

(1)
2

)
t
)
·

·
(
E(2)(1) +

(
α1e

(2)
1 + (α1 + α3)e

(2)
2

)
t
)
·

·
(
E(3)(1) +

(
α1e

(3)
1 + (α1 + α2)e

(3)
2

)
t
) ]

=

= 2E(1)(α1e1 + (α1 + α2)e2 + (α1 + α2 + α3)e3t)
2

− E(2)(1)E(2)(1)
(
α2e

(1)
1 + (α2 + α3)e

(1)
2

)
− E(1)(1)E(3)(1)

(
α1e

(2)
1 + (α1 + α3)e

(2)
2

)
− E(1)(1)E(2)(1)

(
α1e

(3)
1 + (α1 + α2)e

(3)
2

)
=

Now we use E(2)(1)E(3)(1) = (1 + a1)(1 + a3)(1 + a1)(1 + a2) = E(1)(1 + a1) etc.

= E(1)
[

2α1e1 + (2α1 + 2α2)e2 + (2α1 + 2α2 + 2α3)e3

− (1 + a1)
(

α2e
(1)
1 + ( α2 + α3)e

(1)
2

)
− (1 + a2)

(
α1e

(2)
1 + (α1 + α3)e

(2)
2

)
− (1 + a3)

(
α1e

(3)
1 + (α1 + α2 )e

(3)
2

) ]
=
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By using basic relation between elementary symmetric polynomials

ek(a1, . . . , an) = ajek−1(a1, . . . , âj . . . , an) + ek(a1, . . . , âj . . . , an)

= E(1)
{

2α1e1 + (2α1 + 2α2)e2 + (2α1 + 2α2 + 2α3)e3

−
[

α2e
(1)
1 + α2e2 −���α2e

(1)
2 + ( α2 + α3)e

(1)
2 + ( α2 + α3)e3

]
−
[
α1e

(2)
1 + α1e2 −���α1e

(2)
2 + (α1 + α3)e

(2)
2 + (α1 + α3)e3

]
−
[
α1e

(3)
1 + α1e2 −�

��α1e
(3)
2 + (α1 + α2 )e

(3)
2 + (α1 + α2 )e3

] }
=

By using 2e1 = e
(1)
1 + e

(2)
1 + e

(3)
1 , e2 = e

(1)
2 + e

(2)
2 + e

(3)
2

= E(1)
[
(α1 − α2)e

(1)
1 + α2e2 −

(
α3e

(1)
2 + α3e

(2)
2 + α2e

(3)
2

)]

AStrop3 = E(1)
[
(α1 − α2)e

(1)
1 + (α2 − α3)

(
e

(1)
2 + e

(2)
2

)]
(E(1) = 1 + e1 + e2 + e3)
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In general it would be

AStropn = (E(1))n−2
[
(α1 − α2)e

(1)
1 + · · ·+ (αn−1 − αn)

(
e

(1)
n−1 + · · ·+ e

(n−1)
n−1

)]
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (1/4)

Let a1, a2, . . . , a6 be commuting variables and let A1 ≥ A2 ≥ · · · ≥ A6 > 0 be nonnegative real numbers.

Let f1 = a2 + a4 + a5, f2 = a2 · a4 + a2 · a5 + a4 · a5, f3 = a2 · a4 · a5, h1 = a2 + a5, h2 = a2 · a5, and
e1 = a1 + a3 + a6,e2 = a1 · a3 + a1 · a6 + a3 · a6, e3 = a1 · a3 · a6 be the elementary symmetric functions of the
alphabets a2, a4, a5 and a2, a5 and a1, a3, a6.

The psi123456 function of the original alphabet a1, a2, a3, a4, a5, a6, is

psi123456 =
1 + A[1](e1 + f1) + A[1]A[2] · (e2 + e1 · f1 + f2) + A[1]A[2]A[3](e3 + e2 · f1 + e1 · f2 + f3) + A[1]A[2]A[3]A[4](e3 · f1 + e2 · f2 + e1 · f3) + A[1]A[2]A[3]A[4]A[5](e3 · f2 + e2 · f3)+
+A[1]A[2]A[3]A[4]A[5]A[6]e3 · f3(= psi6a).

The psi245 function of the alphabet a2, a4, a5 is

psi245 = 1 + A[2] · f1 + A[2] · A[4] · f2 + A[2] · A[4] · A[5] · f3(= D1).

The psi136 function of the alphabet a1, a3, a6 is

psi136 = 1 + A[1] · e1 + A[1] · A[2] · e2 + A[1] · A[3] · A[6] · e3.

The psi1346 function of the alphabet a1, a3, a4, a6 is

psi1346 = 1+A[1](e1+a[4])+A[1]A[3](e2+e1a[4])+A[1]A[3]A[4](e3+e2a[4])+A[1]A[3]A[4]A[6]e3a[4](= d1).

The psi12356 function of the alphabet a1, a2, a3, a5, a6 is

psi12356 =
(1 + A[1] · (e1 + h1) + A[1] · A[2] · (e2 + e1 · h1 + h2) + A[1] · A[2] · A[3] · (e3 + e2 · h1 + e1 · h2)+
+A[1] · A[2] · A[3] · A[5] · (e3 · h1 + e2 · h2) + A[1] · A[2] · A[3] · A[5] · A[6] · e3 · h2)(= d2).

Then our Weighted Multiset Partition Conjecture (Conjecture 3.2 in arxiv.org.math.0609174.pdf) reads as the following
coefficientwise inequality:

psi123456
2
>= psi245 · psi1346 · psi12356.
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (2/4)

The final formula for
(psi123456)

2 − psi245 · psi1346 · psi12356

in terms of Schur functions t1, t11, t111, t2, t21, t211, t22, t221, t222 of a[1], a[3], a[6] and Schur functions
s[1], s[2], s[1, 1], s[2, 1], s[2, 2], s[1, 1, 1], s[2, 1, 1], s[2, 2, 1], s[2, 2, 2] of a[2], a[4], a[5] is Z6c bellow (and its
coefficients are positive).

Z6c :=
sort(map(factor, collect(Z6b, {t1, t11, t111, t2, t21, t211, t22, t221, t222, s[1], s[2], s[1, 1], s[2, 1], s[2, 2],
s[1, 1, 1], s[2, 1, 1], s[2, 2, 1], s[2, 2, 2]}, distributed)), {A[1], A[2], A[3], A[4], A[5], A[6]});
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (3/4)

Z6c := (A[2]− A[3]) · s[1, 1] · t22 · A[1]2 · A[2] · A[3] · A[4] + (A[2] · A[3]− A[2] · A[4] + A[2] · A[5]

−A[4] · A[6]) · s[2, 2] · t111 · A[1]2 · A[2] · A[3] · A[4] + (A[2]− A[3]) · t22 · A[1]2 · A[2] + (2 · A[2] · A[3]

−A[2] · A[4]− A[4] · A[5]) · s[2, 2, 1] · A[1]2 · A[2] + (A[2]− A[4]) · s[2, 2] · A[1]2 · A[2]
+(A[1]− A[4]) · s[2, 1] · A[1] · A[2] + (2 · A[1] · A[3]− A[1] · A[4]− A[4] · A[5]) · s[2, 1, 1] · A[1] · A[2]

+(2 · A[1] · A[2]− A[1] · A[3]− A[2]2 + 2 · A[2] · A[3]− 2 · A[2] · A[4]) · s[1, 1] · t1 · A[1]

+(A[1]− A[2]) · s[2] · A[1] + (2 · A[1] · A[2]2 + A[1] · A[2] · A[3]− A[1] · A[2] · A[4]− A[1] · A[3] · A[4]

−A[2]2 · A[3]− A[2]2 · A[4] + A[2] · A[3] · A[4]) · s[1, 1] · t11 · A[1] + (A[1]− A[2]) · s[1] · t1 · A[1]

+(2 · A[1] · A[2]− A[1] · A[3]− A[2]2) · s[1] · t11 · A[1] + (4 · A[1] · A[2]2 · A[3]− A[1] · A[2]2 · A[4]

−A[1] · A[2] · A[3]2 + A[1] · A[2] · A[3] · A[4]− A[1] · A[2] · A[3] · A[5]− A[1] · A[3] · A[4] · A[6]

−A[2]2 · A[3] · A[4]− A[2]2 · A[3] · A[5]− A[2] · A[3] · A[4]2 + 2 · A[2] · A[3] · A[4] · A[5]) · s[1, 1]

·t111 · A[1] + (2 · A[1] · A[3]− A[1] · A[4]− A[4] · A[5]) · s[1, 1, 1] · A[2] + (A[1] · A[2]2

+A[1] · A[2] · A[3]− A[1] · A[3] · A[4]− A[2]2 · A[3] + A[2] · A[3] · A[4]− A[2] · A[3] · A[5]) · s[1] · t111

·A[1] + (A[5]− A[6]) · s[2, 2] · t222 · A[1]2 · A[2]2 · A[3]2 · A[4]2 · A[5] + (A[5]− A[6]) · s[2, 2, 1]

·t221 · A[1]2 · A[2]2 · A[3]2 · A[4]2 · A[5] + (A[5]− A[6]) · s[2, 2, 1] · t222 · A[1]2 · A[2]2 · A[3]2

·A[4]2 · A[5] · A[6] + (A[4]− A[5]) · s[2, 2, 2] · t211 · A[1]2 · A[2]2 · A[3]2 · A[4] · A[5] · A[6]
· · ·

+(A[2]− A[5]) · s[1] · t222 · A[1]2 · A[2] · A[3]2 · A[4] + (2 · (A[3]− A[5])) · s[2, 2, 2] · t1 · A[1]2

·A[2]2 · A[3] · A[4] + (A[3] · A[5]− A[4] · A[6]) · s[2, 2] · t211 · A[1]2 · A[2]2 · A[3] · A[4]

+(2 · A[3] · A[4] · A[5]− A[3] · A[4] · A[6]− A[3] · A[5]2 + A[3] · A[5] · A[6]− A[4] · A[5] · A[6]) · s[2, 2, 1]

·t211 · A[1]2 · A[2]2 · A[3] · A[4] + (A[3]− A[5]) · s[2, 2, 1] · t2 · A[1]2 · A[2]2 · A[3] · A[4]

+(A[3]− A[4]) · s[2, 2] · t21 · A[1]2 · A[2]2 · A[3] · A[4] + (A[3]− A[5]) · s[2, 2, 1] · t21 · A[1]2 · A[2]2

·A[3] · A[4]2 + (2 · A[4] · A[5]− A[4] · A[6]− A[5]2) · s[2, 1, 1] · t221 · A[1]2 · A[2]2 · A[3]2 · A[4]

+(A[4]− A[6]) · s[2, 1] · t221 · A[1]2 · A[2]2 · A[3]2 · A[4]

> nops(Z6c);
86
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (4/4)

for k to 86 do k, op(k, Z6c) end do

1, (A[5]− A[6])s[2, 2, 1]t222A[1]2A[2]2A[3]2A[4]2A[5]A[6]

2, (A[5]− A[6])s[2, 2, 1]t221A[1]2A[2]2A[3]2A[4]2A[5]

3, (A[5]− A[6])s[2, 2]t222A[1]2A[2]2A[3]2A[4]2A[5]

4, (A[4]− A[5])s[2, 2, 2]t211A[1]2A[2]2A[3]2A[4]A[5]A[6]

5, (A[4]− A[6])s[2, 1, 1]t222A[1]2A[2]2A[3]2A[4]A[5]A[6]

6, (A[5]− A[6])s[2, 2]t221A[1]2A[2]2A[3]2A[4]2

7, (A[4]− A[6])s[2, 1]t222A[1]2A[2]2A[3]2A[4]A[5]

8, (A[4]− A[5])s[2, 2, 2]t21A[1]2A[2]2A[3]2A[4]A[5]

9, (A[2]− A[6])s[1, 1, 1]t222A[1]2A[2]A[3]2A[4]A[5]A[6]

10, (A[4]− A[5])s[2, 2, 2]t2A[1]2A[2]2A[3]2A[4]

11, (A[4]− A[5])s[2]t222A[1]2A[2]2A[3]2A[4]

12, (A[4]− A[6])s[2, 1]t221A[1]2A[2]2A[3]2A[4]

13, (A[4]A[5]− A[4]A[6]− A[5]2)2s[2, 1, 1]t221A[1]2A[2]2A[3]2A[4]
· · ·

83, (A[1]A[2]2 + A[1]A[2]A[3]− A[1]A[3]A[4]− A[2]2A[3] + A[2]A[3]A[4]− A[2]A[3]A[5])s[1]t111A[1]
84, (2A[1]A[3]− A[1]A[4]− A[4]A[5])s[1, 1, 1]A[2]

85, (A[1]− A[4])s[1, 1]A[2]
86, (A[1]− A[2])s[1]
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Tropical Version of Atiyah–Sutcliffe Conjecture for
almost collinear configurations (n = 4)

Tropical version for n = 4 is reduced analogously to the following expression

AS
trop
4 = E(1)2[3α1e1 + 3(α1 + α2)e2 + 3(α1 + α2 + α3)e3 + 3(α1 + α2 + α3 + α4)e4

−( α2e
(1)
1 + α2e2 + α3e

(1)
2 + ( α2 + α3)e3 + α4e

(1)
3 + ( α2 + α3 + α4)e4)

−(α1e
(2)
1 + α1e2 + α3e

(2)
2 + (α1 + α3)e3 + α4e

(2)
3 + (α1 + α3 + α4)e4)

−(α1e
(3)
1 + α1e2 + α2e

(3)
2 + (α1 + α2 )e3 + α4e

(3)
3 + (α1 + α2 + α4)e4)

−(α1e
(4)
1 + α1e2 + α2e

(4)
2 + (α1 + α2 )e3 + α3e

(4)
3 + (α1 + α2 + α3 )e4)]

= E(1)2[3α1e1 + 3(α1 + α2)e2 + 3(α1 + α2 + α3)e3 + 3(α1 + α2 + α3 + α4)e4

−
(
α1

(
e
(1)
1 + e

(2)
1 + e

(3)
1 + e

(4)
1

)
︸ ︷︷ ︸

=3e1

+(α2 − α1)e
(1)
1 + 3(α1 + α2)e2 + (α3 − α2)

(
e
(1)
2 + e

(2)
2

)
+

+(3(α1 + α2) + 2α3 + α3)e3 + (α4 − α3)
(
e
(1)
3 + e

(2)
3 + e

(3)
3

))
AS

trop
4 = E(1)

2
[
(α1 − α2)e

(1)
1 + (α2 − α3)

(
e
(1)
2 + e

(2)
2

)
+ (α3 − α4)

(
e
(1)
3 + e

(2)
3 + e

(3)
3

)]
Here we used the elementary formulas:

e
(1)
1 + e

(2)
1 + e

(3)
1 + e

(4)
1 = 3e1, e

(1)
2 + e

(2)
2 + e

(3)
2 + e

(4)
2 = 2e2, e

(1)
3 + e

(2)
3 + e

(3)
3 + e

(4)
3 = e3.
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