CroCoDays 2022, September 22-23, Zagreb, Croatia

Hyperbolic analogue of the Eastwood-Norbury
formula for Atiyah determinant

Dragutin Svrtan
dragutin.svrtan@gmail.com

University of Zagreb

September 22, 2022

Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022 1/63



Outline
Introduction

3 points inside circle

Normalized determinant Ds

Explicit formulas for D3

4 points inside a ball

Normalized 4—point Atiyah’s determinant D,
Conjectures (n = 4)

New proof of the Eastwood—Norbury formula

Positive parametrization of distances between 4 points
Verification of the Atiyah—Sutcliffe four—point conjectures
Mixed Atiyah determinants

Main Theorem

New developments (1/3)

New developments (2/3)

New developments (3/3)

References

Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022

2/63



Introduction 1/3
In 2001. Sir Michael Atiyah, inspired by physics (Berry—Robbins problem related to
spin statistics theorem of quantum mechanics) associated a remarkable determinant
to any n distinct points in Euclidean 3—space, via elementary construction.
More generally, let (z1,z2,...,x») be n distinct points inside the ball of radius R in
Euclidean 3—space.

Definition.

Let the oriented line z;z; meet the boundary 2—sphere in a point (direction) w;
regarded as a point of the complex Riemann sphere (C U {co}).

Form a complex polynomial p; of degree n — 1 whose roots are w;;,j # i
(p: is determined up to a scalar factor). The Atiyah’s conjecture C1 now reads

Conjecture C
For all (z1, z2, ..., z,) the n polynomials p; are linearly independent.

Conjecture C: < nonvanishing of the determinant D of the matrix of coefficients of

the polynomials p;.

The determinant D can be normalized so that D becomes a continuous function of
(z1,z2,...,zn) Which is SL(2, C)—invariant (using the ball model or upper half space
model of hyperbolic 3—space).
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Introduction 2/3

The more refined conjectures of Atiyah and Sutcliffe C and Cj5 relate D to products of
2 and n — 1-subsequences of points x1, x2, ..., Zy.

The conjecture C; is proved for n = 3,4 and for general n only for some special
configurations (M.F. Atiyah, M. Eastwood and P. Norbury, D. Bokovi¢).

In a lengthy preprint [5] we have verified the conjectures C> and Cs for parallelograms,
cyclic quadrilaterals and some infinite families of tetrahedra.

Also we proved C for Bokovi¢’s dihedral configurations. In [8] a proof of C is given
for convex planar quadrilaterals. We have also proposed a strengthening of the
conjecture Cj5 for configurations of four points (Four Points Conjectures, stronger then
some new conjectures in [8]) and a number of conjectures for almost collinear
configurations, and proved them for n up to 10.

In 2001. Eastwood and Norbury [3] found an intrinsic formula for the
four point Atiyah determinant (a polynomial of sixth degree in six
distances having several hundreds of terms) and gave a proof of C;.
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Introduction 3/3

The present author found a new geometric fact for arbitrary tetrahedra which leads to
a proof of C> and Cs for arbitrary four points in the euclidean three space (and also a
proof of stronger Four Points Conjecture of Svrtan and Urbiha).

Later we obtain another intrinsic polynomial formula a la Eastwood and Norbury for
four points (and for five "planar” points — having one hundred thousand terms) and
have an existence proof of a polynomial formula for all planar configurations what was
conjectured in [3].

This approach produces also trigonometric formulas for four points Atiyah
determinants (not involving so called Crelle angles which are used in [8]). Some work
is done in the hyperbolic case by finding a hyperbolic analogue of the Eastwood and
Norbury formula (in the planar case- spacial case is quite a challenge!).

We also introduce (mixed) Atiyah type energies associated to any graph (on given
points) and can prove that Conjecture C; is true, for arbitrary n, for some of these
energies (work in progress).
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3 points inside circle

Three points z1, 22, 23 inside disk (|z| < R)
Three point-pairs on circle

P (u12)(u1s)

Py (u21)(u23)

Ps (us1)(us2)

Point—pair u12, u13 define quadratic with roots

p1 = (2 —w12)(2 — u13)

3 point—pairs — 3 quadratics
@ P, P, Ps — {p1,p2,p3}

Theorem (Atiyah 2001.)

For any triple z1, 2, x3 of distinct points inside the disk the three quadratics
{p1,p2, p3} are linearly independent.

Remark: Atiyah’s proof, which is synthetic, does not generalize to more than
three points.
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Normalized determinant Dy

3-by-3 determinant of the coefficient matrix:

1 —wip — w1z wigui3
|[Ms| =| 1 —ugi —ugg wugiugs |#0, D3=
1 —wu31 —u3zx uziuz2

| M|
(u12—u21)(u13—u31)(u23 —u32)

Remark: D3 = 1 only for collinear points.

D3 > 1. \

Remark: Theorem 2. & Theorem 1.

Points on the "circle at co" are directions on a plane.

Remark: Theorem 1. and Theorem 2. are also true for R = oo.
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Explicit formulas for Ds

formula: D3 =1+ (U21 - U31)(U13 - U23)(u12 — u32)
(w12 — u21)(u13 — u31)(u23 — us2)

formula for hyperbolic triangles (0 < A+ B+ C < 7):

Dy = %(COSZ(A/z) + cos?(B/2) + cos2(C/2)) — }lcp ,

where. @ = 4cos (A25C) cos (FA52C) cos (AC) cos (A550)

= —1+ cos?(A) + cos?(B) + cos?(C) + 2 cos(A) cos(B) cos(C)

Intrinsic formula involving side lengths
a, b, ¢, p=(a+b+¢)/2, po=p—a, pp=p—b, p.=p—c

Dy = 1+e7? Shslihn(fgg)ssi?nh}f(’;f)):ir}f‘((g) <—> 1+ (_a+b+c)(%;£jc)(a+b_c) Eucl. case)

— 1 4 e~ (patprtpe) (€72 —e~Pe)(ePh —ePb)(ePe —e 7<)
(epa+pb—e_(Pa+Pb))(ePa+Pc75*(Pa+Pc))(ePb+Pc76_(pb+p0))

(270 —1) (e20 —1)(e?* 1)

(62(pa+pb)_1)(e2(pa+pc) —1)(62(Pb+17c)_1)
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(e2pa _ 1)(621% _ 1)(e2pc — 1)
(62(pa+pb) — 1)(62(pu+pu) — 1)(62(pb+pc) —1)

. = —1 . . . .
For 0 < a < b the function f(z) = eb . (0 < & < o) is strictly increasing

and lim f(z) = <.

T—00 b

By using this lemma the recent monotonicity conjecture of Atiyah (in case
n = 3) follows immediately (if a is replaced by a/R etc... in previous formulas).

_p sinh(p,) sinh(py) sinh(pc) e~Pa=Pb=Pe ginh(p,) sinh(py) sinh(pe)

sinh(a) sinh(b) sinh(c) sinh(pa + po) sinh(pa + pe) sinh(py + pe)

D3 =1 +e
(cosh(pa + pb + pe) — sinh(pa + po + pe)) sinh(p, ) sinh(py) sinh(p.)
sinh(pa + ps) sinh(pa + pe) sinh(ps + pe)

(1 — tanh(ps))(1 — tanh(py))(1 — tanh(p.)) tanh(pe) tanh(py) tanh(p.)
(tanh(pa) + tanh(ps))(tanh(pa) + tanh(pc))(tanh(ps) + tanh(p.))
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Equations for Atiyah 3pt energies (1/4)

Dy—1=¢

p sinh(p — a)sinh(p — b) sinh(p — ¢) _a+t b+e
sinh(a)sinh(bh) sinh(c) (', - 2 )
psinh(p —a)sinh(p — b sinh(p —¢)
sinh(a) sinh(h) sinh(c)
(X —Ag)(X —Al) =
cosh(p) sinh(p — a) sinh(p — b) sinh(p — ¢) |, H']llhg(p —a) .s‘inh!(p —b) Hillhg(p —¢)

D:’—l:

X?-2 v
sinh(a) sinh(b) sinh(c) " sinh?(a) sinh? (b) sinh* ()
001 _ | _ _ —(p=c) sinh(p)sinh(p — a)sinh(p — b) _ 7"_p+,_:4i1111[p) in?
Ds ! sinh(a) sinh(b)sinh(e) sinh(c) sin®(4)
puo pe sinh(p)sinh(p — a)sinh(p — b) ip_esinh(p) in?(A4)
3 = — ¢ ain(

) . sinh{a) sinh(b) sinh(e) ‘ sinh(e)
(X — a0)0x - a0

2 2>«'i11h(p).~:inh(p —a)sinh(p — b) cosh(p — ¢) \ Hillhg(p) :4'111]12(11 — a) sinh? (p—0)

sinh(a) sinh(b) sinh(e) sinh®(a) sinh? (b) sinh”{c)
(X - AP (Y —af) =
X2 _ o sinh(p) sinh{p — a) cosh(p — b)sinh(p — ¢) ., sinh?(p) sinh®(p — a) sinh?(p — ¢)

sinh(a) sinh(b) sinh(e)

(X =afx —alh) = A ‘
5 sinh(p) cosh(p — a)sinh(p — b) sinh(p — ¢) X4 Hiuhg(p) Hill]lz(ll —h) .‘-‘i]l]lz(jl —¢)
- sinh(a)sinh(b) sinh{c) . Hill|l2((!) sinh® (h) Hiuh!(('}

sinh?(a) sinh®(b) sinh®(c)

X? -
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Equations for Atiyah 3pt energies (2/4)

T
P(X) = PIPZPRP;:H(X—A(")) = X% X — e

i=0
. _ 1—[ Al sinh®(p) 5i11116(-p —a) sinh® (p—10) sin.hﬁ[p —e)
* N i N sinh® (o) sinh® (b) sinh® ()
) =P =P =B st (A sind(B)sint(€)
o I 1096 - 1096 .
e = QTG(].—«-f}(] — )1 = e2) (=1 +9r1ror3+f1+fw +r3)_ ~.n| (A)sin®(B) sin(C) P2
2t . 1 2
PX) = X8 +2X7+ 1(-1--0— ﬂ1—<I> 1S 4(01 — 202 )\,‘—ﬁ[iﬂg— ?rrg + (201 — $)0%) X1
- %(03 + 202 X7 — (0'1“3 + (dog — 73) B7) X7 — ﬂ'r 53PN + ol
where o) = sin®(A4) + sin(B) + sin®(C), o9 = sin®(A) sin?(B) + sin*(A) sin? () + sin®(B) sin*(C).
g = sin?(A)sin?(B)sin?(C), 2 = 4 cos(r) cos(a — A) cos(o — B)cos(c — ), ¢ = A+8EC
. ) ) 3
i 1 1
HODg) - ﬁmuz@)m? 4000( — 160,05 + 256(0 — a3))
i=
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Equations for Atiyah 3pt energies (3/4)

1 1
P_(X) = X*+(1+e)x3+ I((? + 242+ 3c1e003 + 30)X 2+ §(71 + 2c1c003 + ¢ + 5+ i+
1
+ (L4 crcae3) )X — a(l —A(1-ed)(1-cd)
= %X(?X +O)[(2X +1)(2X + 1+ ®) + cycoc5] — 61_4(1 e n%)(l e (’%)(1 . (’%)
2_ (2 _ g 2
- %X(?X Yo [@X +1)E@X +1 8+ w - &(1 —AA-E)1l-)
1 1
= XX +2) 22X + 12X + 1+ ®) — 2+ 57 + 53 + s3] — aﬁsgsg
P(X) = P_(X)P4(X), where Py(X)=P_(X)
BB
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Equations for Atiyah 3pt energies (4/4)

1 1
P_(X) = X 2X [2(2X+1)272+s%+s§+s§]7@5%33@
$=0
1 1
= X3(X+1)+ g(b? + s34 s2)X2 - a&-%ﬁgﬂg
‘ 1
P(0) = ms%sés%
7
i 1 1
[1pY = r-n= [E(fl)(f2+c1>}[72(fl+tI))72+sf+s§+s§} 7@5’%5‘%@'3]4
=0
1 _ 1
; [E(—l)(—Z— B)-2(~=1— D) — 2+ 52 + 52 + 53] — as%sgsg]
| (2= &)[=2D + 4] . 1(2+<1))[2r1:+ ] :
~ |16 TU" 527 |16 R

1 1
%(2(1)2 — 4P 4 201 — (I’G'l) - 1—160'3] [E(Q(I)Q + 4D + 209 + ‘I’(Tl) — E(J’g:|

il
T
71
ZE

—

1 1 1 1 1
(282 + 20y) — s E(4+ al)cb] [E(Mﬁ +201) — s + E(4+ 01)(I>}

{B@+m)—a]” -2 (a+m)? 0%}
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4 points inside a ball

Four points z1, 22, 23,24 in a ball (|z| < R)

4 point-triples on the boundary 2—sphere

Py (u12)(u13)(u14)

Py (u21)(u23)(u24)

Pz (u31)(us2)(uss)

Py (uar)(ua2)(us3)

point-triple u12, u13, u14 defines a cubic (polynomial):

p1 = (2 —ui2)(z — w13) (2 — w14)

p1 =2 — (w12 + w13 + w14)2? + (w12u1s + Ur2u14 + U13ULL) Z—
—U12U13U14

4 point-triples — 4 cubics

Py, Py, P3, Py — {p1,p2,p3,pa}
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Normalized 4—point Atiyah’s determinant D,

Determinant of the coefficient matrix of polynomials:

1 —uwio — w1z — U4 u12u13 + U12U14 + U13UIL  —UI2UI3UI4
M| = 1 —uop —u23 — U4 U21U23 + U1 U24 + U23UL  —U21U23U24
1 —u3p —ug2 — U4 U31U32 + U3TU34 + U32U4  —U1UI2U34 |
1 —w41 — u42 — w43 U4IU42 + U41U43 + UL2U43  —U4TU42U43
My
Dy 24

(w12 — u21)(u13 — us1)(u1g — uwar)(u2s — us2)(u2a — ua2)(ugs — u43)
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Conjectures (n = 4)

C1 (Atiyah): Dy #0 (& p1,p2,p3,pa lin. indep.)
Co (Atiyah—Sutcliffe): |Dy| > 1

Cs (Atlyah—Sutcllffe) |l)4|2 > D3(1,2,3) . Dg(l, 2,4) : D3(1, 3,4) . D3(2,3,4)
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Eastwood-Norbury formulas for euclidean D4

In 2001 they proved, by tricky use of
MAPLE, that for n = 4 points in Eucl.
3-space
Re(D4) = 64abca’d’c
—4-d3(aa’,bb’, cc’)
+SUM
+288 - VOLUME?,
where
SUM :=d'[(t/ + ') — a*)]d3(a,b,¢) + ...
D, /(64abca’b’c’) = Dy
(=>eucl. Conjecture 1, and "almost”
(= 60/64) of euclidean Conjecture 2)

a(( b +c y2- a2 ) d3(ab,c)
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New proof of the Eastwood—Norbury formula

The four points:
P :xi = (2i,7i), 2 €C, 1 ER

P -
Rij :=rij + 1 — 75, 2ij := 2 — 2

RijRji =135 — (ri = 15)” = |2 |* = —zi251

p1 = (z+ 1?122) (z—i— 1?13;,) (z—i— il‘fl)
(B B )
p3 = (z—!— ;Tgll) (z—{- %) (z—l—%)

Pps = (z—l— gll) (z—l— 1?422) (z—i— 1?4;)
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Matrix of coefficients of {p1, p2, p3, pa}

—_
0
=
+
e RN
&
+
3y
=

My = 1 . Z31 232 Z31 Z34 | Z32 Z34
R31 R32

A=z, B =231232, C = 241242243

Normalized Atiyah determinant

221221 | 221223 | 221224
Dy = det(My) - zo1 - 231232 - 241242243 = E 1- + .
—— Roy Ra3 Ray
antisym. antisym.
231231232232 | 231231232234 | Z32232232Z34
. Ri14R24 R34 =
R31 R32 R31 R34 R32 R34

= g (Ri2R24 + 2z21224)(R13R23 R34 + Ri3 232234 +Ra3 231234) R1a+
e N~ N~
+(R13R24 R34 201703 +R13Ro4 Rao 221234 +Roa 221Z23231%34) R14
~—— ~—— —_——

(where summations are over all permutations of indices).
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By writing z;;zi, = C[i, j, k,1] + v—1S[i, j, k, 1] and using a Lagrange identity

(involving the dot product of two cross products; a fact mentioned by N.

Wildberger to the author) we have

Sli, g, k, S[p, q, 7, 8| = Cli, j,p, d|C[k, 1,7, 8] = Cli, j, 7, s]C[k, L, p, g

(we have discovered this identity independently) and using the formula

Cli, 4, k, 1] = Re(zizi) = gllzal® + |2kl — |z l* — 1z50?] =
1
2

(5 + 75, =5, — 3] = (ri =) (ry —11)

we obtain our derivation of the Eastwood—Norbury formula.
By this new method we obtained a polynomial formula for the planar
configurations of 5 points (by Ss—symmetrization of a "one page" expression)
and a rational formula for the spatial 5 point configuration (this last formula
has almost 100000 terms).

This settles one of the Eastwood—Norbury conjectures. We do not yet have
definite geometric interpretations for the "nonplanar" part of the formula
involving heights r;, i = 1,...,5.
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+Caat Gonns Guans ™ Gond Goahs Shats ~ Gunat Gratas Caas + Cuauns Gunnd Guziies ~ hansnd Gt S, B — (4

R EERL RV REN AT 455,025 G335+ Qazs CaasQoas  Qaas Gaas o 5 -

GG Qans~ G, X 2.5 G005 Gna ~ Gsne Guaas Glans + Gaes Guaas Guss, .2 - (

=G5 Cans G+ Gt GansCrans + Guans Cunas Gaas+ Guaes Gaas Craas — GinasGas G, 2.2, =

G535 Anast G Gaes 253,05 G235+ Qa2 Goses Az ~ G G G 2 (

= Q33 G Qaas+ Caas GaasCr 34335 Qs+ G Cane Caas + s Gsna G, .2 (

+G 34 G Qs = Crans oo Goses + Cana Gas Cans = Cuaas Gooas Cras + Crans Gass G, .2 (

* G Cass Gaast 459,225 23 Az B2 Aans ~ Gonns G G 2.2.3) B Bus B s By — (-

+ G Gaes Gaas— G, 246305 G330+ €223 Qaas Azt Guas G G 15.3.4) BLeBys By g By g4 (

4G5 G Qo+ G Gana Crans + Gunna Cunas Caes = Crnas Gians Craes = Gsas Crans Gaas =G 5s) BraBus B s Bp = (-

+ G5 G o = Cuant s G = G Ganns Chaes = Ganas Chnes Cans + Gun23 G Cuaae + Goas S s Graas) Ra Rus Bas Bs =

~ %5320 9223+ Aane 93520 T Qa3 G Gae T G Aaas G0~ Qe Qs G T - VEPL PRPL W
’ClzHGUUCH:s*clzzscluscmzs*cuzscl.:.t.s CaastCaasQaasCaast GausCaas G 14GsasCans) Bushas By By = ((Gsn i Glans G
5 Qo= Clane G Clane + Claas Gl Gusse = Qs Glas Claas + Claas Clans Css, $ s Caas) s ks By B s = (- Cnuauucnzs
O Anast Gz G, 57 G35 e D~ Cae Guns Gans + Gans Class Qs s Cnas Cnas) Busfas Bas By = (

* €2 Clas Gz Cmu%uscuu G345 02137 A Gaas o+ Gaaas Claes G s Gl Czae) Rushas By s By s — (- C;zucuucnzs
GG G+ Clane Glas Class + Qe G Gises = Class Glana Gusins —~ Glass Class Cse s Cnas Clans) Rushas Bas B g+ (-CLan s Crsies Glaas
G5 G~ Claes Qs Gmas ~ Qe Gans Qs+ Clans a3 Gss + s G Gnss — G2 s Gaas Gas) Rs B Bas B o (G5 Gaas Qs
* a5 213 Grae T Caes U3 Anas T Q203 Qe T Qe Aaes G2+ e G st Ao G s Fus R B Bt (Gase G Clans Qaas
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Our trigonometric (euclidean) Eastwood—Norbury formula
(where ¢; jj := cos(ij,ik) and ¢;; i = cos(ij, ki) ):

16Re(Dy) = (14c3 12+ c234)(1+c1 24+ ¢4 13)+

(14 c2 13+ c3 24)(1 4+ ca 12 + €1 34)+

(14 c3 124+ c1 34)(1 4 c2 14 + ¢4 23)+

(14 c1 23 +c3.14)(1 + 2 34 + ¢4 12)+

(1+co 13+ c124)(1 4¢3 14 + €4 23)+

(1+c1 23 +c2 14)(1 4¢3 24 + ¢4 13)+

2(c14_ 23C13 24 — C14_23C12 34 + €13 24C12 34)+
72(normalized volume)?.

Open problems:

Hyperbolic (euclidean) version for n > 4 (n > 5) points in terms of

distances, or in terms of angles.
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NEW TRIGONOMETRIC FORMULA FOR
NORMALIZED VOLUME OF A TETRAHEDRON

A law of sines for tetrahedra and the space of all shapes of tetrahedra

A corollary of the usual law of sines is that in a tetrahedron with vertices O, A, B, C, we have

sin ZOAB - sin ZOBC' - sin ZOCA = sin ZOAC - sin ZOCB - sin ZOBA.

Putting any of the four vertices in the role of O yields four such identities, but at most three of
them are independent: If the "clockwise" sides of three of them are multiplied and the product is
inferred to be equal to the product of the "counterclockwise" sides of the same three identities,
and then common factors are canceled from both sides, the result is the fourth identity. Three
angles are the angles of some triangle if and only if their sum is 180° (Pi radians). What condition
on 12 angles is necessary and sufficient for them to be the 12 angles of some tetrahedron?
Clearly the sum of the angles of any side of the tetrahedron must be 180°. Since there are four
such triangles, there are four such constraints on sums of angles, and the number of degrees of
freedom is thereby reduced from 12 to 8. The four relations given by this sine law further reduce
the number of degrees of freedom, from 8 down to not 4 but 5, since the fourth constraint is not
independent of the first three. Thus the space of all shapes of tetrahedra is 5-dimensional.
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Recall the Cayley-Menger matrix, the squared volume of a tetrahedron:

0 1 1 1 1

1 0 7"%2 7"%3 7“%4

M4 — 1 7’%2 0 T%3 7’%4

1 7"%3 7"%3 0 T§4

Lorfy 3y 134 0
Determinant (M

Veq = (M)

23 (31)2
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4, 2 2 2 2 2 2 9
Vg —  — r12°73y o rie2rig2rag® L ra2TrisTry L r12TrisTrsy
$9:= 144

144 144 144
2 2 2 2 2 2 2 2 2 2 2 2
+ T12° 714238 _ T12° 71424 + T12° 714784 + 71277283y
144 144 144 144
2 2 2 2 4 4 2 2 2 2
4 ra2TresTray _ 12773y _ 13724 + 13771423
144 144 144 144
2 2 2 2 2 2 2 2 2 2 4
n 718771472y . T137T14773y T 187728 T2y _ 18772y
144 144 144 144
2 2 2 4 2 2 4 2 2 2
+ 1877247734 o T14° 723 o r14°723 + 1477287 T2y
144 144 144 144
2 2 2 2 2 2
4 D4 Tes Tsq 23 Te4 T34
144 144
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volsl := 144V sq

vols1 (= — riotre,? — r122r18%res?  + Tie?ris?rey?  + ri22ris%rey?
+ rie?riy?res?  —  rielriyPrey? 4+ rie?ry?ry? + 0 ria?reg?rey?
+ 7“1227"2427“342 - 7“1227"344 - 7‘1347“242 + 7“1321"1427“232
+ T1327‘142T242 — 1"1327“1427"342 + 7"1327"2327‘242 - T1327“244
+ 7"1327‘24 27‘34 2 - T14 4rge? - T14 2rp94 + riy 27‘2327‘24 2
+ riy 27‘2327”34 2 - 7‘2327‘24 27‘34 2
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To each vertex i = 1..4 and a cyclic orientation of its complement we
associate the following quantities:

bl := (7"%22— 7“%32+ 7”%3%(7“%3 —27“%4 4'27"?%4)(2_7“%22+ 7"%42‘1’ 7“%4%‘1’
+ (=1fy + 113+ 153) (=713 + 1y +15) (17y — Ty +1T5y)

b2 := (rfy + i3 — 133)(r3s — 134 + 134) (—riy + 734 +75)+
+ (=735 + 175 + 133) (=133 + 134 + 734) (rly + 714 — 73y)

b3 := (7"22 + 7@3 - T§3)(T§32+ 7€42— 7"54%(_7“;3 + 7"§4 + T§4)+
+ (1fy — rig +133) (=T33 + 1oy + 15) (113 + 11y — 75y)

bd = (rfy + 11y — 154) (195 + 154 — 130) (13 — 14 +734)+
+ (ry = 1y +130) (15 — 13y +13y) (175 + 13y —13y)

Then it follows that

4volsl = by + by + bs + by.
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Recall the notation for cosine of angle at vertex i in a triangle with
vertices 1, j, k:

2 2 2
i T ik — Tk

Cy in=
= 27Tk

Then the last computation reads as the following NEW FORMULA:
(for the normalized squared volume of a tetrahedron)

288V2
64712713714 T23 24 T'34

1
=16 > Ci j1Cy i Chrii

where sumation of triple products of cosines is over all 8 oriented three
— cycles < ijk > of vertices of our tetrahedron.

Corollary For a semiregular tetrahedron (r12 = r34 = ¢, 113 = 194 = b,
and r14 = r93 = a) we obtain the well known formula:

72V = (=a® +b* + %) (a® = b* + ) (a® + 0% — 7).
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INTRINSIC FORMULA FOR THE HYPERBOLIC
4-POINT ATIYAH DETERMINANT

p1 = (2 = ti2)(z — h13) (2 — t1a)
p2 = (2 —ta1)(z — ta3) (2 — t2a)
p3 = (2 — t31)(2 — t32) (2 — t34)
pa = (2 —ta1)(z — ta2) (2 — ta3)

—t12 —ti3 — 14 Tiot13 + tiatio + tiatis  —ti2t13tia
—to1 — tog — tog  to1tog + togtor + foataz  —to1ta3tos
—t31 —t32 — 134 3132 + t34l31 + t3af32  —T31t32834
—ty1 —tg2 — 43 Tartgo + taglar + tastse  —Tla1tsotys
Ay := Determinant(My)

prod := (t12 — ta1)(t13 — t31)(t23 — t32)(t14 — ta1)(t2a — ta2)(t34 — t43)

My =

—_ = e =
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A4 . t21t41t42t43t31t32 -+ -+ - 214 more similar terms * * + =~ t34t12t13t14t24t23
prod  (ti2 — to1)(tiz — t31)(to3 — t32)(t1a — ta1)(tos — taz)(tza — ta3)

Let Dy, be equal to D, after substitutions

Dy =

lij = (S Aij + Bij)/Qai =1lj—-1,7=14,
tii=(sAij — Bij)/2,i=1..j—-1,j=1.4.

. L (ter — ]z)( — i)
cc(iyj, k1) :== (by — ) (tot — ur)
.. L (tkl ]Z)(t’bj tlk) _

C(i, j, k1) := ( ) (e — )
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AMPLITUDE(lQ, 13, 24)
Q121324:=—1+C(1,2,1,3)24-C(1,2,2,4)%2+C(1,3,2,4)24-2C(1,2,1,3)C(1,2,4,2)C(1,3,2,4)

4(t12t13t21 — =+ -+ 10 more similar terms + * + —t24t31t42)2

(tiz — t21)*(t13 — t31)*(taa — taz)”
(121324 is symmetric in A;; = t;; + t;;, and antisymmetric in
B;; = t;; — t;; coordinates:

Q121324:=

1 (A13—Ag4)(A12—A24)(A12—A13)s® 1 (A13—A24)Bias
4 Bi12B13Baa 4 B13Bas

Q121324 =

(A12—A24)B13s 1 (A12—A13)Baas

1 1
4 B24Bi12 4 BlQB13

1 A2 B\? C\?
F123 = 5 (cos <§) + cos (5) + cos <§>

G123 = (—1 + cos(A)? + cos(B)? + cos(C)? + 2 cos(A) cos(B) cos(C))

_I_

o=
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Positive parametrization of distances between 4 points

Key Lemma. (Shear
coordinates of a tetrahedron)

In any tetrahedron (degenerate or not) one
has the following type of nonnegative
splitting of edge lengths:

ri2 =t1 +u+v+ta,r1i3 =11 +v +ts,
ro3 =t +u+t3,r14a =1 +u +ta, 1
roa =ta + U+ tg,r3a =ts +u+ v+t

if and only if rio 4+ 734 =
max{riz + r34, 713 + 24,714 + 723 }.

The form of the solution:

_ T13 +T14 — T34 _ T23 +T24 — T34 _ Ti3+ 723 —Ti2
in = 5 yta = D) b3 = B J
‘ 14 + 724 — T12 u r12 + 734 — (113 + 724) » r12 + 734 — (114 + 723)
4 = 9 = =

2 U 2
proves the Lemma immediately.
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Verification of the Atiyah—Sutcliffe four—point

conjectures
Let us recall the original Eastwood—Norbury formula for the real part of the Atiyah’s
determinat D, of a tetrahedron:

Re(Dy) := prod — 4ds(r12734, 713724, T23714) + A4 + vols;

where ds(a,b,c) :==(—a+b+c)(a—b+c)(a+b—c);

Ay =

(r14((r2a +734)% — 133) + r24((r14 + 734)% — 723) + 134 ((r2a + 714)% — 725))d3(r12, 713, 723)+
+(r13((ros +134)% — r2,) + ra3((r13 + 134)%2 — r2,) + r34((r2s + 713)% — r2,))d3(r12, 714, 724) +
+(r12((res +124)2 — r3,) +r23((r12 + 124)% — r3y) + r24((r23 + 712)% — 7%3))d3(r13, 714, 734)+
+(r12((r1s + r14)? —r3,) + r13((ri2 + 114)2 — r3,) + r1a((ris + r12)? — r3;))ds(ra3, r24, 734);

prod := 64r127137237T14724734;

o 2 2 /.2 2 2 2 2 2 2 2 2 2 2 2 2 2

vols := 2(ria734 (ris+ria+r23+724 =112 —734) 713724 (— 1134714 +723 =124 +1124+734) +
2 .2 /2 2 2 | 92 | 2 | 2 2 2 2 2 .2 2 2 2 2 2 .2 2y,
T14723 (7’13 —7Tia—7ra3+ra+riz+ 7"34) — 712713723 — 712714724 — 713714734 — 7"237"247‘34)7

(vols = 288volume?) and normalized Atiyah determinant of face triangles:

1ds(r2s,7m24,734) 1ds(r13,714,734)

dr:=1+ ,(52:21+
8 TosraaTs4 8  ri3r14734
1 d T12,714,T 1 d 12,713, T

by e 14 LAz ran) 5oy Lds(ri2,mis,mas)
8 712714724 8  riorisros
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We first prove a stronger four—point conjecture of Svrtan — Urbiha
(arXiv:math0609174v1 (Conjecture 2.1 (weak version)) which implies (c.f. Proposition
2.2 in loc.cit) all three four—point conjectures C1, C2, Cs of Atiyah — Sutcliffe).

The substitution from the Key Lemma
Sub = {1"12 =t1+ut+v+ta,riz=t1+v+1t3,723 =12 +u-+ts,
ria =t +utta,roa =ta+v+tg, 738 =t3 +u+v+ta};

in the Maple code DifferSU :=

— 82 4 62 + 62 + 62
coeffs | expand | subs Sub,inumer D) = doal) | GG ;
64 prod 4

gives the output DifferSU = {2, 3,4, ..., 5328, 5564, 6036} which proves the conjecture
coefficientwise.

The Maple code for the strongest Atiyah — Sutcliffe conjecture DifferAS :=

2
{coeffs (expand <subs (Sub, inumer ( (M) — 01020304 )))) } ;
64 prod

gives the output DifferAS = {64, 128,192, .. .,233472, 246720, 261888}

(coefficients of a 4512 terms inequality of degree 12 in 6 distances).
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Remark 1. Similarly to DifferSU one can check the upper estimate with the additional
coefficient equal to 37/27.

Remark 2. Recently we also proved Atiyah — Sutcliffe conjecture C> directly from the
following new formula:

Re(Ds) = 64T < jcq™is + 8d3(r12734, 113724, T14723) + 4vols + 32R4

where

Ry = 4maz11 + (s13p34 + s24pis)u + (514p3s + 23pTa)v + (maz1 + 8marni)w+
+ 2(78s + TE4 + T13T1a)uv + (2ma11 + 8mai11)(2u? + uv 4 20?)
+ dmar1 (u® + v3) + (3mo1 + 14ma11 + 3maiw)uvw + [(s14p14 + s23p23) (u + w)+
+(s13p13 + S24p24) (v + W) wv + [(T13 + T1a) (u? + wv + v?)+
+rau® + 7'131)2] wv + 2(my + w)(dm + 3w)u2v2
and where

712+7134—713— 7" _ 7ri2+7r34—T14—7" _ _
12 342 13 24’ v = 12 342 14 23 R w_u+v77-13 _t1t3_~_t2t47

u =
Tia = t1ts + tots, t1 = T13+Té4—T34, to = T23+T§4—T34’ ts = T13+T§3—T12 ,
tg = 7r14+r§4—rlg , Sij = ti + 15, pij = titj,m1 =1 +t2 + 3 + ta,
2
mi1 =titeo + -, mo1 =tita + -+, mi11 = titata + -+ ,mi111 = titatsta,

mat11 = titatsts + -+, Maoo1 = titats + -, mazny = titatats + -
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Mixed Atiyah determinants

We further generalize Atiyah normalized determinant D(z4,...,z,) to
DY(z1,...,x,), where T is any (simple) graph with the vertex set {z1,...,z,}.

Definition.

We start with the normalized Atiyah determinant D viewed as a function of all
directions u;; (1 < i # j < n). Then we define D' by simultaneously

switching the roles of directions (i.e. replacing - and also replacing
- for each pair ij such that z;z; is an edge of I'.

For n = 3 we obtain eight mixed Atiyah’s determinants (mixed energies)
which we can label by binary sequences D3 = D$%, D%L ... D1 for which
we also have simple explicit trigonometric formulas, which can be obtained
from the original Atiyah determinant by suitable sign changes of the lengths
of the sides of a triangle.
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Observe that

D3 = DY, D} =1+ ¢? [ [ sinh(p,)/ sinh(a)

are both > 1. All other mixed determinants, eg.

D30 =1 — ¢Pe sinh(p) sinh(p, ) sinh(py)/ H sinh(a)

are between 0 and 1.
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Main Theorem

Now we state our

Main Theorem.

We have Y. D' = n!, where the summation extends over all simple
graphs on n vertices.

The proof is obtained by our method of computing Atiyah’s
determinants.

For any configuration of points in a hyperbolic 3—space at least one of
the mixed Atiyah determinants is nonzero.
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Proof of the main Theorem
Proof of the Main Theorem.
In coordinates B;; = u;; — uj; (antisymmetric) and A;; = w;; + ujs
(symmetric) 1 < i # j < n, D" differs from D in changing signs of B;;’s for
each edge ij € T. Let us first observe that each nonconstant term in D
(and in each DT) is a square free Laurent monomial w.r.t. all variables B;;’s ,
hence in the sum over T its contribution is zero.
Therefore, we have to compute the constant term (C.T.) of D (which is the
same in all D). Since D is a symmetrization over S,, of its main diagonal

term, we have C.T.(D) = n!C.T.(diagonal term). But diagonal term of D is
equal to

L (—ugr +--)((mua)(=us2) +---) [ (mun1)(=un1) - (=tnn-1) ]

(U12 - U21)(U13 - U31)(U23 - Usz) te (U1,n - Un,1) T (unfl,n - un,nfl)

fpiplp.. 1 n!
so C.T.(diag.term) = C.T..2—=—=— = —— and C.T.(D) = — and
(diag ) Bi13Bi13Bas -+ 9(%) (D) 9(5)

C.T. <§ DF> =nl. O
T
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New developments (1/3)

@ In 2011. M.Mazur and B.V.Petrenko restated the original Eastwood
Norbury formula in trigonometric form which besides face angles of a
tetrahedron uses also angles of so called Crelle triangle (associated to
the tetrahedron). Our formula in [5] does not involve Crelle’s angles, but
uses "skew" angles.

@ (5 proved for convex (planar) quadrilaterals
@ (5 proved for cyclic quadrilaterals (we have it proved already in [5])

@ Three conjectures stated which are consequences of some of our
conjectures in [5]. (Hence we have a proof of all three.)
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New developments (2/3)

@ In arecent paper M.B.Khuzam and M.J.Johnson (arXiv:1401.2787v1)
gave a verification (by linear programming) of both C5 and C3 four—point
conjectures of Atiyah and Sutcliffe, by using symmetric functions of

degree 12 in 12 variables t;; = r; + rix — 755, {4, 7, k,1} = {1,2,3,4}
(which are linearly dependent) , so for C5 (resp. C3) they use 64 (resp.
114) huge monomial symmetric functions.

@ In a recent paper J. Malkoun defined a symplectic version of Atiyah
conjecture and proved it for n = 2 (which also follows from [5], 2.6 Atiyah
- Sutcliffe conjectures for parallelograms). We observe that symplectic
Atiyah determinants are special case of ordinary Atiyah determinants for
centrally symmetric configurations!
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New developments (3/3)
Tropical Version of Atiyah—Sutcliffe Conjecture for
almost collinear configurations

Almost collinear configurations. Bokovi¢’s approach and generalizations.
Type A configuration (n + 1) (n points collinear)

X ,,=(0,b)

0 a; a, a,
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A =ai + \/b2 —|—a% =q1+d = d1(1 +COS(<p1)),

A2 = as +1/b% + a2 = as + d2 = da(1 + cos(ip2)),
An =an + V02 + a2 =an+dn =dn(14 cos(pn)).

1 A1 e1r =AM+ A+ A
M, = 1 X 7 e2 =M+ -+ A1
(=) "en —e; 1 en =M""An

Dn’l = det(Mn,l) =1+ Ane1 +AnAn_1ea+ -+ Ap - Aien
>14+e(M, .., 02+ +ea(M], .., A2)
=1+ AN+ A3) - (1+A2) = proof of Cs

Atiyah—Sutcliffe conjectures:
Cy: Dna=Dna/TI1+ A7) >1 N
CS : (Dn,1(>\17 R 7)\11))”_1 > HDn—l,l(Ah ce 7)\k:7 e 7An)
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Already in 2004., we generalized asymmetric Dokovi¢’s formula for
Dn71 =1+ )\nel()\l, e )\n) —+ An)\n_leg()\l, e )\n) +oe A, /\16n(/\1, Cey An)

by introducing new parameters A; > Ay > --- > A, > 0 for non-symmetrically
appearing A1, ..., A\, and commutative variables a1, as, ..., a, for symmetrically
appearing A1, ..., An.

A2 An 14 Ajei(ar, ... an)+A1Asea(ar, ... an) 4+ A1As - Apen(ar, ... an)
which we abbreviate as (with A1, := A1 A2 -+ Ayg)
U™ =1+ Arer + Arzes + -+ A1 men

and proposed a conjecture (in [4], c.f. Conj. 1.5. in [9])

nyn—1 - k..m
(wiz)" = [lenin |
k=1
hold coefficientwise in the ring R[a1, . . ., a»] of polynomials in (commuting)
indeterminants a1, az, . .., a, (and verified it with a number of refinements for n < 9).
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Itis trivial for n = 2:
W13 =a+ A1(ar +a2) + A1 Azaras > (1+ Asaz)(1 + Ajay) = U3

because 1a 5 1
W5 — U5W; = (A — Az)az

(and we assumed A; > As > 0).
Note that the r.h.s. of the Conjecture is not symmetric in variables
ai, . ..,an, but by studying the derivatives of

1..n
\Ill...n
1..k.n

in [4] we stated a strengthened symmetric version.
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Conjecture

Let A4 >--- > A, >, a1,...a, > 0. Then the following inequality for symmetric
functionsin as,...,an,

112..n—1 1,1223...n—1 12..n—2n—1n—1
\11123...11 \111234...11 e \:[1124.4n—2 n—1n

%

12.n=1y4q12..n—-1 12..
\Ill 2..n 1lel 2.n—2n""" \112 3..

n—1

—

holds true coefficientwise (m—positivity).

=

=1

Now by the following Lemma we interpreted the Conjecture (xx) as (polynomial wrt
Schur functions) a Hadamard type inequality for certain non symmetric matrices.

Lemma
Forany k, (1 < k < n), we have
n—1
LI DD L S
7=0

where

C'n—l—j:(_1)jZX1"'Xiei—j> .7:07771’_1
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n n—1
By the Lemma, the right hand side of (+x) can be writtenas R, = [] | D_ ¢; &Z_l_g and can be written as
k=1 \j=0
1 —e1 es —e3 (—=D)"ep

1 —eq eg —es .
R = 1 —eq _. | A B
"7 ¢ cq co S Ccn | ¢ D

co c1 co cn

co c1 c2 Cn

can be simplified as =|A|-|D-CA™'B|=|D-CcA™!B|

The entries of the n. x n matrix A := D — CA~ !B are given by

n
(=177 ST Ay Apgiojer, 0<i<j<n-—1
k=j+1

Sy = ;
(=177 3T Ay A e,
k=0

0<j<i<n-—1

For example, forn = 3
1 Ajex + AjAges —Ajes
Az = —Aq 1+ Aje; Aq1Azes

A1Ay  —A; — Aj1Ager 1+ Ajer + AjAges
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By elementary operations we get

1 * * 112
Wi23 A1(Az — Aq)es
Az =| 0 wi32 A1(A2 — Ar)es | = 199
122 A2 — A Y123
0 A — Ay Wi53
Similarly, for n = 4 we obtain
1123
W1a3% —A1 (A1 — Az)es — A1 Az (A — As)es A1(A1 — Ad)es
1223
Ay =| —(41 — Ar) V1334 —A1A2(A2 — As)ey
1233
Al (A2 - AB) _(Al - AB) - Al (A2 - A3)el \Il1234
In general
An =det(8];)1<i,j<n—1
where

n
(=177" > ArApgijo1(Ai — Apyijlep,1<i<j<n-—1
k=1
8, = Wit yi=7
o
(1773 T AL Apg o1 (Apgiey — Ader, s 1<j<i<n-—1
k=0

Then we conjecture that the following Hadamard type inequality

n—1
IT 60 > det(53;), (8i)1<i,j<n—1
i=1

should hold coefficientwise w.r.t. Schur functionsinaj, ..., an.
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Letay,...,an,A1,..., Ap,n > 1 be two sets of commuting indeterminates. For any I, 1 < I < n and any sequences

1<ip <--- <4 <n,1<j1,...,45 < nwe define polynomials ¥/, = ‘Ilﬁ;ll € Qlat,. s an, A1, ..., Ap]
as follows:
l
1 0 .
Uy o= Z ek(ajl,aj2,.4.,a]-l)Ai1Ai2 '“Aik’ (1>1), g:=1(j=0)
k=0
where ey, is the k-th elementary symmetric function.
The polynomials \IIIJ are symmetric w.rt. aj, , aj,, - - - o but nonsymmetricw.rt. A;,, Ay, .., Ail' By specializing
Aj;'stoassumereal values suchthat A;; > A;, > ... > Ail > 0 then we obtain polynomials in a ;s satisfying the

following simple but important property.

Proposition (Partition property)

Let (I,...,Is)and (J1,..., Js) be ordered set partitions of respective sets I = U§:1 Ipand J = Uf,:l Jp such that
[Ip] = |Jpl, 1 < p < s. Then the inequality

s

I Ip

vy > || \I/Jp
p=1

holds coefficientwise w.r.t. a;’s.

Proof. Proof is evident from the definition of \I/IJ and the monotonicity of A;’s. O
For the powers (\If{,) " we made the following conjecture in ([4]):

Conjecture(Weighted Multiset Partition Conjecture)

For given natural number m and sets I and J, |I| = |J|, of natural numbers let (I1,...,Is)and (J1,..., Js) bethe
partitions of the multiset I"* consisting of m copies of all elements of I and similarly for J™.

s
(i) Then the inequality (‘ll{,)m > H ‘IIIJJ‘;7 holds coefficientwise w.r.t. a;’s.
p=1
s
(i) The difference (‘I/IJ)m — H \I/IJ’; is multi-Schur positive with respect to partial alphabets

p=1
corresponding to the atoms of the intersection lattice of the set system {J1,..., Js}.
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Tropical Version of Atiyah—Sutcliffe Conjecture for
almost collinear configurations (n = 3)

In case n = 3 we illustrate the tropical version of Atiyah—Sutcliffe conjecture.
Letn:37 Al ZAz ZAg > 0.

E(z) = (1+ax)(1+ a22)(1+ asx)
=1+ei1x + eo® + eza®
EW(z) = (1+ az)(1 + asx)
=1+ (a2 +as)z + azasz® = 1+ Mo + egl)xz
E®(2) = (14 a17)(1 + asx)
=1+ (a1 + a3)x + arazz® = 1 + ez + 5 2?

E®(z) = (1+ a12)(1 + agz)
=1+ (a1 + a2)x + araga® = 1 + ez + P2
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123 23 121,13 323
AS3 = wi3iwisd — wiswidwid " .
= (14 Aje; + A1Ases + A1 AsAges)? — (1 + Age{) + ApAzel >) .
(14 A1ef? 4 Ay 458D
(14 A1 4 4y 458D

48§77 = [11] subs (A1 = 1%, Ag = ¢22, A5 = €8¢, AS)
= [¢1] subs (A1 =1+ a1t, A2 = 1+ ast, Ag = 1 + agt, AS3)
tl] [ A+ (@ +art)er + (14 (o1 + a2)t)es + (1 + (a1 + a2 + az)t)es)’—
_ (1 + (1 + agt)el) + (1 + (ag + aa)t)egl)) :
. (1 ++a1tel? + (1 + (o1 + O¢3)t)e£2)) :
(i 00?04 o 4 o)
= [tl] [ (1+e1+ez2+es+ (ater + (a1 + az)ez + (a1 + az + az)es)t)?
(el oD gl )
(1P + e8P + (aref? + (a1 + ag)elP) 1) -
(42 s e o o)) | -

——

Dragutin Svrtan (University of Zagreb) Hyperbolic Atiyah Determinant September 22, 2022 53/63




= [tl] [ (E(l) + (a1e1 + (a1 + a2)ex + (a1 + az + O¢3)63t)2)
— (BD @) + (azef?) + (a2 + az)ey”) 1) -
(B + (016 + (1 +az)es? ) 1) -
. (E(3)(1) + (alegs) + (a1 + ag)egs)) t) ] =
=2B(1)(are1 + (a1 + az)ez + (a1 + az + az)est)?
—E@ME® 1) (azel” + (az + az)e”)
~EDME® ) (aref? + (a1 + ag)es?)
~ EM@M)E® (1) (alef‘) + (a1 + a2>e§>) =

Now we use E(2) (1)E®) (1) = (1 + a1)(1 + a3)(1 + a1)(1 + a) = E(1)(1 + ay) efc.

= E(1) [ 2a1e1 + (2a1 + 2ag)er + (2a1 + 22 + 2a3)e3

—(1+ay) ( agegl) + ( a2+a3)egl))
— (1 + a2) (a1e§2) + (a1 + ozg)e;Q))
— (1 + a3z) (ale?) + (a1 + a2 )5;3)) ] =
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By using basic relation between elementary symmetric polynomials

er(ar,...,an) =ajep_1(a1,...,aj...,an) +ex(ar,...,a;...,an)

= B(1) { 2a1e1 + (201 + 2a2)es + (201 + 200 + 203)es

- [ azegl) + ages — azed’ + ( g-&-as)egl) +( a2+a3)es]
- [a1€§2) +ajes —MJr (1 + as)ef’ + (a1 + as)es]

- [ale?) +aies —%6(-4— (a1 + a2 )€;3) + (o1 + a2 )63] } =

By using 2e; = 611) —+ 6(2) + 6(3) egl) + eg) + e;a)

= E(1) [(al — az)egl) + ageg — (ageél) + a36(22) + 026(23))]

ASEP = E(1) [(al —az)e; S (a2 — a3) ( My e(z))}

(E(1) =1+e1 +e2+e3)
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In general it would be

AS? = (B())"? (a1 — a2)el) + -+ (anoy = an) (e 4 +eV))]
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (1/4)

Letal, a2, ..., a6 be commuting variables and let A1 > A2 > ... > A6 > 0 be nonnegative real numbers.

Let fl=a2+ a4+ ab, f2=a2-a4d+ a2 a5+ ad-ab, f3=a2-a4-ab5 hl = a2+ ab, h2 = a2 - ab, and
el =al+ a3+ a6,e2 =al-a3+al-ab+ a3 - ab,e3 = al - a3 - ab be the elementary symmetric functions of the
alphabets a2, a4, a5 and a2, a5 and al, a3, ab.

The psi123456 function of the original alphabet a1, a2, a3, a4, a5, a6, is

Psi123456 =

1+ A[1](el + f1) + A[1]A[2] - (e2 + el - f1 + f2) + A[1]A[2]A[3](e3 + e2 - fl+ el - f2+ f3) + A[1]A[2]A[3].

+A[1]A[2]A[3]A[4] A[5] A[6]e3 - f3(= psiba).
The psi245 function of the alphabet a2, a4, a5 is

psi245 = 14+ A[2] - f1+ A[2] - A[4] - f2+ A[2] - A[4] - A[5] - f3(= D1).
The psi136 function of the alphabet a1, a3, a6 is
psil36 =1+ A[1] - el + A[1] - A[2] - e2 + A[1] - A[3] - A[6] - €3.
The psi1346 function of the alphabet a1, a3, a4, a6 is
psild46 = 1+ A[l](el+a[4])+A[1]A[3](e2+ela[4])+A[1]A[3] A[4](e3+e2a[4])+A[1] A[3] A[4] A[6]e3al4](= d1).
The psi12356 function of the alphabet a1, a2, a3, a5, a6 is
psil2356 =

(14 A[1] - (el + h1) + A[1] - A[2] - (€2 + el - h1 + h2) + A[1] - A[2] - A[3] - (€3 + €2 - h1 + el - h2)+
FA[] - A[2] - A[3] - A[5] - (e3 - h1+ e2- h2) + A[1] - A[2] - A[3] - A[5] - A[6] - €3 - h2)(= d2).

Then our Weighted Multiset Partition Conjecture (Conjecture 3.2 in arxiv.org.math.0609174.pdf) reads as the following
coefficientwise inequality:

psi1234562 >= psi245 - psil346 - psil2356.
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (2/4)

The final formula for
(psi123456)2 — psi245 - psil346 - psil2356

in terms of Schur functions t1, ¢11, t111, ¢2, t21, t211, t22, t221, t222 of a[1], a[3], a[6] and Schur functions

s[1], s[2], s[1, 1], s[2, 1], s[2, 2], s[1, 1, 1], s[2, 1, 1], s[2, 2, 1], s[2, 2, 2] of a[2], a[4], a[5] is Z6c¢ bellow (and its
coefficients are positive).

Z6¢c 1=
sort(map(factor, collect(Z6b, {t1,t11,t111,¢2,t21, ¢t211, 22, ¢t221, t222, s[1], s[2], s[1, 1], s[2, 1], s[2, 2],
s(1,1,1], s[2, 1, 1], s[2, 2, 1], 52, 2, 2]}, distributed)), { A[1], A[2], A[3], A[4], A[5], A[6]});
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (3/4)

Z6c := (A[2] — A[3]) - s[1,1] - t22 - A[1]% - A[2] - A[3] - A[4] 4+ (A[2] - A[3] — A[2] - A[4] + A[2] - A[5]
—A[4] - A[6]) - s[2,2] - t111 - A[1]% - A[2] - A[3] - A[4] + (A[2] — A[3]) - t22 - A[1]? - A[2] + (2 - A[2] - A[3]
—A[2] - A[4] — A[4] - A[5]) - s[2,2,1] - A[1]% - A[2] + (A[2] — A[4]) - s[2,2] - A[1]? - A[2]

+(A[1] — A[4]) - s[2,1] - A[1] - A[2] 4 (2 A[1] - A[3] — A[1] - A[4] — A[4] - A[5]) - s[2,1,1] - A[1] - A[2]
+(2- A[1] - A[2] — A[1] - A[3] — A[2]2 +2- A[2] - A[3] — 2 A[2] - A[4]) - s[1,1] - ¢t1 - A[1]

+(A[L] — A[2]) - s[2] - A[1] + (2 A[1] - A[2]° + A[1] - A[2] - A[3] — A[1] - A[2] - A[4] — A[1] - A[3] - A[4]
—A[2]% - A[3] — A[2]% - A[4] + A[2] - A[3] - A[4]) - s[1,1] - t11 - A[1] + (A[1] — A[2]) - s[1] - ¢1 - A[1]
+(2- A[1]- A[2] — A[1] - A[3] — A[2]?) - s[1] - t11 - A[1] + (4 - A[1] - A[2]% - A[3] — A[1] - A[2]% - A[4]
—A[1] - A[2] - A[3]% + A[1] - A[2] - A[3] - A[4] — A[1] - A[2] - A[3] - A[5] — A[1] - A[3] - A[4] - A[6]
—A[2]% - A[3]- A[4] — A[2]? - A[3] - A[5] — A[2] - A[3] - A[4])2 +2- A[2] - A[3] - A[4] - A[5]) - s[1, 1]
111 - A[1] 4+ (2- A[1] - A[3] — A[1] - A[4] — A[4] - A[5]) - s[1,1,1] - A[2] + (A[1] - A[2]?

+A[1] - A[2] - A[3] — A[1] - A[3] - A[4] — A[2]% - A[3] + A[2] - A[3] - A[4] — A[2] - A[3] - A[5]) - s[1] - t111
A[1] + (A[5] — A[6]) - s[2,2] - t222 - A[1]? - A[2]? - A[3]2 - A[4]2 - A[5] + (A[5] — A[6)) - s[2,2,1]

4221 - A[1]2 - A[2]% - A[3]% - A[4])2 - A[5] + (A[5] — A[6]) - s[2,2,1] - t222 - A[1]? - A[2]% - A[3])?

-A[4]% - A[5] - A[6] + (A[4] — A[5)]) - s[2,2,2] - t211 - A[1]2 - A[2]% - A[3]% - A[4] - A[5] - A[6]

+(A[2] — A[5]) - s[1] - t222 - A[1]% - A[2] - A[3]? - A[4] + (2 - (A[3] — A[5])) - s[2,2,2] - t1 - A[1]?

“A[2]% - A[3] - A[4] + (A[3] - A[5] — A[4] - A[6]) - s[2,2] - t211 - A[1]% - A[2]? - A[3] - A[4]

+(2- A[3] - A[4] - A[5] — A[3] - A[4] - A6] — A[3] - A[5]% + A[3] - A[5] - A[6] — A[4] - A[5] - A[6]) - s[2,2,1]
4211 - A[1]2 - A[2]% - A[3] - A[4] + (A[3] — A[5]) - s[2,2,1] - t2- A[1]% - A[2])? - A[3] - A[4]

+(A[3] — A[4]) - s[2,2] - t21 - A[1]2 - A[2]? - A[3] - A[4] + (A[3] — A[5]) - s[2,2,1] - t21 - A[1]% - A[2]?
A[3] - A[4]% + (2- A4] - A[5] — A[4] - A[6] — A[5]?) - s[2,1,1] - t221 - A[1]2 - A[2]? - A[3]% - A[4]

+(A[4] — A[6)]) - s[2,1] - t221 - A[1]% . A[2]2 - A[3]2 - Al4]

> nops(Z6¢);
86
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Example Verification supporting our Multiset Partition
Conjecture Using Maple (4/4)

for k to 86 do k, op(k, Z6c) end do

1, (A[5] — A[6])s[2, 2, 1]t222A[1]% A[2]2 A[3]2 A[4]? A[ JA[6]

2, (A[5] — A[6])s[2, 2, 1]t221A[1]% A[2]2 A[3]2 A[4 ] A[5)
3, (A[5] — A[6])s[2, 2]t222A[1]2 (2] A[3]° A[4]% A]5]
4, (A[4] — A[5])s[2, 2, 2]t211A[1]2 A[2]2 A[3]? A[4] A[5] A[6]

5, (A[4] — A[6])s [2,1,1]t222A[1]2A[2]2A[3]2A[4]A[ 5] A[6]
6, (A[5] — A[6])s[2, 2]t221A[1]2 A[2]? A[3]? A[4]>
7, (A[4] — A[6])s[2, 1]¢222A[1]% A[2]2 A[3]2 A[4] A[5]
8, (A[4] — A[5])s[2, 2, 2]t21 A[1]2 A[2]2 A[3]2 A[4] A[5]
9, (A[2] — A[6])s[1, 1, 1]t222A[1]2 A[2] A[3]? A[4] A[5] A[6]
10, (A[4] — A[5])s[2, 2, 2]t2A[1]2 A[2]2 A[3]? A[4]
11, (A[4] — A[5])s[2]t222A[1]2 A[2]2 A[3]2 A[4]
12, (A[4] — A[6])s[2, 1]t221A[1]2 A[2]2 A[3]% A[4]
13, (A[4]A[5] — A[4]A[6] — A[5])%)2s([2, 1, 1]t221A[1]% A[2]? A[3]2 A[4]

83, (A[1]A[2]2 + A[1]A[2]A[3] — A[1]A[3]A[4] — A[2]2A[3] + A[2]A[3]A[4] — A[2]A[3]A[5])s[1]t111A[1]
84, (2A[1]A[3] — A[1]A[4] — A[4]A[5))s[1, 1,1]A[2]
85, (A[1] — A[4])s[1,1]A[2]
86, (A[1] — A[2])s[1]
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Tropical Version of Atiyah—Sutcliffe Conjecture for
almost collinear configurations (n = 4)

Tropical version for n = 4 is reduced analogously to the following expression

ASLETOP = B(1)2[3arer + 3(a1 + as)ea + 3(a1 + az + az)es + 3(a1 + az + as + as)es

—( aze§1) + ages + 0(3651) +( ag + ageg + a4egl) +( ag + az + ag)eq)
—(016(12) + ajez + aaeém + (a1 + ag)es + a4eg2) + (o + a3z + ag)eq)
—(ale(13) + ajez + azeég) + (a1 + az Jes + a4e§3> + (a1 + a3 + aq)eq)
*(a18(14) + arez + azﬁé‘l) + (a1 + a2 Jes + Désegl) + (a1 +az + ag )ea)]

= E(1)?[3a1e1 + 3(a1 + az)ez + 3(a1 + oz + az)es + 3(a1 + az + ag + as)es
- (a1 (e§1> +el® el 4 654)) Hlaz —an)el™ +3(a1 + az)es + (as — a2) (Egl) + egz)) +

=3eq
+(3(a1 + a2) + 205 + ag)es + (aa — az) (e§) + el + )

‘ AS{TP = B(1)? [(Otl - az)ﬁgl) + (a2 — as) (ﬁél) + 6&2)) + (a3 — aq) (ﬁgl) + 6&2) + e§3))]

Here we used the elementary formulas:

e§1) + 6(12) + 653) + 654) = 3eq, egl) + 622) + 8;3) + 6(24) = 2eg, eél) + eff) + eé3) + eé‘“ = e3.
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>

> INTRINSIC FORMULA FOR THE HYPERBOLIC 4
- POINT ATIYAH DETERMINANT 20220921

;> with (LinearAlgebra) :
| >

> forjto4 dop[j] = Poductz =tk

Z_t[.]a.]]
Pr=(2=h) (27 43) (271, 4)
Pr= (274 ) (- tz 3) (2 tz 4)
Py=(276) (77 52) (27 54)
i Py=(271) (2~ t4 2) (Z_t4,3)
> M[4] := map(expand, Transpose(Matrix(4, 4, [seq([seq(coeff(p[j],z, 4 —k),j=1.4) ]k
=1.4)1)))
1 _tl,z_tl,3 t1 4 1 2 1 3+t1 4 1 2+t1 4 1 3 _t1,2t1,3t1,4
1 'tz,l _t2,3_t2,4 2,1 2 3‘”24 2, 1""’2 4 2 3 't2,1t2,3t2,4
M4 =
I 't3,1 _t3,2_t3,4 3,1 3 2+t3 4 3 1‘“3 4 3 2 't3,1t3,2t3,4
1 't4,1 _t4,2_t4,3 4,1 ly 2+t4 3l +t4 3 42 't4,1t4,2t4,3
> A4 := Determinant(M[4]) : prod := product(product(t[i, k] —t[k,i],i=1.k—1),k=1
.4)
prod:= (1 2 tz,l) (’1,3_13,1) (tz,s_t3,z) (’1,4_t4,1) (’2,4_t4,2) (t3,4
i fy,3)
>
A4
> D4 = 25 .
prod
D4:= (ty 1ty 1ty 2ty 3t 150 Tl 1ty 1ty oty 3t a5 Tl 1ty 11y 2030, 40

@

(¢))

(&)

(C))

Tl 3ty 110l 30,

—hl 10,00 40

Lo = 113 113003 414 314 4

10 Tty 3ty 11y 0l 315 413

—hl 103003 414304 2

— b3l
+ tz’ 4 t4’

163,200,411
114,200,301
—h 4tz
b 1030 4l
31,

Tt 1130 4l

13003 4141

Iy 204,30 1

Tl ol 10030

Iy =3l

B30T 4l

lyr =4tz

Lo Tt 1b

lys =13 11,

Lottty

L3203 414 304 1
104,204 30,413,
L3203 414 304 1
10,30, 41,31,
ly 20430, 40

10,30, 414 314

1t sty

1t 4ty

1t

1t

—h 3l

—h 4l

—h 14

104,004 303 403 >

I3003 414 314 2

104,004 303 403 >

I3003 414 314 2

100,30, 414 314 2

l4,214,30, 41,3

100,30, 414 314 2

by =3 oly 11400y 30 41y 1 =13 004 11420430 405 3



thoaty 13t 4ty 1ty T4l 10 30 4ty 3ty T4l 11 30 40 31
Thaly 1l 0l 3 13 T aly 1y 0ty 30 4l 1 Tl 4l 1040030 40 3
Tt ol a1y Tl 1Btk 4t Ty 1l 1B 21 40 40 3
“labah bl 1y Tl b3l 4l 4l Tl 1 130 41, 40
tlhoty 10l 4t 13 Tl ol 1100 40 4t 1 Ty 0l 18300 40 40 3
Tl 3haly 10 Tl 13l 4l 40 Tl ol 11 30 415 40
tlsty 10l 40 13 Tl 3 100 40 4 1 Ty 30 18500 40 40 3
Tl b 3h gl 10 Tl 3 13l 4l 40 Tl 3h 1 30 41, 40
Tl 1ty ol 30 10 Tl oty 11y 0ty 30 40 0 Tl ol 110030, 40
oty 1l 0l 4ty 1l 0 Tl ol 1 003 4ty 3ty T 28 113005 40 31 )
Tl 3l 1ty 0l 30 10 Tl 3ty 11y 0ty 3040 Tl 30110030, 402
T3t 1t 0l 4ty 1l 0 Tl 30 1 003 4ty 3t T 38 11300 40 31 )
Tl gty 1ty 0l 30 100 Tl 4ty 11y 00y 30340 0 Tl 4l 110030, 402
thats 1l 0l 4ty 1l 0 Tl sl 1003 4y 30 T 40 113005 40 31 )
—holhat 3l alylyo ol 3t gty 3t T2l 304l 30
th oty ity 0ty 3t 2t 3 Tl 1ty 1ty 0l 3t 4t T 1ty 1l 0t 30 403
— Lol ol 3l ala 1 la 0 ol 2l 3 4ty 30 T 00 2l 30 4l 3040
t oty 1ty oty 3t 2t 3 Tl oty 1y 0ty 3t 4t T 00y 1l 0t 301 403
gl ot 30 4ty 1l Tl 4l 00 3T gty 30 T gl 00 30 4130
Tl 4ty 1ty ot 3t ot 3 Tl 4l 1ty 0ty 3t sty Tl aly 1l 0t 30 403
Tl gl o3 TG0 4l a0 Tl 120 40,403
Tttt ats il Tl 1ot 3t stz 4ty Tl 1l 0t 3t 48 40 )
Tyl a0 4t 2l 3 Tl 0l 1300 40 40 T2l 10,00 40,403
tlat a3t ety 10 Tl ot ot 3l a3 4ty Tl 0l 0 3t 48 413 )
Tl 3l 00 40 20 3 Tl 30 1300, 40 400 Tl 3t 10,20 40,473
Tl st 3t 4ty 10 Tl 3t ot 3l a3 4ty Tl 3l 0 3t 48 41 )
thoty 1ty oty 3ty 13 Tl oty 1ty 0l 3t 4ty T 2y 1l 0t 30 40 3
“lhob b3l aly a0 2l 1 30 41y 3l Tl 2l 1130 4143040
Tl sty 1ty ola 3ty 1t 3 Tl 3l 1ty 0ty 3t 4ty ) T 3l 110t 30 40 3
—h3lh il 3h gty 1l Tl 3 13l 4l 3l T 30 10,30 41430
Tl gty 1ty oty 3ty 1l 3 Tl gl 1ty 0l 30 4ty 1 T 4l 1l 0t 30 40 3
—lhab 1l 3l 4ly 1 la 0 Tl a4l 1 30 41y 30 Tl 4l 1030 4143040
th ot a3t gty 1ty T 1 ot 3l gty 3ty T 1l 0t 3t 4l 31
“hoalyaly ol 3t ol s T hly 1 a2l 3t a0 Tl 1l 0l 30,403
T 3t ol 3t sty 1 la 0 Tl 3t ot 3 4ty 3l Tl 3t 2t 3t 41430
—hslyaly ol 3t 203 T h 3l 1 a0l 30 a0 T 3l 1l 0l 30 403
that ot 3t 4ty 1l Tl gt ot 3l 4ty 3ty Tl 0t 38 4 31
“hoaly 1l 2l 30 203 T aly 1y 0ty 30 4 2 Tl 4ty 1800 30 403
Tl h sty 3t 1 st at sl Tl 1l 1 3t 4t 413

Ul b3l a1y Tl ol 3l 4l 4l Tl 1l 20 304l 40 3



Tl 3t gty 2t 3 Tl ol 1 3t 4t 4t Tl 2l 1 30 411 403
—h ol ol 3l el 1l 3 Tl ol 2l 3 4l 4y Tl 0l 20 30 4l 403
Tl st it 3h gty 2t 3 Tl 3k 1 3t 4t 4t Tl 3l 1 30 411 40 3
Tl ol 3l a3 Tl 3h ol 3t 4l 4l Tl 3t 2l 3040403
“hol3 ol 4l b3 T ol 100,40 4 ) T h 2l 15,205 40,40 3
thohhshaty 1ot ol 13l a4tz 4ty T ol 113 48 41
—h 312040 103 T 3k 1300, 40 40 1 U 315,20, 40,40, 3
thth b 3haty 1ot 3h 13l 4l 4t T 3l 113t 48 41
“hal3 a4 b3 T 4l 1 300,40 4 1 T4l 15,20 40, 40,3
that i 3h ety 1ot a1 3l 4l 4l T 4l 113 48 41
—haliah 3l ali o T h ol 3l el 4l T h 2l 30 40,40
th a0k 4t 2t 3 T 1Bl 4t 4t T 1l 1B 01 40 403
—hli a2l 34l 10 T h sl ol 3t 4l 40 T3l 2l 30 41,402
thaty 108 4t 2t 3 T 38 1100 4t 4t 2 T 3l 18301 411 40 3
“hoali ol 34l 1,0 T h 4l ol 3t 4l 40 T4l 20 30 40,402
thaty 108 4t 2t 3 Tl 4l 1100 4t 4t 2 T 4l 18321 411 403
—hab b3 sty 2l 3 T 1 3 4l 4l ) T 1l 18 30 48 40 3
that 3t et 1y T 1t ot 3t st 4ty T it 2t 3t 4l 40 3
—hoob b3l 4l 2l 3 T ol 1 3l 4l 4l ) T 0l 11 30 4 41 3
thot ol 3t aly 1t 3 Tl 0t ot 3t 4l aly 1 T ol 2t 3t 41 403
Thoalb b 3h gl 2l 3 T4l 1 b3l 4l 0 T4l 10 30 40,403
t gt 3t 4t 13 Tl 4t ot 3t 4l 41 +t3,4t1,2f1,3tl,4t2,4t2,3)/((tl,z
—61) (hs—161) (bs—62) (ha—ta) (ha—to) (Ba—ts))

nops(numer(D4))
216 Q)]
denom(D4)
(b3 h2) (ha=l2) (s 8B1) (hha 1) (o h1) (Ba"ls) ()

2

—1.j— 1),j=1..4),seq(seq(t[j,i]= (AL =BILID oy 5 1),j=1..4),

o)) |

indets(D4a)
{S’ Al, 2 Al, 3 Al, 4 AZ, 3 AZ, 4 A3, 4 Bl, 2 Bl, 3 Bl, 4 BZ, 3 BZ, 4 B3, 4} (7)

expand(cot(4 + B) )

of2)

D4a := map ( factor, collect( factor( expand ( subs ( seq( seq ( tli,j]= , 1
i, ]

-1+ cot(A4) cot(B)
cot(A) + cot(B)

®

2



(tfk, 17 —¢[j, 1]) - (t[1, j] —t[1, k)

(t[L, 3] —tly, 1) - (t[k, 1T —t[1, k])

cc = proc(i,j, k1) &)
(t[k, 1] — 2[j, i]) * (e[i, j] — ¢[L k1) / ( (2[4, j] — t[j, i]) * (¢[k, 1] — t[ L, k]))

| end proc
> cc(1,2,3,4)

> cc ==proc(i,j, k, 1) end

(Ba—b ) (2" 43)
(1276 1) (B4l 3)

10)
;> cos(a) :
| >

> € =proc(ij, k, 1)2- — e L L ORI = ALED g

(t[1, j] —tlj, 1) - (t[k, 1] —t[1, k])
C == proc(i,j, k1) an
2% (e[k, 1] — [y, i]) * (eli, ) — e[ k)) / (e[, j] — ¢, 1) * (e[k, 1] — ¢[L k])) — 1

| end proc
> C(1,2,3,4)

2(Ba—th ) (h2ls)
i (270 1) (B4l 3)
| > AMPLITUDE (12,13, 24)
B
> Q121324 :=-1+C(1,2,1,3)> +C(1,2,2,4)° + C(1,3,2,4)*+2-C(1,2,1,3)-C(1, 2,
4,2)-C(1,3,2,4)
2 (t —t t ., —t 22t ,—t t ., —t
(13— 6) (h2—41) _IJ +[ (ha—b ) (2" l2) (13)
(27 %1) (3~ 40) (2= 01) (4= lk2)
2 2
_lj n [ 2(ha—81) (hs 1) _lj 4 [ 2(t 35— 4) (h"85,)
(4,37 851) (s l2) (4275 ) (s~ 41)
_IJ [2 (s H1) (b2~ hba) _1] (2 (ha—ha) (B3 l2)
(2= %1) (4270 4) (37 51) (s 12)

=> factor( %)

—1 (12)

0121324 = -1 +

1
2 2
(2= 61) (3= hB1) (s lo2)
Fhob T hob Tl o 4ty T 3h 1t 3k 4l T 3k 4l

2
Tl ot (bl s T h sl ) )

2 (4 (42t 3h 1 —h ot 1 ol 1 by (14)

B
>
B
> Q121324 insymmetric A[i,j] =11, ] + [, i] and antisymetric B[i, j]1=1[i,J]
+ 1 J, i] coordinates :
1 (A1,3_A2,4) (AIZ_AZ 4) (AI,Z_AI,S)S3 15
4 B B B 1)

1,372,4




1 (41,3~ 4y 4) By »s +l (41,2 =4y 4) By 58
4 B, 3B, 4 4 B, 4B,

1 (41,2~ A13) By yS

i 4 B, 2B, ;3

>

B

>

>

1 By, 1 71,2 3 B, 3 1 5B
v tem t,t =+ (16)
8 32,3 8 31’3 4 32,3 8 31’3
2.2
1 (Ay3t+43)"s 41 B, 3 1 B, 3
8 B 3By 3 8 B, 8B,
22 22
41 (A2 =423)" 1 (A3 +A4,)"s
8 BiLbh, 8 By 1By
>
| >
1
2

> G123=(—1 +c0s(A)2+c0s(B)2+c0s(C)2+2-c0s(A)-cos(B)-cos(C))
1 (Ay;+4, ;) B, 1 (A2 —4y3) By 38

a7
8 Bl,3BZ,3 8 BI,ZBZ,3
41 (A3 t4,) Byss
8 B, ,B, ;

L1 (A A (A~ Ays) (A AL S
i 8 By 281383
>
>

> Q123=0121323=-1+C(1,2,1,3) 2+ C(1,2,2,3)2 + C(1,3,2,3)2 +2-C(1,2,1,3)
'C(19 29392)'C(19 39 29 3)

2
2(43=5 ) (ha—41)

2
2(hs—ha) (ha"ha)

14 —1| + 18)
(4275 1) (3~ 41) (4,275 1) (b3 42)
2
N 2(h3=854) (3 42) 1| 12 2(4,376) (2" 41)
(4,37 851) (B3 42) (h2=61) (b3~ 41)




_lj [2(t3,2_t2,1) (4,27 b 3) _1] (2(’2,3_%,1) (4,3 5,2) .
(4275 1) (5274 3) (4,37 861) (B3~ 42)

=> Sfactor(%)
1

2 2
(276 1) (s 41) (L3 52)
thob T b Byt g sy T 3l T 3 3l T 3t 3,

2
th3h 1,1 b3l T 3t G ) )

2 (4 (L2t 31—l otk 1~ ol 1 b s 19

=>
=>
> factor( -(c12*—=1)-((c13* =1))-(c24* = 1) + (c12-c13 —c23)* (242 — 1) + (12
24 —cl4)* (c13* —1) + (c13-c24 —c12-¢34)*- (12> —1) +2-(c12-c13 — c23)
(c12-¢24 —cl14)-(c13-¢24 —c12-¢34))
c12b 345 —4c1P cl3c24 34 +4c1 clF 242 +2 cl12 cl3 cl4 ¢34 (20)
+2cl12c23c24c34—4dcl2clF clde24 —d cl2 cl3 23 24 — c12 34
+2cl2cl3c24c¢34—2cl2cldc23 ¢34+ cl3 el +2 cl3 cl4c23 c24 + c23* c24°

+2cl2¢l3e23+2cl2clde24 — el —cl3 —cld — 23> — 24 + 1

s PR () IO G IO Chr
clzsz,ds:Ty,czs:Tz,cM:—”,c24
(3) L)

] e %
> factor —(c122—1)-(c132—1)-(c232—1g + (c12-c13—c23)*(c23* —1) + (c12-¢23

— 1) (c13* = 1) + (c13-¢23 —c12)* (c122 —1) +2-(cI2-c13 —c23) - (c12-¢c23
—cl3)-(cl3-¢23—cl2))

> factor [ subs

2 2 2 2
i (-2cl2c¢l3¢23+cl2 +cl3 +c23 —1) (1)
pry) b))
> factor| subs c]ZZTx,c]3=42L,023=TZ,%
L (xz=p)? (xy =2 (yz+x)’ (xyz—1)° @)
16 4 4 4
i X'y z
pry) b))
> factor| subs 012=Tx,c13=42L,c23=TZ,—1 + el +cl3
+c23* 4+ 2-cl12-c13-¢23 ]
1 (yz+x) (xz+y) xyz+1) (xy+2) 23)
4 222
i Xy z
> Sub = seq(seq(t[i,j]= (S'A[I’J];_B[I’J]) ,i=1.]— 1),j=1..6j, seq(seq(t[j, 1]
= (SA[I’J]z_B[la_]]) ,IZIJ_I),_]:16) .




>

> Evi= ——((1+C
+C(2,1,2,3 »3,2,4))-(1+C(1,2,1,4) + C(4, 1. 4,
2 ,1,2,3) +C(3,2,3,4))- (1 +C ,1,4,3))
) +C(1,3,1,4))- (1 +C(2 (4,1,4,2) +C(L,3,1,4
3,4))-(1+C(2, 24)+(C41124)+C(4’2’4’3))+(1,+,C)1)+(1+C
+C(3,1,3,4) +( (2,2,4,3())’4%(4’2 ) P +21,23) +(c’(% ;’i’);;)
4) +C(4.1.4.3))) + L (C(1. 4.2 (1,2,1,3) +C(2,1,2,4)) (1 + C(3
+C(1,3,2,4).C(1,2§4)) ,4,2,3)-C(1,3,2,4) —C(1,4,2,3)-C(1, 2,3, 4)
1 2 - 2 b 9
Ev:= . (52—t t
6 [1F (t —t13)(3’1 hi) |, 2(ha—52) (b3 l>)
317 h3) (527 5a) (3t el
+ 2 (t1,4_t2,1) (tl’z_t“_ 1) 2’(t . 23 3’2) (t2=4_t4’2)
(’1,2_121) (114—1‘ : + 4,3 t1,4) (t4,1—t3,4) {
5t s 4T k) (ta 1=t 4) (a3t +—|-1
(t2,3 t1,2) (lzjl_%z) 2(; _’ 4,3 3,4) 16
(tz,l_tl 2) (t23—t ’ + 34 t2’3) (t3,2_t4)3)
2(t42_t’1 )(f 3t’2) (527 h3) (Ba™hs) [_1
: 4) U417 %, 2(t, ,— ’
(t1—10.4) (t42_t2 1) + (fLa=51) (43— 1q) 1
2 _, ) 24) (s —h1) (fa—t +—— -1
(t3,2 t1,3) (t3)1_t2 3) 2 (t B ’ 1,4 4,1) 16
TSI B v L vern]
2 A - — -1
2(f24—t 1,3 t3’1) (t1,4 t4 1)
4~ h2) (b1 ! 2 (. — ’
(1= 1.2) (f24—t44;;) + (14,3 bha) (a2 4.4) L
: , y _
(o=t ) (3t + (5a—h3) (51— ks)
5 o 37 h0) (1= 1.3) (B4~ 1 -1
+ (ha=82) (3 —ta2) | 2(¢ _y 147 3)
(th3—t.2) (st 2) 227 ha) (417 2) .
5t g 47 k) (ta 1=t 4) (tg 2t +—|-1
(t2,3 t1,2) (t2 — 2) 5 (f  — ’ 4,2 2,4) 16
(217 h2) (hs—h ,) i (E L b)) (a7l
, , ) — — 0
2(t34_t 1,2 2,1) (l1’4 t41) [
4" h3) (51! 2 (. — ’
(51— 1.3) (134—2‘4’3) L 23T h) (27 h4) |
5t g 47 k) (ta 2=t 4) (43—t +—|-1
(tl,S tgyl) (tl , 4 1) 5 (1 — > 43 3,4) 16
(2= H1) (¢ —, T (a=h.2) (1~ 10)
5 . L3 51) (1= 1.2) (4! -1
i e )
(t3z_f t, , — ’ %3 t1’4) (t4,1_f34)
5 2,3)(34 t ) s
O e e e
+ — > 4,1 1’4_t3)2) 2 (¢ . ’
8 (t1,4_t4,1) (tz st ) —1 (2’4 t3=1) (t1,3_t4,2)
2 32 (3= t1) (e~ —1
1 (2(asT ) (e ho) 2 (1 1) (24 lao)
8 (114_141) (l‘ —t , —1 (13’4_t2’1) (tl,z_t4 3)
, ) 53 13,2) (o1 P 3)
1 2(Hha—8q) (hs— : 21) (B4l 3)
+ 2 > 3,1 (1,3 f4)2) Z(t _ s
(t1,3_t3 1) (fz —t —1 3,4 271) (tl,Z_t4,3)
’ 47 l2) (4,21t _ —1
1,2 2=1) (t3,4 t4,3)

(24)



> Fodd == D4 — Ev

>

> Fodd := sort ( map ( factor, collect( map ( factor, collect ( factor ( expand ( subs ( seq( seq ( t[1,j]

‘Al j]+ B[4, ] . . . ..
N [I’J];_ [I’J]),1=1..J—1),]21..6),seq(seq(t[3,1]
_ (sAlLJI =B[LjD) . _, - C_
= 5 ,i=1.j—11|,j=1..6 |,D4-Ev , S ,[31’2,31’3,31’4,
Bz, 3 BZ, o B3’ 4], a’istributed) ), s) - nops(Eodd)
i 167 (25)
> indets(Eodd)
{S’Al, » Ay p Ay 6 Ay 3 Ay 4 A3 4 By 2 By 3 By 4By 3 By 4 B3,4} (26)
B
1 B, 1 B, 3 1 B 1 Bys 1 (‘A23+A13)252
>F123:=-— L2 4~ L2 4 2 4~ L3 4 23 2 : :
2.2 22
L1 Bz 1 By L1 (As—Ay5)"s _ 1 (-AL;+A L) s
| 8 B, 8By, 8 B 2By ;3 8 Bi 2By ;
2.2
> Fl4e— - LB 1By 3 1 Bia 1By 1 (“AatAL)s
8 By, 8B4, 4 8B, 8B, 8 B, 4By 4
2.2 2.2
L1 BLs 1 Byy L1 (A=A 4)s 1 (FALLTAL) S
| 8 B, 8B, 8 B 2By 4 8 B 2By 4
>
1 Bis 1 Bis 3 1 By 1 By, 1 (—A34+A14)252
>FI134 = - — — 4+ — —= 4+ = 4 — —= 4 — == — — - :
8 By4 8B, 4 8By, 8B4 8 B; 4B 4
2.2 2.2
_|_l BiLs 1 Byy _|_l (A1,3_A3,4) s 1 (‘A1,4+A1,3) s .
| 8 By 3 8 By 3 8 B3B3 4 8 B 3B 4
2.2
>F234;:_l%+l%+l+l}32,4 +lB3,4 _ 1 (_A3,4+A2,4) s
B;y 8By, 4 8By, 8B, 8 B; 4By 4
2.2 2.2
+l%_l B3’4 _|_l (A2=3_A374) s 1 (_A2,4+A2,3) 5
| 8 B, 3 8 B, 3 8 B, 3B; 4 8 B, 3B 4
> G123 = map[factor, collect[factor(expand[subs(seq(seq(t[i,j]= (S'A[I’J];B[l’ﬂ) ,i=1
..j—1),j=1..3),seq[seq(t[j,i]= (S'A[I’J]z'B[I’J]) ,izl..j—l),j=1..3),
1 (A 3+A3)Bios 1 (A=A 5)B3s L1 (-A3+A L) By 3s
8 B, 3B ; 8 B 2B, ;3 8 B 2B ;
-A, 3+ A A, —A “A 3 A L) S
1 (At ALG) (A —As) (FAsTA,) ]]j,[Bl’z,B1’3,B2’3],distributed]
8 B, 2B13By 3
1 (Al,s_A2,3)Bl,2S 1 (AI,Z_A2,3)BI,3S 1 (Al,z_A1,3)Bz,3S
G123 :=— - — + — 27
8 BZ,3BI,3 8 BZ,3BI,2 8 BI,ZBI,3




1 (A1,3_A2,3) (Al,z_A2,3) (AI,Z_AI,S) S
i 8 By ,B, 3B 3
>
> G124 =1 (‘A2,4 +A1,4) B, ;s 1 (AI,Z_A2,4)B1,4S +l (‘A174+A1,2)B2,4S
8 B, 4By 4 8 Bi2By 4 8 B 2By
1 (“Asa+A ) (A=A y) (FA L, +A1,2)S3 )
L 8 B 2B 4By 4 .
| >
s G134 — 1 (‘A3,4 +A1,4)B1,3S 1 (A1,3_A3,4)B1,4S +l (‘A1,4+A1,3)B3,4S
B; 4B 4 8 B 3Bs 4 8 B 3By
1 (‘A3,4+A1,4) (A1,3_A3,4) (‘A1,4+A1,3)S3 .
| 8 B, 3B1 4B 4 '
>
> G234 = L (A3 4TA4)Byss 1 (A3 —A54)Byys L L (-Ay 4+ Ay 3)Bsys
B; 4By 4 8 B, 3B; 4 8 B, 3B, 4
1 (-As 4+ A ) (A3 —Asy) (FA, +A2,3)S3 .
| 8 B, 3B 4B; 4 .
> Eoddl = sort(an’a’ + % (G123 + G124+ G134 + G234), s) . nops(Eodd])
i 151 (28)
> g121324 —_ 1 (A3 =4y 4) By s + L (Ay,, — Ay 4) By 3s
32 B, 3B, 4 32 By 1B, 4
1 (A 3+ A ,) By s L L (A3 —Ay4) (A2 — Ay 4) (~Ay3 '|'Al,2)s3 ,
| 32 By By 3 32 By 2By 3B, 4 .
> gl21334 = L (A3 —A34) Bros 1 (A3 +A4;5) By ss
32 By 3B; 4 32 By 2 Bs 4
41 (-Aps +A12)Bsys 1 (A5 —43y) (A +4;5) (A5 +4,5)s :
| 32 B ;B s 32 B »B; 3B 4
> g121423 R (A4 =45 5) By 55 L (A2 =45 5) B ys 1 (A, —=4,4)Byss
32 B 4By ; 32 B; ;B ; 32 B; ;B 4
L L (A4 —Az35) (A1, — Ay 5) (Az,z_A1,4)s3
_ 32 IRV
>g121434:=—i (A4 —Az.4) By, 55 L L (-454+4,,) B, ys
B; 4B; 4 32 By ;B; 4
1 (A, —A, ) B s L (Ang—A54) (~As g A1) (A2 —A1y) S
| 32 By ;B 4 32 B; 2By, 48B3 4 '
> 122334 —_ 1 (Ay3 —A54) By s s (-4;4+4,5) By ;s
B, 3B; 4 32 B; ;B 4
1 (A4, 5) By ys s (Ay 53— A5 ,) (A5, +A4;,) (A, —A,5)s
_ 32 B; ;B 3 32 B; 2B; 3Bs 4 '

> 9122434 :=+L (A2,4_A3,4)B1,2S 1 (‘A3,4+A1,2)B2,4S
32 B, 4B;, 32 B 2B 4




1 (A=A ) Byus 1 (A a—Ayy) (FA 4T AL) (AL, —A,) S

| 32 B, 2B, 4 32 Bi 2B, 4Bs 4
> g131423 ::_/_L (A1,4_A2,3)BJ,3S _ 1 (‘A2,3 "‘A1,3)BJ,4S _',_L (A1,3_A1,4)Bz,3s
1 (A1,4 _A2,3) (‘Az,s +A1,3) (A1,3 _A1,4) s’
N 32 B, ;B; 4B, ;
> g131424 —_ 1 (AI,4_A2,4)BI,3S _,_L (AI,3_A2,4)BI,4S
B, 4B, 4 32 B, ;B; 4
_ 1 (A1,3_A1,4)Bz,4s _’_L (A1,4_A2,4) (A1,3_A2,4) (A1,3_A1,4)s3 :
| 32 B, ;B , 32 B, ;B; 4B, ,
> g132324 :=+L (A2,3_A2,4)BI,3S 1 (A1,3_A2,4)BZ’3S +L (‘A2’3 +A1,3)BZ,4S
B, 3B, 4 32 By 3B, 4 32 By 3B, 3
1 (A5—4,) (A3 —Ayy) (455 +4,5) s’
_ 32 B, ;B, ;B, ,
> g132434 = 1 (Ay 4 — A3 4) By 35 L (41,3 — A3 4) By ys
B, ,B; , 32 B, ;B; ,
1 (A5—4;4) By ys 14 (Ang —As5.4) (A3 —A34) (A5 — A3 4) :
_ 32 By 3B, 4 32 By 3B, 48B3 4
9142324 _ 1 (Az,s_A2,4)B1,4S _',_L (A1,4_A2,4)Bz,3s _ 1 (A1,4_A2,3)Bz,4s
B, 3B, 4 32 B 4B, 4 32 B; 4B, 3
+L (Ag 3 — Az y) (A1 4 — Az ) (A1’4—A2,3)s3 :
N 32 B, 4B B, 4
> g142334 == 1 (A2,3_A3,4)Bz,4s _ 1 (A1,4_A3,4)Bz,3s +L (A1,4_A2,3)Bs,4s
B, ;B; , 32 B, 4B; 4 32 B, 4B, ;
1 (Ay;—A5,) (A —4;4) (A, —Ay3)s :
N 32 B, 4B, ;B; 4
=>
>

> Eodd2 := sort(Foddl — g121324 — g121334 — g121423 — g121434 — g122334

— g122434 — g131423 — g131424 — g132324 — g132434 — g142324 — g142334,s) :

L nops (%)
| >
| >
> g121324c1423 — map(factor, collect( g121324-subs(Sub, C(1,4,2,3)), [ B1 2 B1 P

B1 » 82 P B2 4,B ] distributed))

1 (st As) (A4 y) (4, —45) (A1,4_A2,3)235
B, 3By 4B, 4B, B 3

1 (s t4s) (A1,4_A2,3)2S3Bl,2 1 (A —4,) (A1,4_A2,3)2S3Bl,3

gl121324c1423 =

’ 64 B, 3By 4B 3B, 4 64 B, 3B, 4B, 4B ,
L (A +45) (A2—44) (4,—43) 5B,

64 By 3B; 4By 2B 3
L b (A2 =413) (A4 =4 3)°By 48

64 B2,BBI,ZBI,3B1,4

(29)



1 (At A s) (Ao =4 y) (Ao —A1s) Byss’

+
64 By 4By 2By 3B 4

1 (‘Az,4 +1‘11,3)1}31,231,43 1 (‘A2,4+A1,3)Bz,331,25
64 By 3By 3B 4 64 By 3By 4By 4
1 (41, =4, 4) 5By 3B 4 —I—L (A2 =4y 4) By 35B) 5
64 By 3By 4B 5 64 By 4By 2B 4

_ 1 (41, —413) By 45By 4 _ 1 (41,0 —413) By 3By 45
64 By 3By 5B 3 64 By 2By 3B 4

_> g121334c1423 —= map(factor, collect( - g121334-subs(Sub, C(1,4,2,3)), [s, B, 5, B, 5
B, B, B, , B, 4], distributed) )

" ) B _ 25
2121334c1423 = 1 (As—Ayy) (A st A1) (Ao —A5) (As—A5)s 30)
64 B, 3By 4B; 4B, 3B

1 (As—4ss) (Aa—45)°S B, 1 (AyatAi,) (A g —45)°s B 5

! 64 By 3By 4By 3B 4 64 By 3By 4B 4B 5
L L (A3 =45 4) (A5 4 +415) (4,—43)5B 4
64 By 3B; 4By 2B 3
+L (A1,2_A1,3) (1‘11,4_142,3)233,433
64 By 3By 1By 3B 4
+L (A1,3_A3,4) (‘A3,4 +A1,z) (1‘11,2_1‘11,3)32,353 1 (A1,3_A3,4)S31,231,4
64 By 4By 2By 3B 4 64 By 3B5 4By 3
_ 1 (413 —434) By 358y 5 _|_L (434 +4,5) B 3B 4s
64 B3 4By 3B 4 64 By 2By 385 4
_’_L (‘A3,4 +A1,2)Bl,3B2,3S _ (AI,Z_A1,3)B3,4SBI,4
64 By 3By 485 4 64 By 3By 1B 3
1 (A —43) By 3By ys
64 By 2By 3B 4

>
> g121423c1324 —= map(factor, collect( g121423-subs(Sub, C(1, 3,2,4)), [s, Bl’ 2 Bl’ 3
Bl, » Bz, P Bz, » B3’ 4], distributed) )
1 (A1,4 _A2,3) (Al,z _A2,3) (Al,z _A1,4) ( 4y 4 "‘141,3)2S5 G1)
By 3By 4By 4B 2B 3
1 (A 4—45) (4, +4,5)s B

gl121423c1324 = -

+
64 B2,3Bl,4Bl,3B2,4
+ L (A1:4_A2,3) (A1,2_A2,3) (Al,z_A1’4)SSBl’3
64 BZ,3B1,4B2,4BI,2
_L (A1,2_A2,3) (_A2,4 +A1’3)2S3Bl’4
64 B2,3BZ,4BI,2B1,3
+ L (A1,4_A2,3) (A1,2_A2,3) (Al,z_A1’4)B2,4S3
64 BZ,3B1,ZBI,3BI,4
v (A=A g) (<A g+ d413)° B 58 1 (44 —43) B 3B s

64 B2,4Bl,2Bl,3B1,4 64 B2,3Bl,4BZ,4




1 (A1,4_A2,3)Bl,232,4s +L (Al,z_Az,z)SBl,3Bl,4

64 By 3By 4B, 3 64 By 3B, 4B,
_ (Al,z _A1,4) B, 35B 5 4 1 (A1,2 _A2,3) B, 4By 4
64 By 4By 2B 4 64 By 3By 2B 3
1 (A= 44) By 3By ys
64 By 2B 3B 4

>

> g121434c1324 —= map(factor, collect( -g121434-subs(Sub, C(1,3,2,4)), [s, Bl, 2 Bl, P
Bl, » Bz, P BZ, # B3, 4], distributed) )
1 (Aia—43a) (A at4i,) (A —4a) (A at45)°s

g121434¢1324 = — (32)
64 By 4By, 383 4By 4By 5
1 (A a4 ) (A +4,5)°5 B,
64 By 4By 3By 4B 4
L1 (A y) (s tA) (4, — 4 ) S B
64 By 4B 4By 4B,
L (s g +415) (~Aps+4,5)°s B 4
64 By 4B3 4By 1B 3
1 (A —414) (A +4; 3)° By 45
64 By 4By 1B 3B 4
L1 (A y) (s tA) (4, — 4 ) By s L L (41,4 —43.4) 5B 2By 5
64 By 4By 1By 3B 4 64 By 4Bs 4B 4
1 (A1,4 _A3,4) Bz,4531,2 1 ( ‘A3,4 +A1,2) 31,331,45
64 By 4By 3B 4 64 By 4B3 4By
1 (A172 _A1,4) B 48B3 1 ( ~A; 4 +A1,2) By 4B, 48
64 By 4By 2By 4 64 By 4By 3B,
1 (41, —A414) By 4Bs 45
i 64 By 2By 3B 4
_> g122334c1324 = map(factor, collect( - g122334-subs(Sub, C(1,3,2,4)), [s, Bl, 2 Bl’ 3
B, 4B, 3B, 4 By 4], distributed) )
g122334c1324 = 6L4 (s =Asa) (s A1) (Ao = Aps) (Aps +415)°5 (33)

B, 4By 3B3 4B, 3B
L (A2,3 _A3,4) ( _A2,4 +A1’3)253Bl’2

64 By 4By 3By 3B 4
1 (A3 —Asy) (A st Ay n) (A1, — 4y 5) s By 4
64 By 4B3 4By 3B 5
L () (A +4,3)°5° By 5
64 By 4 B3 4By 2B 3
1 (A —As) (A at45) By s
64 By 3By 4B 2B 3
1 (Ay 3 — Ay 4) (A3 4+ A1 5) (A2 — 4y 3) B2,4s3 1 (Ay s — 45 4) $B, 1B 4

— -
64 B3,4Bl,2B1,3B2,3 64 B2,4B3,4B2,3




1 (A2,3_A3,4)Bz,4531,2 1 (_A3,4+A1,2)Bl,332,35

64 B, 3B; 4B 5 64 B, 4Bs 4B

1 (A172_A2,3)B3,4331,3 _ 1 (‘A3,4+A1,2)Bz,332,45
64 By 3B; 4By, 64 By 4By 3B,

1 (41,5 =4 3) By 4By 45

64 By 3By, By 3

_> g122434c1423 = map(factor, collect( -g122434-subs(Sub, C(1,4,2,3)), [s, B, 5, B, 5
B, B, B, , B, 4], distributed))

1,4 P23
. _ . . 2.5
21224341423 ::_L (Az,4 A3,4)( Az 4 +A1,2) (A1,2 A2,4) (A1,4 A2,3) S (34)
64 By 3By 4B3 4By 4B

L (A2,4 _A3,4) (A1,4 _A2’3)2S3B1’2

i 64 By 3By 4B; 4B; 4
L L (Ay 4 — A3 4) (434 1+ 4, ) (A1,2_A2,4)5331,4
64 By 4B3 4B, 3B 5
L L (Ayg—A3q) (“Asa+415) (42— 4 4)5 By 5
64 By 4 B3 4By 1B 4
_ 1 (‘A3,4 +A1,z) (A1,4_A2,3)2S3Bz,4 _|_L (Al,z_A2,4) (141,4_1‘12,3)233,453
64 By 3By 4B; 4B 5 64 By 3By 4By 4B 5
_ 1 (A2,4_A3,4)SBI,ZBI,4 _ 1 (A2,4_A3,4)Bz,3331,2
64 By 485,48, 5 64 By 4B 4By 4
_ 1 (AI,Z_A2,4)B3,4SBI,4 +L (‘A3,4+A1,2)Bz,431,4s
64 By 385 4B 5 64 By 2B, 38 4
1 (A4 4) By 4B, L L (-454+4,5) By 3By 45
64 By 4By 2By 4 64 By 3By 4B; 4

| >
> gl31423c1234 = map(factor, collect( g131423-subs(Sub, C(1,2,3,4)), [s, B, 5, B, 5
Bl, » Bz, P Bz, » B3’ 4], distributed) )
21314231234 = 1 (A4 =4y 3) (A5 =4y 3) (A3 — A1) (43,4 "‘1‘11,2)235 35)
64 By 3By 4B3 4By 3B

1 (414 —43) (A3 —4s5) (4 _A1,4)S3Bl,z

64 By 3By 4By 3B 4
1 (A As) (At A4 5) 8B L L (s =4 3) (A5 +4,5)°5 By 4
64 By 3By 48B3 4B 5 64 By 383 4B 2B 3
_ 1 (A1,4_A2,3) (A1,3 _A2,3) (A1,3 _141,4)33,453
64 By 3By 2B 3B 4
1 (A —44) (A +4,,)° By 55 L L (41,4 =4 3) B 3By 55
64 By 4By 2B 3B 4 64 By 3By 4B 4
_ 1 (43 =4 3) 5By 2By 4 _|_L (41,3 —41.4) By35B),
64 By 383 4By 3 64 By 4By 3B 4

1 (A4 — Ay 3) By 4By 55 _ (41,3 =4 3) By 45B) 4
64 By 3By 1B 4 64 By 3By 1By 3




| >

| >

64

+

=+

=+

64

=+

=+

1

(A1,3 _A1,4) Bz,3B3,4S

64

1, 4

g131424cl1234 = —
64

1

Bl,2B1,3Bl,4

3, 4], distributed) )
1 (A a—Ay) (AatAs) (A —As) (454 "‘1‘11,2)2S5

> g131424c1234 := map(factor, collect( -g131424-subs(Sub, C(1,2,3,4)), [s,

B Bz, P Bz, o B

By 4By 385 4B 4B 5

(A1,4 _A2,4) ( _A2,4 +A1,3) (A1,3 _A1,4) S3B1,2

64

By 4By 3By 485 4

(A1,4 _A2,4) (‘A3,4 +A1,2)2S3Bl,3

By 4Bs 4B 4B
( ‘A2,4 +A1,3) ( ‘A3,4 +A1,2)2S3Bl,4

B2,4BS,4BI,2B1,3
(A1,4 _A2,4) ( _A2,4 +A1,3) (A1,3 _A1,4) B3,4S3

B2,4B1,ZBI,3BI,4

(45— 414) (44 "‘141,2)232,433 4 1

1

BS,4BI,ZBI,SBI,4

64
1

-A A B, ,B
( )4t 1,3) 1,251,458 +

B2,4B3,4Bl,3

(A4 =4 4) By 45B1 5

64
1

B, 4By 2B 4

(A1,3 _A1,4) Bz,4B3,4S

64

1, 4

g132324c1234 = -

1 (43 —44) (Aat+43) (4 _A2,3)3331,2

Bl,2B1,3Bl,4

64

1

64

1

64

(A1,4 _A2,4) 331,231,3

32,433,4B1,4

(A1,3 _A1,4) BZ,4SBI,2

B; 4By 3B 4
(-4y 4 +4,3) By 4B 45

B 2B 3B, 4

3, 4], distributed))
1 (A=A 4) (AatAs) (A4 s) (44 +A1’2)2s5

> g132324c1234 := map ( factor, collect( -g132324-subs(Sub, C(1,2,3,4)), [s,

By 4By 3B, 4B

BZ,4BI,3B3,4BZ,3B1,2

64

By 4B13B; 3B 4
1 (A ) (At 4y,) 5B

64

BZ,4B3,4BZ,SBI,2

1 (-Aata5) (4. +A1,2)2S3Bz,3

B, 4Bs 4By 1B 3
1 (A2,3 _A2,4) (‘Az,4 +A1,3) (A1,3 _A2,3) 33,453

64

1 (A1,3_A2,3) ('A3,4 +A1’2)232’4s3 L

B2,4B1,231,3B2,3

64

B, 3B3 4By, B 3
1 ( A, 4 +A1,3) B, 1B, 35 _

64

Bl,3BZ,4B3,4

1

64

64

(Az,z _A2,4) 331,231,3

BZ, 4B3, 4B2, 3

(A1,3 _A2,3) BZ,4SBI,2

32,333,431,3

B, ,, B

B, ,,B

1,3

1,2 Py, 3

(36)

37



1 (43— 45 4) By 45B, 5 L L (-4y4+4,3)B; 4B, 35

64 B, 3B, 4B 64 By 3By 1B, 4
_ (43— 4y3) B, 4Bs 45
64 B, 3B, , B, 3

_> g132434c1423 == map ( factor, collect( 2132434 -subs(Sub, C(1,4,2,3)), [s, Bl’ 2 Bl, P
B, B, B, , B, 4], distributed) )

A, —A A . —A -A A A — A 1) s
9132434¢1423 = 1 ( 2,4 3,4) ( 1,3 3,4) ( 2,41 1,3) ( 1,4 2,3) S (38)
64 B2,3Bl,4B3,4B2,4Bl,3

1 (44 —454) (A4 _A2,3)2S3Bl,3

! 64 By 3By 4By 4B 4
+L (s —44) (45— 4 4) (—A2,4 +A1,3)S3B1,4
64 By 4B3 4By 3B 3
L L (A g =45 4) (A1 5—454) (-4 s +4,3) 5B, 4
64 By 4B3 4By 3B 4
s (415 =45 4) (A1,4_A2,3)2S3Bz,4 L L (Ao 4 +4,3) (141,4_142,3)233,453
64 By 3By 4By 3B 4 64 By 3By 4By 3By 4
1 (A2,4_A3,4)SBL3B1,4 _ 1 (A2,4_A3,4)Bz,3331,3
64 By 4B3 4B, 3 64 By 4Bs 4By 4
1 (A atAy5) By 4B ys L L (A, 3 —A45.4) B, 4By 4
64 By 3B, 38, 4 64 By 3B5 4By 3
1 (At Ais) By yByss L L (A3 =45 4) By 458 5
64 By 3B 48y 4 64 B3 4By 3B 4

B g142324c1234 =— map ( factor, collect( 2142324 -subs(Sub, C(1,2,3,4)), [s, Bl, 2 Bl, P
Bl’ » Bz, P Bz, » B3, 4], distributed) )

A, . —A A ,—A A ,—A -4 A4, ,)%s
g14232401234::_L (=4 y4) (A a—Dy) (A 4—A3) (A 4+4,)"s (39)
64 B, 3By 48B3 4B, 4B »

1 (Ays—Aya) (Aa—Ays) (Aa—43) 8B,

! 64 By 3By 4B; 4B 4
L (A3 —Ara) (Asa+45)°S By 1 (Ada—A4) (Aa+4,)°sB
64 By 48B3 4B, 3B 5 64 By 48B3 4By 4B,
L (Ay3 =4 4) (A g =4y s) (Ag =4y 3) By ys
64 By 4B 4By 2B 3
L (A a=A3) (“Asa+45)° B ys’ 1 (Ay3 =4 4)sB 1B 4
64 By 3By 4Bs 4B 5 64 By 48B3 4B 3
1 (Aa—44)sBi By 1 (444 ;) By 4B ,s
64 By 4B 4B 4 64 B; 4B, 3B 4
1 (A2,3 _A2,4) Bs 45B 4 + 1 (A1,4 _A2,4) B; 45B, 4
64 By 3B, 4B, 64 By 4By 2B 4
1 (A174 _A2,3) Bs 4B, 45
64 By 3By 4B 3

_> g142334c1324 := map ( factor, collect( 2142334 -subs(Sub, C(1,3,2,4)), [s, Bl, 2 Bl, P




1
64

_ b
64
_ b
64
_ b
64
_ b
64
1
64
1
64

=+

>

| >

>

>

1

1
64
1
64
1
64

L
64
e
64

gl142334c1324 == —
64

Bl’ » Bz, P Bz, # B3, 4], distributed) )

1 (A2,3 _A3,4) (A1,4_A3,4) (A1,4_A2,3) (_’42,4—i_Al,."))zs5
327331,4B3,4BZ74BI,3

(A2,3 _A3,4) (A1,4 _A3,4) (A1,4 —A2’3) SSBL}

B2,3B1,4BZ,4B3,4

(dys—Ass) (~dya+a4i3)°s' B4 L L (Aa—4s4) (“Apy+415)°5 By 5
By 4By 3B, 3B 4 64 By 4By 3By 4B; 4
(A1,4_A2,3) (‘A2,4 +1‘11,3)233,453

B2,3Bl74Bl,3B2,4

(A2,3_A3,4) (A1,4_A3,4) (1‘11,4_1‘12,3)]92,453 _|_L (A2,3_A3,4)SB1,3BI,4

FEodd3 = —
64

By 4By 4By 3By 3 64 By 4B3 4B, 3
(A174 _A3,4) 5By 3B 3 + 1 (A1,4 _Az,a) By 4By 38
By 4B 4B 4 64 By 3B, 4B 4
(A2,3 _A3,4) B, 4sB) 4 _ 1 (A1,4 _A3,4) B, 45B; 5
By 3B 4B 3 64 By 4By 3B 4
(A1,4_A2,3)B3,4Bz,4s
By 3By 3B 4

> GCO0:=ml-g121324c1423 + m2-g121334c1423 + m3-g121423c1324 + m4
-g121434c1324 + m5-g122334c1324 + m6-g122434c1423 + m7-g131423c1234 + m8
-g131424c1234 + m9-g132324c1234 + m10-g132434c1423 + ml11-g142324c1234
+mi2-gl142334cl1324 :

> GC = collect(subs(m1=l,m2= I,m3=1,m4=1,m5=1,m6=1,m7=1,m8=1,m9=1,
ml0=1,mll=1,mi2=1, GCO), [Bl » By 3By 4By 3 By 4 By 4], distributed) :

=> Eodd3 = sort( map( factor, collect(EoddZ — GC, [Bl’ 2 Bl, P Bl’ m Bz, P Bz, m B3, 4],
distributed) ), [B B .B, B, ., B B3’ 4])

L27L3 7L 72,3724
2
(4 —434) (4,44 3) 5 B 5By 5
By 4By 3B, 485 4

(Ays =45 4) (~4,4+4,5)5° B 1B,

Bl,3BZ,3BZ,4B3,4
(g —454) (-4, 4 +4,5)5° B 1B, 5

By 3By 4B 4B 4
(A1,4 _A2,3) (A1,3 _A3,4) S231,232,4

Bl,3Bl,4BZ,3B3,4
(Ays =4y 4) (~434+4,,)5°B 3B,

BI,ZBZ,3BZ,4B3,4
(Ag =4y 4) (~434+4,,)5° B 3B, 5

BI,ZBI,4BZ,4B3,4

(40)

1



1 (ALa =) (4, —4 ) $°B 3B; 4

n
64 By 2B 4B, 3B 4
L (A3 =4y 3) (A3 4 +415) "By 4B 4
64 B1,2B1,3BZ,3B3,4
1 (st As) (A —4s) S°B) 4Bs 4
64 B1,2B1,3BZ,3B2,4
1 (A=A g) (A at4,) 5B 3By
64 B1,2B1,3Bl,4B3,4
L (~Ay g+ 41 3) (A=A 4) 5" By 3B 4
64 B 2By 3B 4B, 4
0 (Aa—As) (A=A 3)SBaBiy 1 1 (e
64 B1,231,3B1,4B2,3 64 Bl,3B1,4B2,3BZ,4B3,4 ’
—dy3) (~Ay s+ Ay 3) (A 34 4 T Ay 3Ay 4+ Ay 4 Ay 4 — A 34y 4 — A 443 4
+dy 44y 5) 5" By 5) - L 1 (44 =4 3) (454

64 B ;B 4B, 3B, 4Bs 4
4
+A1,2) (A1,2A2,4 — Ay g Ay 4 — Ay 4 Ay 4T Ay 3A) 4T Ay 4 A5 4 _A2,3A2,4) S 31,3)

1 1
64 By 1B 3By 38, 4B 4

((~Ayq+4y3) (A3 4+4,,) (A4 245 4 T4 24 5

1 1
+A13A24_A1 3A23+A3 4A23_A2 3A2 4)S4Bl4) - ((
64 31,231,331,432,433,4

_A2,4 +A1,3) ( _A3,4 +A1,2) ( _A1,2A3,4 +A1,2A1,4 +A1,3A2,4 _A1,3A1,4 +A1,4A3,4

1 1
64 Ay g =4y 3) (A3 4+ 4
64 Bl,zBl,3Bl,4Bz,3B3,4 (( 1,4 2’3) ( 3.4 1’2) (

4
Ay oAy gt A 3 Ay Ay 3 Ay, — Ay 3 Ay gt A 3 Ay g — Ay 34y 3) S By )

1 1
64 By 1B 3B 48, 3B 4

4
+A2,3A1,4 _A1,2A1,4 +A1,2A2,4 _A1,2A2,3) s 33,4)

1 1
Ayg = Ay 3) (A 41 5) (A5 4+ A4
64 By 1By 3By 48, 38, 485 4 (g =Ao5) (g 41 5) (~As e+ 415) (

Ay 3 A oAy g — Ay oAy ady s T A g A 0y g — A 2y g A g A A 0 Ay 4 T A 0 Ay 34 4
TA 34 4 3 = A 3y 3y g Ty 3 A 4 g — Ay 3 Ay Ay 4 — Ay 4 4

| A 34, 443 4) 36)

> nops (%)

_A1,4A2,4) 5432,3) +

((Ay4—Ay3) (~Ay gt A 3) (A 345 4 +A4; 34, 5

19 (42)

(> 0122434-2131423

1 (A2,4_A3,4) By ;s 1 (‘A3,4+A1,2) B, 4 —I—L (Al,z_A2,4) B; 48
32 B, ,B, 32 B, 4B, , 32 B, 4B, ,
3
1 (A2,4_A3,4) ('A3,4+A1,2) (AI,Z_A2,4)S [L (A1,4_A2,3)Bl,35
32 By, B, 4B; 4 32 By 3By 4

43)




1 (A1,3 A23)BI4S 1 (A1,3_A1,4)Bz,3s

"V "V "V "

32 B, 3B, ; +37 By 4B ;
3
1 (A1, 4= 4y 3) (41,3 =4 3) (A1,3=414) 8
32 B, 3B, 3B, 4
>

> Eodd4 = Sort(map(factor collect(EOdd3 — 16'g122434'g131423 — 16
-g121334-g142324, [B, 1, B, 3 B, B, 3 B, 4 By 4], distributed) ), [B, ,,

1,271,371, 4
Bl 3’Bl 4’B23’BZ4’B ])

Eodd4 :=0 (44)
> Evi 2% ((1+C(3,1,3,2) +C(2,3,2,4))- (1 +C(1,2,1,4) +C(4,1,4,3)) + (1
+C(2,1,2,3) +C(3,2,3,4))- (1 +C(4,1,4,2) +C(1,3,1,4)) + (1 + C(3,1,3
2)+C(1,3,1,4))-(1+C(2,1,2,4)+C(4,2,4,3))+(1+C(1,2,1,3)+C(3 1
3,4))-(14+C(2,3,2,4) +C(4,1,4,2)) + (1 +C(2,1,2,3) +C(1,2,1,4))- (1
+C(3,1,3,4) +C(4,2,4,3)) + (1 + C(1,2,1,3) +C(2,1,2,4))- (1 +C(3,2,3
4)+C(4,1,4,3))) L (C(1,4,2,3)-C(1,3,2,4) —C(1,4,2,3)-C(1,2,3,4)

| +C(1,3,2,4)-C(1,2,3,4))

> GC := gl121324cl1423 + g121334cl423 + g121423c1324
+ g121434c1324 + g122334c1324 + g122434c1423
+ g131423c1234 + g131424c1234 + g132324cl1234
+ g132434c1423 + gl142324c1234 + g142334cl324 :

vV "V [

\%

WA R R R R R
HHHHEHIFHHHHHEH

\%

INTRINSIC FORMULA FOR THE

HYPERBOLIC 4
- POINT ATIYAH DETERMINANT
. DD4 — Ev] — (G123 + G124 + G134 + G234)

2
+ (121324 + g121334 + 121423 + g121434
+ 2122334 + g122434 + g131423 + g131424
+ 2132324 + g132434 + 142324 + 142334



+ GC) + 16-g122434-g131423 + 16-g121334
| g142324

> HHHHHH R R R R R
HHHIHHHHHIHEHEHHR

> indets(DD4)

i {4y 0 Ay 54 Ay 3 A5 4 A3 4 By 2 By 3By 4 By 3By 4 By 4} CS)
> PROOF : factor(DD4 — D4a)

0 (46)

> IMPORTANT REMARK :
We have recently realized that the qudratic part 16
122434 -g131423 +16-g121334
-9142324 can be rewriten similarly as a triple cosine
products formula (analogous to the formula
for normalized squared volume of euclidean tetrahedra)

In fact it is equal to %times the sum of eight products C (1,

L L) Cljkjl)-Clkikl)overl <j<k<Il<A4.

> Y0 = 116 (C(2,1,2,3)-C(3,1,3,4)-C(1,4,2,4) +C(1,3,2,3)-C(1,4,3,4)-C(2, 1,
2,4)+C(1,2,1,3)-C(3,2,3,4)-C(1,4,2,4) +C(1,3,2,3)-C(2,4,3,4)-C(1, 2,
1,4)4+C(1,2,1,3)-C(2,3,2,4)-C(1,4,3,4) +C(2,1,2,3)-C(2,4,3,4)-C(1, 3,
1,4) +C(1,2,1,4)-C(2,3,2,4)-C(3,1,3,4) +C(2,1,2,4)-C(3,2,3,4)-C(1, 3,
1,4))

2 (t t L —t 2(ty 4 —t Ly —1
Y();:L[ (h,371,5) (b1~ 5>)) _lj (4= 13) (51~ 43) 7
16 (1~ 4h2) (s 12) (1= 13) (54—l 3)

L L 2(h3—=1) (4,3~ 52)
16 (4,37 86,1) (B3~ 852)
2(h 4= 15) (b1~ 1)) _1)
(b1~ 42) (a—12)
2(4—h3) (5271 5)
(B2 b 3) (B4 U 3)
+L 2(H3=85) (3 42)
16 (37 81) (s~ 152)
2(ta—h1) (ho— 1)) _1)
(2= b)) (ha— )
2(Hha—t3) (b3 l>)
(3~ 82) (ba—l2)
1 ( 2(t3=142) (b1~ 82)
16 (17 4,2) (B3 82)

[ (hoa—ly) (Ba”lo)
(ha= 1) (s l2)
3.4l 1)

] [ (1 1) (ta 1 3) _1]
(ta— 1) (54— l3)
L[ (1,376 ) (b2 41) _1]
16\ (4, 121) (4,37 8)
[ (L, 1) (ha=lo)
(4,4 t4 1) (4= 12)

j 4=
J[ (G4~ ,2 ) (B4~ 3) _1]
tz 47l 2) (B4l 3)

4
4

[u—

—

16 tl 27 h 1) (’1,3 51)

_lj [2 (a1 ) (tal3)

(ta= 1) (54— l3)

—1|+




_lj [2 (a1 2) (a1 3) _1] (2 (t,a— 1) (4,3 4)) _lj
(ha—U2) (54— l3) (3= 861) (ha—t1)
+L [ 2(Hh4=b ) (b2 ) _1] 2(Hha—13) (b3 l>)
(o= 5 ) (44— 4) (h,37855) (ha—1>)
1 ( 2(tha—142) (b1~ 1)
16 { (517 4,2) (4= l2)
2(t 4= 8) (W3~ 1) _1)
(37 851) (s 1)

[2 (a—43) (14 3) 14

j 2(t3,1_11,3) (471 3)
Ba—bhi3) (B2 143
(Bt

(2716 3) (54— l3)

B

> YI = sort ( map ( factor, collect( map ( factor, collect ( factor ( expand ( subs ( seq( seq ( t[1,j]

= (S.A[i’j];_B[i’j]) ,i=l..j—1),]':1..6),seq(seq(t[j,i]
‘Ali,j]1—BI[1,j]) . . .
_ (s [1J]2 [IJ])’1=1.._]—1),J=1..6),YO))),S)),[31’2,31’3,B1,4,Bz’3,

Bz, & B3’ 4], distributed) ), s) :

=> factor(EOdd3 — Y])
0 48)

49)

V'V

\%
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