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Abstract

An known elementary proof of existence of infinitely many solutions (and a procedure
of their construction) to the Prouhet-Tarry-Escott problem is given together with its
connection to the Prouhet–Thue–Morse sequence. Another very short and possibly
not yet published proof is presented utilizing Taylor expansion of a suitably chosen
function represented in two different ways.

The Prouhet-Tarry-Escott problem is a classical problem in Diophantine equations
that consists of finding two different lists (i.e. multisets) of integers [a1, a2, . . . an] and
[b1, b2, . . . bn] (repetitions are allowed) such that

a1 + · · · + an = b1 + · · · + bn
a21 + · · · + a2n = b21 + · · · + b2n
...

...
...

am1 + · · · + amn = bm1 + · · · + bmn

where m and n are some natural numbers. It is known that n must be strictly greater
than m (of special interest are so called ideal solutions where m = n − 1). The above
system can be written as [ai] =m [bi]. The earliest occurrence of a problem of this kind
can be traced down to Euler and Goldbach 1750–1751 when they noted that

[a, b, c, a + b+ c] =2 [a+ b, a+ c, b+ c].
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The problem was named after E. Prouhet, who studied it in the early 1850s, and G.
Tarry and Escott, who studied it in the early 1910s.

We shall restrict the problem to disjoint sets (or multisets).

Definition 1 Two finite sets (or multisets) A,B ⊂ C are said to have (or satisfy)
n–property if A,B 6= ∅, A ∩B = ∅ and for any k ∈ {0, 1, 2, . . . , n − 1} we have

∑

Ak :=
∑

a∈A

ak =
∑

b∈B

bk =
∑

Bk.

Example 2 The sets A := {0, 3, 5, 6} and B := {1, 2, 4, 7} have 3–property because
∑

A0 = 00 + 30 + 50 + 60 = 4 = 10 + 20 + 40 + 70 =
∑

B0

∑

A1 = 01 + 31 + 51 + 61 = 14 = 11 + 21 + 41 + 71 =
∑

B1

∑

A2 = 02 + 32 + 52 + 62 = 70 = 12 + 22 + 42 + 72 =
∑

B2.

Definition 3 Let S ⊆ C and c ∈ C. Then we define

S + c := {s+ c | s ∈ S}.

Lemma 4 Let A,B ⊂ C satisfy n–property. Then for any c ∈ C the sets A + c and
B + c also have n–property.

Proof.

∑

(A+ c)k =
∑

a∈A

(a+ c)k =
∑

a∈A

k
∑

j=0

(

k

j

)

ajck−j =

k
∑

j=0

(

k

j

)

ck−j
∑

a∈A

aj =

=
k
∑

j=0

(

k

j

)

ck−j
∑

b∈B

bj =
∑

(B + c)k

Example 5 The sets C = A − 4 = A + (−4) = {−4,−1, 1, 2} and D = B − 4 =
{−3,−2, 0, 3}, where A and B are the same as in Example 2, also have 3–property:

∑

C0 = 4 =
∑

D0

∑

C1 = −2 =
∑

D1

∑

C2 = 22 =
∑

D2.
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Lemma 6 Let A,B,C,D ⊂ C and (A∪B)∩ (C ∪D) = ∅. Then if two pairs of sets A,
B and C, D both have n–property then the sets A∪C and B ∪D also have n–property.

Proof. Obvious.

Proposition 7 If sets A,B ⊂ C have n–property then for any c ∈ C such that (A∪B)∩
((A+c)∪ (B+c)) = ∅ sets A1 = (B+c)∪A and B1 = (A+c)∪B have (n+1)–property.

Proof. Lemmas 4 and 6 imply that the sets A1 and B1 have n–property. It is easy to

check that A1 ∩B1 = ∅. Now we have to prove that equality
∑

An
1 =

∑

Bn
1 holds:

∑

An
1 =

∑

((B + c) ∪ A)n =
∑

(B + c)n +
∑

An

=
∑

Bn +

n−1
∑

j=0

(

n

j

)

cn−j
∑

b∈B

bj +
∑

An

=
∑

Bn +

n−1
∑

j=0

(

n

j

)

cn−j
∑

a∈A

aj +
∑

An

=
∑

Bn +
∑

(A+ c)n

=
∑

Bn
1 .

Example 8 Let A and B are as in Example 2. If we set c = 8 then A1 =
{0, 3, 5, 6, 9, 10, 12, 15} and B1 = {1, 2, 4, 7, 8, 11, 13, 14} have 4–property:

∑

A0
1 = 8 =

∑

B0
1

∑

A1
1 = 60 =

∑

B1
1

∑

A2
1 = 620 =

∑

B2
1

∑

A3
1 = 7200 =

∑

B3
1

Example 9 Starting with A0 := {0} and B0 := {i} (note that any pair of singletons
has 1–property) and taking c1 := 1 and then c2 :=

√
2 we obtain (applying the procedure
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from Proposition 7 twice) A2 = {0, 1 + i, i+
√
2, 1+

√
2} and B2 = {1, i,

√
2, 1+

√
2+ i}

that have 3–property:
∑

A0
2 = 4 =

∑

B0
2

∑

A1
2 = 2(1 +

√
2 + i) =

∑

B1
2

∑

A2
2 = 4 + 2

√
2 + (2 + 2

√
2)i =

∑

B2
2

Example 10 The sets A0 := {0} and B0 := {1} have 1–property. Suppose that sets
An−1 and Bn−1 have n–property. Then by Proposition 7 for cn := 1+max(An−1∪Bn−1)
the sets An := An−1∪(Bn−1+cn) and Bn := Bn−1∪(An−1+cn) have (n+1)–property. By
the definition of cn it follows that max(An−1∪Bn−1) < cn ≤ min((An−1+cn)∪(Bn+cn))
which proves that (An−1 ∪Bn−1) ∩ ((An−1 + c) ∪ (Bn−1 + c)) = ∅.

Lemma 11 Let α2(m) be the sum of digits of binary representation of number m. The
sets An and Bn defined in Example 10 can be characterized in the following way:

An = {m ∈ {0, 1, 2, . . . , 2n+1 − 1} | α2(m) ∈ 2N},
Bn = {m ∈ {0, 1, 2, . . . , 2n+1 − 1} | α2(m) ∈ 2N + 1},

i.e., An is the set of all natural numbers less than 2n+1 having even number of digits 1
in their binary representations. Likewise, Bn consists of all natural numbers less than
2n+1 having odd number of digits 1 in their binary representations. Note that cn = 2n+1.

Proof. By induction on n we prove the statement of the Lemma 11 and that cn = 2n+1.
Induction base is clear. Suppose now that

An−1 = {m ∈ {0, 1, 2, . . . , 2n − 1} | α2(m) ∈ 2N},
Bn−1 = {m ∈ {0, 1, 2, . . . , 2n − 1} | α2(m) ∈ 2N+ 1}.

and cn = 2n. By definition we have

An = An−1 ∪ (Bn−1 + cn),

Bn = Bn−1 ∪ (An−1 + cn).

Also, max(An ∪ Bn) = cn +max(An−1 ∪ Bn−1) = 2cn − 1 = 2n+2 − 1, so cn+1 = 2n+2.
Now, (Bn−1 + cn) = {m ∈ {0, 1, 2, . . . , 2n − 1} | α2(m) ∈ 2N + 1} + 2n+1, so
An = An−1 ∪ (Bn−1 + cn) = {m ∈ {m ∈ {0, 1, 2, . . . , 2n+1 − 1} | α2(m) ∈ 2N}.
(Adding cn = 2n to numbers of Bn−1 is equivalent to prefixing their binary repre-
sentation with 1 together with some zeroes if necessary.) The proof for Bn is analogous.
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Remark 12 The sequence tn := α2(n) mod 2 is known as the Prouhet–Thue–Morse
sequence (see [1] or [2], example 12.). Sets An and Bn can be characterized as follows:

An = {m ∈ {0, 1, 2, . . . , 2n+1−1} | tm = 0}, Bn = {m ∈ {0, 1, 2, . . . , 2n+1−1} | tm = 1}.

In other wording An (resp. Bn) consists of all nonnegative integers less than 2n+1

which are expressible as a sum of even (resp. odd) number of powers of 2.

Now we can elucidate this remarkable property by generalizing An (resp. Bn) to be
sum of even (resp. odd) numbers of indeterminates x0, . . . , xn−1. (Then Lemma 11 is
just a very special case xk = 2k.)
The existence of different finite sets (of numbers) A and B having the n–property for
any n can be proved quickly by using Taylor expansion of the following function F :=
∏n−1

j=0 (1− etxj ). We have

F =

n−1
∏

j=0

(1− etxj ) =

= 1− (etx0 + · · · + etxn−1) +
(

et(x0+x1) + · · · + et(xn−2+xn−1)
)

− · · · =

=

n
∑

r=0

(−1)r
∑

0≤j1<···<jr<n

et(xj1
+···+xjr ) =

=
∞
∑

k=0

n
∑

r=0

(−1)r

k!
tk

∑

0≤j1<···<jr<n

(xj1 + · · ·+ xjr)
k .

On the other hand we have

F =

n−1
∏

j=0

(

−txj −
t2x2j

2!
−

t3x3j

3!
− · · ·

)

=

= (−1)nx0x1 · · · xn−1t
n
n−1
∏

j=0

(

1 +
txj

2!
+

t2x2j

3!
+ · · ·

)

.

Now for k < n we get

0 = k![tk]F =

n
∑

r=0

(−1)r
∑

0≤j1<···<jr<n

(xj1 + · · ·+ xjr)
k,
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i.e.
n
∑

r = 0
r even

∑

0≤j1<···<jr<n

(xj1 + · · · + xjr)
k =

n
∑

r = 0
r odd

∑

0≤j1<···<jr<n

(xj1 + · · · + xjr)
k .

It follows immediately that the sets

A = {xj1 + · · ·+ xjr | 0 ≤ r ≤ n, r ∈ 2N, 0 ≤ j1 < · · · < jr < n}
and

B = {xj1 + · · · + xjr | 0 < r ≤ n, r ∈ 2N+ 1, 0 ≤ j1 < · · · < jr < n}
have n–property.

Example 13 Starting with x1 = 1, x2 = −2, x3 = 3, x4 = −4, x5 = 5 we arrive (after
removing numbers belonging to the both sets) at the sets A = {−6,−1, 0, 1, 7, 8} and
B = {−5,−4, 2, 3, 4, 9} that have 5–property. (Zero in set A is obtained as an empty
sum.)
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