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Abstract

We will present two equivalent solutions of the Bodlaender sequence g : N — Z
first introduced recursively by him et al. and used by them to determine the
edge ranking number of the complete graphs. These solutions rely on the bi-
nary representation of m € N either in the form m = 2% 4 ... + 2% with the
strictly decreasing integer sequence ag > a; > --- > a; > 0,1 > 0, or using
the binary expansion of m = Y_}_; bi2%, where n € Ny and by, ...,b, € {0,1}.
In addition, we will determine sharp bounds of the solution and we will give

some properties of related sequences such as a(m) := %(m? + g(m)), m € N,
dim) := g(m + 1) + 1, m € Ny, and the sequence of the partial sums of
g(m), m € N.

Keywords: sequences, divide-and-conquer recurrences, edge ranking number of
a graph

MSC: Primary 11B37; Secondary 05C15.

1 Introduction

In order to determine the edge ranking number of complete graphs Hans L. Bod-
laender et al. introduced in [1, Chapter 7| the following sequence defined recursively
for any m € N by the rules

g(1) = ~1
g(2m) = g(m) (11)
g2m+1)=g(m+1)+m
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with the first few values
(-1,-1,0,-1,2,0,2,-1,6,2,5,0,8,2,6,—1,14,6,11,2,15,5,11,0, 20, .. .).

(This sequence is not available in the On-Line Encyclopedia of Integer Sequences
(OEIS ®)[8].)

We briefly recall the definition of the edge ranking number of a graph G (for more
details we refer to [1, Definition 2] or [7, p.1067].) Let G = (V, E) be a (simple) graph
and ¢ a positive integer. An edge-t-ranking is an edge coloring ¢ : E — {1,2,...,t}
such that for any two edges of the same color, every path between them contains an
intermediate edge with a larger color value. The edge ranking number denoted by
X,(G) is the smallest value of ¢ such that the graph G has an edge-t-ranking.

Remark 1.1 In [/, p.1068] and [7, Corollary 4.9] the authors called it Bodlaender
function g, but since (1.1) is defined only for all m € N, it is more appropriate to
denote it Bodlaender sequence.

Note that for m — 1 instead of m we obtain from (1.1) g(2(m — 1) + 1) =
g(2m —1) = g(m) + m — 1 and therefore g(2m — 1) — g(2m) = m — 1 for all m € N.

The recurrence relation (1.1) is a special case of the general recurrence relation
defined for all m € N

fQ) =
f(2m) = af(m) + g(m) (1.2)
f@2m+1) =~f(m)+df(m+ 1)+ h(m)
with the parameters «,,9,( € Z and the integer functions g,h : N — Z. In our

caseitisa=1,7v=0,0 =1, = —1 and g(m) = 0, h(m) = m for all m € N.
Eq.(1.2) can also be written for all m € Ny :={2,3,4,...} as follows

f(m) = a(m)f([m/2]) + b(m)f (Im/2]) + e(m), f(1) = (1.3)

with
o+
2

_1-(=n”
= —

()" b(m)

a(m) := )

e (m) + h(m) (m) — hm)
m) + h(m m) — h(m
c(m) := gm) T mm) + (—1)mg—.
2 2
Recurrence relations of this form are called (binary) divide-and-conquer recur-
rences and appear often in computer science, because algorithms based on the tech-

nique of divide et impera (divide and conquer) often reduce a problem of size m to
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the solution of two problems of approximately equal sizes [m/2] and [m/2], where
m = |m/2] 4+ [m/2],m € Ny. The solutions of the two subproblems are then used
to solve the original problem.

A prominent example is given by the problem to sort m records, m > 1. One
method is called mergesort [3, p.79] and consists in dividing the m records into
two approximately equal parts, one of size |m/2] and the other of size [m/2].
After each part has been sorted separately by the same method, the records are
merged into their final order by doing at most m — 1 further comparisons. The
total number of comparisons performed is at most f(m), where f(1) = 0 and
f(m) = f(lm/2])) + f([m/2]) + m — 1, m > 1. This is a special case of (1.3)
with a(m) = b(m) =1, ¢(m) =m —1 and ¢ = 0.

Another well-known example is given by Stern’s diatomic sequence (this is the
sequence A002487 in the OEIS [8]), defined by s(1) = 1, s(2m) = s(m) and
s2m +1) = s(m)+s(m+1) for all m € N, that s« =y =6 = ¢ = 1 and
g(m) = h(m) = 0 for all m € N. Note that the value s(0) has to be 0, since from
the recurrence relation for odd indices for m = 0 we get s(1) = s(0) + s(1), that is
s(0) = 0.

Adding 1 and starting with the index 0 we get from g(m) the sequence d(m) :=
g(m + 1)+ 1,m € Ny, satisfying for all m > 1 the recurrence relation
d0)=g(1)+1=-1+1=0,d(1)=g(2) +1=0
d2m)=g2m+1)+1=g(m+1)+m+1=d(m)+m (1.4)
d2m+1)=g2m+1+1)+1=g(m+1)+1=d(m)
This is the sequence A233931 in the OEIS [8] with the first few values
(0,0,1,0,3,1,3,0,7,3,6,1,9,3,7,0,15,7,12, 3,16, 6, 12,1,21,9, 16, 3, .. .)

and a special case of (1.2) witha = 1,7 =1, =0, =0, g(m) = m and h(m) = 0.

In this paper we shall determine the solution of (1.1) by writing m € N either in
the form m = 2% + ... 4 2% with the strictly decreasing integer sequence ag > a1 >
-+ >a;>0,1>0, or using the binary expansion of m = (b, ...bg)2 := > 1_, b2k,

where n € Ny and by, ..., b, € {0,1}. Moreover, we shall also give sharp lower and
upper bounds for g(m).
Finally, we shall explore some properties of the sequence a(m) := é(m2 +

g(m)), m € N, giving the edge ranking number of complete graphs and investi-
gate the sequence of the partial sums of g(m), m € N, and the sequence d(m) :=
g(m+1)+1, m e Ny.
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2 Preliminaries

We start with a lemma which gives the values of the Bodlaender sequence for some
special numbers.

Lemma 2.1 Let a,b,c € Ny, then

g(2%) = —1, a>0 (2.1)

g(2¢ —1)=2¢"1_2, a>1 (2.2)
g(2°4+1) =2 -2, a>0 (2.3)
g(2042%) =207t 9, a>b>0 (2.4)
9(3-29) =0, a>0 (2.5)

g(20 420 —1) =201 4 9071y ga=b _ 3 a>b>1 (2.6)
g(2% + 20 4 1) =20 420 — 207071 _ 3 a>b>0 (2.7)
g(20 420 4 2¢) = 297¢ 4 by ga-b-1 _ 3 a>b>c>0 (2.8)

Proof. a) By repeated use of (1.1) we have g(2%) = g(1) = —1.

b) By (1.1) and Eq.(2.1) we have g(2¢ — 1) = g(2- (2° ' = 1) +1) = g(2¢' — 1+
+201—1=—-142¢1_1=2"1_2

¢) Let f(a) :=g(2*+ 1), a > 0, then by (1.1) the sequence (f(a))aeNo satisfies the
recurrence relation

Fla+1)=g(2" 1 +1) = (22" + 1) = (2" + 1) + 2" = f(a) + 2, a > 0,

with f(0) = ¢g(2) = —1. The solution of this linear first-order recurrence relation
can be obtained by backward substitution. After a substitutions it follows f(a) =
fla—1)4+21 = fla—2)+2072 4207 = ... = f(0)+ 20+ 2L ... p 2071 =

—1+4 (2% — 1) = 2% — 2 and this proves the formula (2.3).

d) By (1.1) we have g(2¢ 4+ 2°) = g(2°(22° + 1)) = g(2¢° + 1) = 27" — 2, where
the last equation follows from (2.3).

e) By Eq.(2.4) we have g(3-2%) = (20! +2¢) = 20F1=a _ 9 — .

f) By (1.1) and Eq.(2.4) we have g(2* +2° —1) = g(2- (271 42071 —1) + 1) =
g(20 420"t 1 1) 420t pobml ) = 9eb 9 4 9e-1 4 9b=1 _ 1 and this is
exactly formula (2.6).

g) By (1.1) we have g(2¢ + 20 + 1) = g(2- (271 +2°71) + 1) = g(207 4 2071 +
1)+ 2971 4 20=1 Let f(a,b) := g(2% +2° + 1), then the above equation means that
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f(a,b) satisfies the recurrence relation
fla,b) = fla—1,b—1) + 2071 4 2b=1

which can be solved by backward substitution. After b substitutions we obtain
f(a,b) = f(a—b,0) +2070 420 4 20=0+1 4 ol 4 ... 4 2a=1 4 9b=1 The first term is
by (1.1) and (2.3) equal to f(a —b,0) = g(2°°+ 20+ 1) = g(2- (27071 4+ 1)) =
g(2¢70=1 4+ 1) = 227b=1 _ 2 The other term is the sum of three geometric series,
namely (1 +24 .-+ 2" + (1 4+ 2+ 42971 — (1 424 .- 4207071 =
(20 — 1)+ (2% — 1) — (2¢7° — 1) =22 + 2% — 2¢7% — 1. Summing up the two terms
it follows 207b=1 — 2 4 20 4 9b _9a=b _ ] —9a 4 9b_ 9a=b—1 _ 3 43 agserted.

h) By (1.1) and Eq.(2.7) we have g(2% + 20 4+ 2°) = g(2¢. (297¢ 4+ 20=¢ + 1)) =
g(2a—c + 2b—c + 1) ) 2b—c + 2a—b—1 —3. 0

The next lemma shows that it is sufficient to consider only the case a; = 0, that

is m is an odd number.

Lemma 2.2 Let m = 2% + .- 4+ 2% whereag > a1 > --->a; > 0,1 >0, is a
strictly decreasing integer sequence, then
fora; #0:

g(m) = g(27“'m) (2.9)

and for a; =10 :
gm)=g(27 " (m—-1)+1)+(1—-2"%")(m—1) (2.10)
Proof. a) Let a; # 0, then by (1.1)

g(m) = g(2% + -+ +2%) = g (2" (277" + -+ + 27717 +1))
= G297 - 42U 1) = (27 (m — 2) + 1) = g(27%m)

b) Now let a; = 0, then by (1.1) and since ZZ ' 20k = m — 1 we obtain
g(m) = g2 + -+ 4291 4 1) = g(2- (2% 4. 420171 1)
_ (2a0 Lgpoqoma=l ) poe-l Ly gaa-l
=g(2- (27024 42172 1 1) + %(m -1)
=g(2°0 24 g 202 ) %(m —1)+ %(m —1)
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Repeating this procedure a;_; times and noting that Y ;=] 27% = Y"1 27F —
1=2-(1—2"%171 —1=1-2"%"1 we obtain

ar—1

gm) = g(207 1 o 2N 1) (- 1) Y 2

=g(27" ' (m—-1)+1)+ (1 —-2""")(m—1)
and this proves Eq.(2.10). O

Note that in Eq.(2.10) the argument of g on the left-hand side has /41 summands,
whereas on the right-hand side it has only ! summands.

3 Main Result

We can now prove our main result.

Theorem 3.1 Let m = 2% 4 ... + 2% where ag > a1 > --->a; > 0,1 >0, is a
strictly decreasing integer sequence, then

g(m) = 279 (m — 294) — (I + 1) Z2alk<kz_: ala) (3.1)

In particular, for aj =0

l k—1
gm)=m—1-(1+1) - 20+ (Z 2*“177'*1) (3.2)
=1 =1

Proof. It is sufficient to prove Eq.(3.2), since for a; # 0 we have g(2% +- .- 42%) =
g(m) = g(27%m) = g(2907% + ... + 2%-17% 4 1) by Eq.(2.9). We obtain Eq.(3.1)
by simply writing ax — a; instead of ag, k = 0,1,...,[ in Eq.(3.2) and noting that
m—1=2%0"%4 ... 4 2% 17% and a1, —a; — (a—j —ay) =1 = aj—p —aj—j — 1.
Thus the double sum and the term [+ 1 in (3.1) do not change. For the first term
we obtain 220~ ... 4 2%U-17U — 2*al(2a0 4o 42011 420 Qaz) =9 W (m — Qaz)
thus obtaining Eq.(3.1).

We now prove the case a; = 0.

By (2.10) we have

-1 -2 l
o(Z2en) =o(Tronen) v 0o e
k=0 k=0 k=1
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where the argument of g on the left-hand side consists of [+ 1 terms and that on the
right-hand side of [ terms. Setting By := ar—a;_1—1forany k=0,1,...,l—2, and
applying again Eq.(2.10) to the first term in the above equation (3.3), we obtain

-2 -3 l
g<225k + 1) — g(ZQﬁk*ﬁlﬂ*l + 1) +(1— 2*5172) 22/3171@
k=0 k=0 k=2

or, in terms of ag, noting that for k =0,1,...,] — 3 we have
Br—Bi2—1=ar—a—1 —1—(qg—2—a-1—1)—1=ap —a;_2—1

-2 -3
g(z gar—ar—1—1 4 1) — g(ZQak—al—z—l + 1)
k=0 k=0
l
4 (1 _ 2*(a172*a171*1)) ZQalfk*alflfl
k=2

or, substituting this equation into (3.3)

-1 -3 l
(T en) =o(Trean) e S
k=0 k=0 k=1

l
+ (1 _ 2—(01—2—(11—1—1)) Z 90—k —ar—1—1
k=2

Note that the argument of g on the right-hand side has now [ — 1 terms.
Repeating this procedure [ — 1 times we finally obtain

l
g<2ao 20 4] = g(2aofa171 + 1) +(1—27%) ZQal—k
k=1

l
+ (1 _ 2*(60172*61171*1)) Z 91—k —a;—1~1
k=2
l

+ o+ (1 _ 2—((11—0,2—1)) Z 20,1,]@—(12—1
k=l-1
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Hence, by Eq.(2.3) and since g(2ao—a1—1 + 1) — gao—a1—1 _ 9 _ (1 — 2_(a0—a1—1)) .
gao—a1—1 _ | — (1 _ 27(a07a171)) Eéc:l ai-k—a1—1 _q it follows

l

g<2a0 4o 2m-1 g 1) =1+ (1 _ 2_(1[—1) Z 90—k
k=1

l
+ (1 _ 2*(11172*11171*1)) Z 91—k —a;—1~1

k=2
l
+ .o 4+ (1 _ 2*((11*042*1)) Z 2alfk*a2*1
k=l-1
l

+ (1 — 2_(‘10_@1—1)) Z 2al,k—a1—1
k=l

A further simplification of the right-hand side of this equation leads to
-1 l l
S e MO
k=0 k=1 k=2
l l
+ Z gai-k—a—1—1 1 _ Z 901k =12
k=2 k=3

l
4ot Z Qui-k—az—l _ | _ gao—a1 4 gao—a1—1 _ q

k=l-1
l l l
_ ZQaz—k _ Z 9ai—k—a—1—1 _ Z2az—k—az—2
k=1 k=2 k=3

_..._zlzgal—k—al—l —zlzl—l
k=l k=1
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and finally
-1
g(Z 2k 4 1) — Q-1 4 2a172(1 91— 1 + 9u- 3 Z Qa5
k=0
o291 22 ==y (14 1)
1
SS e S 1)
k=1
and this is Eq.(3.2), since m — 1 = 22:1 2%-k and 22:1 1=1. O

Remark 3.2 Note that so(m) := 1+ 1 is the number of nonzero digits of the binary
expansion of m and m— (I+1) is the exponent of the highest power of 2 which divides
m! according to a theorem of Legendre [6, pp.10-12] (for the special case p = 2).

For example, let m = 13 = 23 +22 4+ 20 that is | = 2,49 = 3,a1 = 2, a9 = 0, then
by (3.2) we have g(13) =13 -1 — (2+ 1) —200-a~l =9 _23-2=1 — g
A consequence of Theorem 3.1 is the

Proposition 3.3 For all m € N we have

—1<g(m)<m-—1 (3.4)
and, therefore, for all m € Ny

0<dim)<m+1 (3.5)

Proof. Let m = 2% + ... 4 2% where a9 > a1 > --- > a; > 0,1 > 0, is a strictly
decreasing integer sequence, then [ + 1 and the double sum in (3.1) are always > 0
and therefore g(m) < 27%(m —2%) =2"%m —1 < m—1, since 2% > 1. This proves
the upper bound.

In order to prove that —1 is a lower bound we note first that by Eq.(2.1) this
value is attained for m = 2" n > 0, and secondly by Eq.(2.9) it is sufficient to
consider only odd numbers m, that is a; = 0. As shown in the proof of Theorem 3.1
the formula (3.2) can be written as

l

g(m) =" {29k ( Zz a-=1) 1} —1,

k=1
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therefore we have to prove that

k—1 k—1
o N e e e B D WP i a1}
j=1 =1

This can be proved as follows: By definition, a;—; > j for any j = 0,1,...,1 or
—a;—; < —j and, therefore, Z;:ll 274 < Z;:ll 277 =1 —2"*1 Tt follows
1-— %Zf;ll 274 > 1 — % . (1 — 21%1) = % + 2% > 2% and, multiplying both sides
by 2%-+ and adding to both sides —1, we obtain 2%-* (1 — Z;:ll 2*‘”*1*1) —-1>
2u-k—F _ 1 > 0, since aj_, —k > 0 for any & = 1,...,I. This proves Eq.(3.4).
Finally, the double inequality (3.5) follows immediately from the definition of the
sequence (d(m))meNo' O

By means of h(m) := g(m + 1), m € Ny, h(0) = ¢g(1) = —1, we can give another
representation of the solution (3.1) which will lead to an improvement of Proposition
3.3.

Proposition 3.4 The sequence (h(m))m . satisfies for all m > 1 the recurrence

relation M) = —1 (h(1) = 1)
h(2m) = h(m) +m (3.6)
h(2m + 1) = h(m)
Proof. By (1.1) it follows h(0) = g(1) = —1 and h(1) = g(2) = —1. Further

h(2m) =g(2m+1) =g(m+1)+m = h(m)+m
h(2m+1) =g(2m+2) = g(m + 1) = h(m)
and this proves the proposition. O

Note that (3.6) is a special case of (1.2) witha =1,7v=1,§ =0, = —1, g(m) =
m and h(m) = 0.

Using the binary expansion of m = (b,, ...bgy)2, where by, ..., b, € {0,1}, we can
derive an alternative solution of (1.1).

Theorem 3.5 Let m = (by,...by)s € Ny, then the sequence (h(m))meNo satisfies
the recurrence relation

114



Parisse On the Bodlaender Sequence

with the solution

9((bn - bo)2 + 1) = ((bn.. . b0)2) = =1+ > (1= bp)(bn ... brs1)2 (3.8)

and, therefore, for all m € Ny

d((bn---00)2) = g((bn - bo)2 + 1) +1 =D (1= bg)(bn- .. bpt1)2 (3.9)
Proof. Let m = (by, ...by)2 € Ny, then

h((bn .. bo)2) = boh((bn .. .b1)2) + (1 — bo) <h((bn . b1)2) + (b b1)2>
= h((bn ... b1)2) + (1 — bg) . (bn . b1)2
since for by = 0, that is m is even, we have m/2 = (b, ...b1)2 and by (3.6) h(m) =
h(m/2)+m/2 = h((by...b1)2) + (b ...b1)2 and for by = 1, that is m is odd, we have

(m—1)/2 = (by...b1)s and by (3.6) h(m) = h((m —1)/2) +m/2 = h((bn...b1)2).
This proves Eq.(3.7).

Repeating this procedure n — 1 times we finally obtain h((by, ...bo)2) = h(by) +
Z;é(l — bi)(by ... bgt1)2 and this proves Eq.(3.8), since b, =1 and h(1l) = —1.
Finally, by definition it follows Eq.(3.9). O

For example, let m = 10 = (1010)3, that is n = 3, bg = 0, b = 1, b = 0 and
b3 = 1. Then

2
+Z 1 —bg)(bz...bgy1)2
k=0
= =14 (1= bo)(bsbab1)2 + (1 — b1)(b3b2)2 + (1 — ba)(b3)2
=—-1+(101)2+0-(10)2+1=-1+5+0+1=5.

From Eq.(3.8) one can deduce that h attains its greatest value at m = 2" =
(10...0)2. In this case we have by = 0 for all k = 0,1,...,n—1. Hence 1 — by, = 1 for
allk =0,1,...,n—1. Therefore g(2"+1) = h(2") = =1+ 374 (bn - . bps1)e = —1+4
Sphonis K —1+42"—1=2"—2 (see also Eq.(2.3)). Hence, 2" +1—(2"—2) = 3,
that is for all m > 2 we have m — g(m) > 3.

Similarly, h attains its smallest value at m = 2" —1 = (11...1)y. In this case we
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have by =1 forall k =0,1,...,n—1 and hence 1 —b; =0 for all k =0,1,...,n—1.
Therefore g((1...1)2 + 1) = g(2") = —1 (see also Eq.(2.1)). Hence, g(m) > —1 for
all m > 1.

Thus, we have shown the desired improvement of Proposition 3.3.

Proposition 3.6 For all m € Ny we have
—1<g(m)<m-—3, (3.10)

where both bounds are sharp, since for m = 2", n > 0, it is g(m) = —1 and for
m=2"+1,n>0, it is g(m) =m — 3.
Therefore, for all m € N we have

0<dim)<m-1 (3.11)

4 Some Consequences

In [1, Theorem 25] Bodlaender et al. showed that the edge ranking number of the
complete graphs on p vertices, p € N, is given by x.(K,) = a(p), where a(p) :=
%(}U2 + g(p)), and in [7, Theorem 7, Corollary 8] Lin, Juan and Wang showed that
the edge ranking number of the Sierpinski graphs is given by x;.(S;) = nx;(K,) =
%(p2 + g(p)), n,p € Na. (For a definition of the Sierpinski graphs we refer the
reader to the seminal paper of Klavzar and Milutinovi¢ [5] and to the survey paper
on Sierpinski-type graphs by Hinz, Klavzar and Zemljic¢ [4].)

Proposition 4.1 The sequence a(m) = %(m2 + g(m)), m € N, satisfies for all
m € N the recurrence relation
a(l)=0
a(2m) = a(m) +m? (4.1)
am+1)=a(m+1)+m(m+1)
In particular,
3|(m? + g(m)). (4.2)

Note that (4.1) is a special case of (1.2) with a=1,7y=0,6 =1, =0, g(m) =
m? and h(m) = m(m + 1).
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Proof. By definition a(1) = (12 +¢(1)) = 3(1—1) = 0 and by (1.1) it follows that
_4Am? 4+ g(2m)  m? + g(m) + 3m?

a(2m) 3 = 3 = a(m) + m?
2m+1)2+g(2m+1)  4m®+4m+1 1
a(2m+1):(m+ ) —gg(m+ ) _ 4m”+4m+ ;—g(m+ ) +m
+1)2+ g(m+1) + 3m? + 3
:(m ) g(m3 ) +3m m:a(m+1)+m(m—|—1)
This proves (4.1) and shows that a(m) € Ny, thus proving (4.2). O

Note that for m — 1 instead of m in Eq.(4.1) we obtain a(2(m — 1) + 1) =
a(2m—1) = a(m)+ (m—1)m and therefore a(2m) —a(2m—1) = m?>—m(m—1) =m
for all m € N.

The first few values of (a(m))men (not available in the OEIS [8]) are

(0,1,3,5,9,12,17,21, 29, 34, 42, 48, 59, 66, 77,85, 101, 110, 124, 134, .. .).
The next lemma gives the values of this sequence for some special numbers.

Lemma 4.2 Let n € Ny, then
4" —1

a(2™) = 3 (4.3)
4" —1

a2 —1) = . on—1 n>1 (4.4)
4" —1

a2 +1) = 3 + 2" (4.5)

Proof. By definition and using Eqs.(2.1), (2.2) and (2.3), we have a(2") = 1 (4" +
§(2%) = J" = 1), a2 — 1) = H((2 1 + g2 — 1)) =} —1) -2 =
a(2m)—2""1and a(2"+1) = $((2"+1)?+g(2"+1)) = (4" —1)+2" = a(2")+2". O

We notice that (4.3) is the sequence A002450, (4.5) is the sequence A079319,
whereas the sequence (4.4) is not available in the OEIS [8].

Note that for m = 2", n > 0, we have a(m) = (m?—1) and for m = 2" +1, n >
0, we have a(m) = %(’m2 + m — 3). By Proposition 3.6 we obtain in this way
Corollary 4.3 For all m € Ny we have

2 2 _
ML <afm) < ENS

where both bounds are sharp.

(4.6)
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To conclude we mention some properties of the sequence of the partial sums of
g(m).
Proposition 4.4 Let t(m) =3 ;" g(k), m € N, then

t1) = -1
t(2m) = 2t(m) + <W;> (4.7)
#2m 4+ 1) = t(m) + t(m + 1) + (m; 1)

Note that (4.7) is a special case of (1.2) witha =2,y =1,6 =1,{ = -1, g(m) = (})
and h(m) = ("}1).

Proof. It is t(1) = g(1) = —1 and by definition we have

—_

2m m

t2m) =Y g(k) = g(2k)+ > g(2k +1) + g(1)
k=1 k

3

Il
—
B
Il
—

m m—1
=> gk)+ > (9(k+1) + k) + (1)
k=1 k=1
m—1 m—1
=t(m) + glk+1)+ k+g(1)
k=1 k=1
=t + ¢m) = 9(1) + 1) + 9(1) =21(m) + (5 )
Similarly,
2m—+1 m m
t2m+1)= Y glk)=> g(2k)+ > g(2k+1)+g(1)
k=1 k=1 k=1
= gk)+ ) gk +1)+ > k+g(1)
k=1 k=1 k=1
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and this proves (4.7). O

The first few values of (t(m))m ¢y (not available in the OEIS [8]) are
(—1,-2,-2,-3,—-1,-1,1,0,6,8,13, 13, 21, 23, 29, 28, 42, 48, 59, 61, 76, .. .).
The next lemma gives the values of this sequence for some special numbers.

Lemma 4.5 Let n € Ny, then
4" —5.2" —n - 2"

t(2") = 1 (4.8)
t(2"—1):4n_5'2:_n'2n+1, n>1 (4.9)
t(2”+1):4n_5'2:_"'2n+2"—2, (4.10)

Proof. a) Let f(n) :=¢(2"), n > 0, then by (4.7) the sequence (f(n))neNo satisfies

the recurrence relation
2n

fn+1)=t2 ) =¢(2-2") = 2t(2") + <2

) =2f(n)+2" 12" - 1),n >0,

with f(0) = ¢(1) = —1. The solution of this linear first-order recurrence relation can
be obtained again by backward substitution. After n substitutions it follows
fn)=2f(n—1)+2" 22" - 1)
=2(2f(n—2)+2" 32" 2 1)) + 2" 22"t — 1)
=22f(n—2)+2-2"3(2" 2 — 1) 4 222" — 1)

k=0

A" —5.97 —p. 2"
— 9y on2(9n L1 p) = n

4
and this proves (4.8).
b) By definition and using Eqs.(4.8) and (2.1) we get t(2" — 1) = Y7 g(k) =
2 g(k) —g(27) = t(2") — (1) = 1(4" —5-2" —n-2") + 1 and this proves (4.9).
¢) By definition and using Eqs.(4.8) and (2.3) we get t(2" +1) = Y 1 g(k) =
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S g(k) + g2 +1) =t(2") + 2" —2 = 1(4" —5-2" —n - 2") + 2" — 2 and this
proves (4.10). O

Note that for m = 2", n > 0, that is n = logy(m), we obtain from (4.8) the
sequence t(m) := ' (m — 5 —logy(m)), m € N. Numerical results suggest that ¢(m)
is a lower bound of t(m), that is t(m) < t(m), m € N.

An upper bound ¢(m) for t(m) could be obtained from (3.10) as follows: It is
g(k) < k—3for all k € Ny and, therefore, t(m) = g(1)+> ;-5 g(k) < =14+ ;" 5 (k—
3) = —14+3 k=331 1= —1+(")~1-3(m—1) = L(m?—5m+2) = {(m).
Since (12 —5-1+2) = —1 = #(1) we obtain

£(m) < t(m) < F(m), m € N.
We notice that ¢(m + 4) = A034856(m), m € N.

Remark 4.6 All the sequences encountered so far, namely g(m), d(m) := g(m +

1) + 1, h(m) = g(m + 1), a(m) = £(m? + g(m)) and t(m) := >1", g(k) are of

divide-and-conquer type, that is their ordinary generating functions defined as the

power series G(s) := > """ 1 g(m)s™, D(s) :=>_°_d(m)s™, H(s) :=>_ 7, h(m)s™,
A(s) == >0y a(m)s™ and T(s) = Y 2 t(m)s™ satisfy a functional equation

known as Mahlerian equation (cf.[2])

ao(s)F(s) + a1(s)F(s?) + -+ + an(s)F(s*") = f(s) (4.11)

in which n € N, f(s) is a formal series and ao(s), a1(s),...,an(s) are polynomials
not all zero. If f(s) = 0, then the solution of (4.11) is said to be a Mahlerian series.

Indeed, applying standard generating function techniques to the recurrence rela-
tions from Eqs.(1.1), (1.4), (3.6), (4.1) and (4.7) we have the functional equations

83
66) = (14 )66+ =
82
D(s) = (1+ s)D(s%) + -2
32
1 5”
A6 = (14 )46 +

g3

(1 —5)(1—s2)2

T(s) = 3(1 + 1>2T(s2) +

S
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