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On divisibility properties of some binomial sums

connected with the Catalan and Fibonacci
numbers

Jovan Mikié

Abstract

We show that an alternating binomial sum which is connected with the Catalan
numbers is divisible by n. A natural generalization of this sum is connected
with the generalized Catalan numbers and also divisible by n. A new class of
binomial sum is used. In Appendix A, we consider a positive binomial sum
connected with Fibonacci and Lucas numbers. In Appendix B, we consider an
alternating binomial sum which is also connected with Catalan numbers and
divisible by (@ + 1)n 4 1. Similar reasoning was already used by the author to
reprove more simply Calkin’s result for divisibility of the alternating sum of
powers of binomials coefficients by the central binomial coefficient.
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1 Introduction

Let us consider the following alternating binomial sum:
" n\"(2n+k
=> (-1)F ; 1
Sl<n7 m) k:()( ) <k5> <2n + 1)7 ( )

where n and m are natural numbers.
Let x and y be non-negative numbers. It is well-known [5, Eq. (10.15), p. 47] that

S0 ) ) =) ®

The Vandermonde convolution formula [4, Eq. (5.24)] is equivalent to Eq. (2). Also
there are, at least, two combinatorial proofs of Eq. (2) by using sign-reversing invo-
lutions [2].
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Let C,, denote [7, Section 5, p. 103] the n-th Catalan number. For m = 1, by the
Eq. (2), it follows that
Si(n,1) = (=1)"nC,. (3)

We assert that:

Theorem 1. The sum Si(n,m) is always divisible by n for all natural numbers n
and m.

The sum S;(n,m) has a natural generalization:
- n\" (an + k
S sa) =Y (—1)F ; 4
nma) =3 -0r() (1) W
where a is a natural number.

Obviously, for a = 2, Si(n,m;2) = Si(n,m).
For m = 1, by the Eq. (2), it can be shown that

n an
S Lia)=(-1)'——r—— . )
i) = (1 () )
Due to ged(n,(a — 1)n + 1) = 1, by the Eq. (5), it follows that Si(n,1;a) is di-
visible by n. Note that the number C(n,a) = m(a:) is known [7, Section

17, Eq. (17.1), p. 375] as generalized Catalan number or Fuss-Catalan number. See
also [1, Eq. (2.2)]. For a =2, C(n,2) = C,.
We assert that:

Theorem 2. Let a be a fived natural number. The sum S1(n,m;a) is always divisible
by n for all natural numbers n and m.

Furthermore, let us consider the following alternating binomial sum:
" n\"(2n+1+k
=Y (-1 k :
52 (n> m) k:()( ) (k’) ( m ) ) (6)

where n and m are natural numbers.
For m = 1, by the Eq. (2), it follows that

Sa(n, 1) = (=1)"(2n + 1)C,. (7)
We assert that:

Theorem 3. The sum Ss(n, m) is always divisible by 2n+ 1 for all natural numbers
n and m.

The sum Sy(n, m) has a natural generalization:

Sy(n,m:a) = i(—nk(’;)m(“HHk); (8)

k=0 an

where a is a natural number.
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For m = 1, by the Eq. (2), it can be shown that

Saln1i0) = (-1 2L (7). )

n—+1

Note that the integers an + 1 and n + 1 are not relatively prime in general.
We assert that:

Theorem 4. Let a be a fived natural number. The sum Sa(n, m;a) is always divisible

by Wﬁwl) for all natural numbers n and m.

We prove Thms. (2) and (4) by using a new class of binomial sums. Theorem 1 is
a special case of a Theorem 2 for a = 2. Similarly, Theorem 3 is a special case of a
Theorem 4 for a = 2.

Let us consider the following sum:

i) =3 (1) Pl o) (10)

k=0

where n, m and a are natural numbers, and F(n, k, a) is an integer-valued function.
Our goal is to investigate some divisibility properties of the sum S(n, m;a). In order
to do so, we use a new class of binomial sums which we called M sums.

Definition 1. Let S(n,m;a) be a sum from the Eq. (10) . Then
st = ("SI P+ ko) (11)
n,J,t;a) = ) . n, )y
where j and t are non-negative integers such that j < |3].
See [9, Def. 7, Eq. (28), p. 9].
Obviously, by setting j = 0 in the Eq. (11), it follows that [9, Eq. (29), p. 9]
S(n,t+ 1;a) = Ms(n,0,t;a). (12)

Due to Eq. (12), we can see Mg(n,j,t;a) sum as a generalization of S(n,m;a).
Furthermore, M sums satisfy [9, Thm. 8, p. 9] the following recurrence:

n—25

258)
]\/[S(n,j,t—i—l;a):(?) > ( ]>Mg(n,j+u,t;a). (13)

u=0 u

Eqns. (12) and (13) have a simple consequence which is important to us. Let us
suppose that an integer ¢(n, a) divides Mg(n, j,to;a) for all 0 < j < |§], where £,
is a fixed non-negative integer. By using the Eq. (13) and the induction principle,
it can be shown that ¢(n,a) must divide Mg(n, j,t;a), for all integers ¢ such that
t > ty. By the Eq. (12), it follows that ¢(n,a) divides S(n,t;a) for all integers ¢
such that ¢t >ty + 1.

By setting ¢ := 0 in the Eq. (11), we obtain that

Ms(n, j,0;a) = (”_,j) nij (n_ij)F(n,j—Fk,a). (14)

J k=0

The M sums give an elementary proof of Calkin result [3, Thm. 1]. See also [6,
Thm. 1.2, Thm. 1.3, p. 2]. Note that there are also another applications [10, Section
2, p. 4], [8,9] of M sums.

43



J. Mikié

2 The Main Lemmas

We present four lemmas.
We calculate M sums for the sum S;(n,m;a) for t =0 and ¢ = 1.

Lemma 1. ( +)( +1)
, (=" (n = (") (s
MS1 (n>j> 07 CL) - an + 1 ’ <15)
Lemma 2.
2 () ) () )
_— . j u Jjtu n—2j—2u
M51<7’L,],]_,CL) =n uz::o an + 1 : (16)
Also we calculate M sums for the sum Sy(n,m;a) for t =0 and t = 1.
Lemma 3. ( o )( )
. (=1)"(an+1)("™) (2
MS2(n7j707a): n—f-l—j ’ (17>
Lemma 4.
P (1) (an 4 1) () () (et LR (- an
Ms,(n, j,1;a) = 22: e on + D)) >(n_zj_2u)- (18)

u=0 n+ 1

3 A Proof of Lemma 1

Proof. Obviously, the sum Si(n, m;a) is an instance of the sum S(n,m;a) from the
Eq. (10), where Fi(n,k,a) = (_1)k(zzj—_lf>
By the Eq. (14), we have:

M, (n,§,0;a) = (”_,j> nfj (n_ij)Fl(n j+k,a)

J

k=0
N\ n—2j . .
(n—7 r(n—27\(an+j+k
= (1) ~1 1
() e () e
By the Eq. (2), it follows that
n=2% — 27\ (an+j+k [ an+j
_1k n J J — _1n72] J . 20
kz:%( )< k )( an +1 (=1) n—j—1 (20)
By the Eq. (20), the Eq. (19) becomes
an +j n—j
M . 21
5. (n.7,0:0) = <n_j_1>( j ) 1)

Due to well-known [7, Section 1, Eq. (1.3), p. 5] formula:
k

) =)
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we have that:

an+j \ n—j an +j (22)
n—j—1) (a—1)n+2j+1\n—j)’

By the Eq. (22), the Eq. (21) becomes:

A@Amjﬂno=(—U”ﬁw_J;;£%+d<ztzg<n;j> )

It is well-known [7, Section 1, Eq. (1.4), p. 5] that:

a\ (b a\fa—c
= : 24
() ()= ()6-0) @
where a, b, and ¢ are non-negative integers such that a > b > c.
By the Eq. (24), it follows that

(an—l—j) (n—j) B <an+j>< an > (25)
n—j J J n—2j)
By the Eq. (25), the Eq. (23) becomes

Ms,(n,j,0;a) = (—1)"" (a — 17)ln_+j2j +1 (an;— J) <n Cin2j>. 20)

Due to another well-known [7, Section 1, Eq. (1.2), p. 5]formula:

1 n\ 1 n+1
n+1—k\k)] n+1\ k )

it follows that:

1 an 1 an + 1
. = - (27)
(a—1)n+2j+1\n—2j an+1\n —2j
By using Eqns. (26) and (27), we obtain that
. _.n—j fan+ 75\ [{an+1
M ca) = (—1)"" : 2
g i) = (-1 L () () 29
The Eq. (28) completes the proof of Lemma 1. ]

Note that that Eq. (21) leads directly to Eq. (28) by expressing binomial coefficients
in terms of factorials and cancellation of equal factors.
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4 A Proof of Lemma 2

Proof. We use the Eq. (13) and Lemma 1.
By setting ¢ := 0 in the Eq. (13), we have that:

n Ln—22jJ n— J
Manditia) = (1) ()Mt w00 (29
u=0

By Lemma 1, it follows that:

. oon—j—ufan+j+u an+1
si(mj +u05a) = (=1) an + 1 ( j+u )(n—Qj—Zu) (30)

By the Eq. (24), it follows that

O =G0 o

By using Eqns. (30) and (31) in the Eq. (29), we obtain that Mg, (n, j, 1;a) is equal
to the following sum:

n—2j
Lij(—l)"j“ .n jH+u\n—j—u cm.—kj—}-u anji—l . (32)
Jtu U an + 1 J+tu n—25—2u

u=0

It is readily verified that:

n n—1
—j— = ) 33
-, ) =17 ) 3
By using the Eq. (33) in the Eq. (32), we obtain that Mg, (n, 7, 1;a) is equal to
L"%%J n(n—l) (j+u) (an+j+u) ( an+1 )
1 n—j 1) Jjtu u Jjtu n—2j—2u ' 4
1 3 () — (34)

This completes the proof of Lemma 2.

5 A Proof of Theorem 2

Proof. Let n and a be fixed natural numbers.

By the Eq. (5), we know that S;(n, m;a) is divisible by n for m = 1.

Due to fact that Fj(n,m,a) is an integer-valued function, we know that
Mg, (n, j,0;a) is an integer. Also, see the Eq. (21).

The number (?) (”;J> Mg, (n,j + u,0;a) is also an integer; and, by the Eq. (34), it

(T (5 )

an+1

is equal to the number
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By Lemma 2 and the fact that ged(n,an + 1) = 1, it follows that the sum
Mg, (n, j, 1;a) is divisible by n for all non-negative integers j such that j < [%].
Therefore, we can take ¢;(n,a) = n. By the Eq. (13) and the induction principle on
t, it follows that Mg, (n,j,t;a) is divisible by n for all natural numbers ¢. By the
Eq. (12), it follows that Si(n,t + 1;a) is divisible by n for all natural numbers t¢.
Hence, Si(n, m;a) is divisible by n for all natural numbers m such that m > 2.
This completes the proof of Theorem 2.

6 A Proof of Lemma 3

Proof. Obviously, the sum Ss(n, m;a) is an instance of the sum S(n,m;a) from the
Eq. (10), where Fy(n, k, a) = (—1)*(“"{1).
By the Eq. (14), we have:

N\ n—2j .
) n— n—2 .
MSz(n7]70;a): ( ] ]> E : ( Lk j>F2(na]+kaa')

:(_1)j<n jj) ’g(_l)k<n—k2j> (an+1a;§j+k;> (35)

By the Eq. (2), it follows that
n=2j n—25\[an+1+j+k o fan+14j
> oML s (T ) e
k=0 J+1

By the Eq. (36), the Eq. (35) becomes

Ms, (n, j,0:0) = (—1)" (“““”) ("‘.j>. (37)

n—j+1 J

It is readily verified that

an+1+7\ (an+1+jfan+j (38)
n—j+1) n—j+1 \n—j)
By the Eq. (38), the Eq. (37) becomes
, jan+1+jfan+j\(n—j
M 0ja) = (—~1)n7 =T . 39
i g.0i0) = (ay L (o (1 (39
By the Eq. (25), it follows that
. an+14+jfan+j an
M 0;a) = (—1)r -1 . 40
By the Eq. (24), it follows that
. 14
(an+ 1+ j) (an?) - (‘m +j +‘7>(an+ 1). (41)
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By the Eq. (41), the Eq. (40) becomes:

. _an+1 fan+1+7 an
M 0;a)=(—1)"7——F— . 42
i) = (- L (AR ()
The Eq. (42) completes the proof of Lemma 3.
[
7 A Proof of Lemma 4
Proof. We use the Eq. (13) and Lemma 3.
By setting ¢ := 0 in the Eq. (13), we have that:
Maniitia) = (1) ()Mt 0o (43
u=0
By Lemma 3, it follows that:
. i an +1 an+14+7+u an
M 0;a) = (1) .
s:(nj +u,0:0) = (1) n—j—u—|—1< jtu ><n—2j—2u>
(44)

By using Eqns. (31) and (44) in the Eq. (43), we obtain that Mg, (n, j, 1;a) is equal
to the following sum:

n—2j
Lij(_wnju n an + 1 jtu\fan+1+7+u an
jtu/n—j—u+1\ wu Jj+u n—2j—2u)

u=0

It is readily verified that

1 1 1
" | — n) (46)
jtujn—3—u+1 n+1\y+u

By using the Eq. (46) in the Eq. (45), it follows that Mg, (n, j, 1;a) is equal to:

n—27
an+1.LiJ(_1)n_j_u n+1\(j+u\fan+1+7+u an (47)
n+1l = Jj+u u j+u n—2j—2u)

The Eq. (47) proves Lemma 4.

]

8 A Proof of Theorem 4

Proof. Let n and a be fixed natural numbers.
By the Eq. (9), we know that Sy(n,m;a) is divisible by gcd(#m for m = 1.
Due to fact that Fy(n,m,a) is an integer-valued function, we know that

Ms,(n,7,0;a) is an integer. Also, see the Eq. (37).
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The number (?) (";J)MSQ (n,j + u,0;a) is an integer; and, by the Eq. (47), it is

equal to the number (—1)"7~%. % (;ﬁi) (Jtu) (“"ti{*“) (nfg‘;iZu)

By Lemma 4, it follows that the sum Mg, (n, j, 1;a) is divisible by
all non-negative integers j such that j <[]

Therefore, we can take go(n,a) = Wm. By the Eq. (13) and the induction
principle on ¢, it follows that Mg, (n,j,t;a) is divisible by ¢2(n,a) for all natural
numbers t. By the Eq. (12), it follows that Si(n,t + 1;a) is divisible by ¢a2(n, a) for
all natural numbers ¢. Hence, S;(n,m;a) is divisible by gcd(#% for all natural
numbers m such that m > 2.

Note that ged(an+1,n+1) = ged(a—1,n+1). This completes the proof of Theorem
4.

an+1
ged(an+1,n+1) for

O

Remark 1. By setting a := 2 in Theorem 4 and by using the fact ged(2n+1,n+1) =
1, we obtain the proof of Theorem 3.

9 Concluding Remarks

Let us consider the following alternating sum:
& n\" (an + k
S sa,b) =Y (—1)" ; 48
(i 0,0) = 3 (-1) (,f) (m+b>, (48)

where n, m, a, and b are natural numbers.
Obviously, Si(n,m;a,1) = Si(n,m;a). Furthermore, by using M sums, it can be
shown that:

_1\n—j(an+j\ (n—j)\ (an+b
M5'1 (n7j7 0;a, b) = ( 1> J( ({:Zb() bj) (ni—gj) ’ (49)
b
L”_Qj _1\n—j—u(n)(n-b i+u\ (an+7+u an+b
Mg, (n, j, 1:a,b) — 22: (=) (b> (j+u) gj}_b) ( JJ;]J ) (”—2j+—2u) . (50)
u=0 ( b )
The Eq. (50) suggests that ¢i(n,a,b) = gcd((’;g?m' We assert that:

Theorem 5. Let n, a, and b be fized natural numbers. Then the sum Sy(n,m;a,b)

n

1s always divisible by gd((")b()“”“’)) for all natural numbers m.
CAl\s )\

By setting b := 1 in the Eq. (49), we obtain Lemma 1. Similarly, by setting b := 1
in the Eq. (50), we obtain Lemma 2. Finally, by setting b := 1 in Theorem 5, we
obtain Theorem 2.

Let us now consider the following sum:

So(momsa,b) = 3 (= 1) <Z> (“" ot k); (51)

k=0 an
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where n, m, a, and b are natural numbers.
Clearly, So(n,m;a,1) = Sy(n,m;a). Furthermore, by using M sums, it can be
shown that:

_ 1\n—j (an+b+j an an-+b

MSQ(mj,O;a,b):( = E;Qb()w;)( ;),
b

L”_T%J_n_'_ucmb n+b u\ (an+b+j+u an
Mstngran - 3 +><"i“)(5ﬁ>)< i)y
u=0 n
)
(

(an+b

The Eq. (53) suggests that ¢a(n,a,b) = PETCRON G We assert that:

Theorem 6. Let n, a, and b be fized natural numbers. Then the sum Sy(n,m;a,b)
an+b
is always divisible by ———r5Zm for all natural numbers m.
ged(("37),("2"))

'\ n

By setting b := 1 in the Eq. (52), we obtain Lemma 3. Similarly, by setting b := 1
in the Eq. (53), we obtain Lemma 4. Finally, by setting b := 1 in Theorem 6, we
obtain Theorem 4.

For the sake of brevity and clarity, we omit proofs of Thms. (5) and (6).

10 Appendix A

We give an example with the positive binomial sum with Fibonacci numbers.
Let F,, denote the n-th Fibonacci number, where n is a non-negative integer.
Let us consider the following binomial identity:

> (1)p =2 Fn (54)

k=0

It is well-known that the Binet formula for Fibonacci numbers states:

(1++/5)" — (1 —/5)"
2n\/5 '

The Binet formula is equivalent with the following binomial identity:

L n
> 58 =2"1F,. (56)
> (o)

Let L, denote the n-th Lucas number. Formula for Lucas numbers is also well-

known:

(L+V5)"+ (11— V5"
2n '
The formula for Lucas numbers is equivalent with the following binomial identity:

L)
S 5k =9on1L,. (58)
k=0 <2k>

50
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Note that Eq. (54) follows by Eqns. (56) and (58), and the fact that L, = F, 11 —
F, .
Let us consider the following sum:

Sy(nm) =3 (Z) ) (59)

k=0

Obviously the sum S3(n,m) is an instance of the sum S from the Eq. (10), where
Fy(n, k) = 5l2l.

By the Eq. (54), for m = 1, we have that

Sg(n, 1) = 2”Fn+1.

By using Eqns. (13), (56), and (58), it can be shown that:

("—J§5é 9L B i, if j s even; (60)

M' n’ '70 — j. j—1 .
Sd( J ) {(n]—] 5% . 9n=2j . Ln—2j+17 1fj is odd.

We see that the formula for the Mg, (n, j,0) sum appear both Fibonacci and Lucas
numbers. Since the sum Mg, (n, j,0) is a slight generalization of the sum Ss(n, 1),
this is expected, due to Eqns. (56) and (58).

Remark 2. By setting ¢t = 0 in the Eq. (11), and by using Equs. (12) and (60), we
can calculate the sum Ss(n,2). It can be shown that S3(n,2) is equal to:

L5] L5)

Z (n) (n B u) 5%2"_2an_2u+1 + <n> (n B u) 5%12”_2“[/”—2%1- (61)
u u=0 U u

u=0 u

u is even u is odd

11 Appendix B

Let Sy(n, m;a) denote the following alternating binomial sum:

" n\" (an+k an + k
—1)F 2 ; 62
S0 (n) () ) (62)
where n, m, and a are natural numbers.
Obviously the sum Sy(n,m;a) is an instance of the sum S from the Eq. (10), where
Fy(n, k,a) = (=1)F((“0F) +2(48),
By the Eq. (13) and the Eq. (2), it can be shown that:

an + j) (an + 1) (a+Dn+1 (63)

M ,0;a) = (—1)"
S4(n>.77 ,CL) ( ) ( ,] n_2] an +1

Note that the integers (a + 1)n+ 1 and an+ 1 are relatively prime. By the Eq. (63),
it follows that the sum Mg, (n, j,0; a) is always divisible by (a + 1)n + 1. Hence, we
can take q4(n,a) = (a+ 1)n + 1.

By using M sums, we can prove the following theorem:
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Theorem 7. Let n and a be fized natural numbers. Then the sum Sy(n,m;a) is
always divisible by (a + 1)n + 1 for all natural integers m.

Remark 3. By the Eq. (63), it follows that an integer T'(n, j,a) = (“”;“j) (Z’fgjl) is
always divisible by an + 1 for all non-negative integers j such that j < |7 |. These
numbers also appear in Lemma 1 and Lemma 2. Note that the Eq. (15) can be also
written as

Ms, (n, j,0;0) = (=1)"7(n = )T (n, j, a). (64)
Similarly, the Eq. (16) can be written as

M (mj i) —n 3 <—1>”-J-“(”j )(j :u>T(n,j+u,a)- (65)
u=0

Obviously, .
Ms,(n,j,0;a) = (=1)"((a+ Dn+ 1)T(n, j, a). (66)

It would be interesting to find a combinatorial interpretation for numbers T'(n, j, a).
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