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On circumradius equations of cyclic polygons

Dragutin Svrtan

Abstract

Finding formulas for the area or circumradius of polygons inscribed in a circle
in terms of side lengths is a classical subject. For the area of a triangle we
have the famous Heron’s formula and for cyclic quadrilaterals we have the
Brahmagupta’s formula. A three decades ago D. P. Robbins found the min-
imal equations of degree 7 satisfied by the squared area of cyclic pentagons
and hexagons by a method of undetermined coefficients and he wrote the re-
sult in a nice compact form. For the circumradius of cyclic pentagons and
hexagons he did not publish the formulas because he was not able to put
them into a compact form (in this paper we describe our compact form also
for a heptagon and octagon). The Robbins approach could hardly be used
for heptagons due to computational complexity of the approach (leading to a
system with 143307 equations). In another approach with two collaborators a
concise heptagon/octagon area formula was obtained in 2004. (not long after
D. P. Robbins premature death) in the form of a quotient of two resultants
(the quotient still hard to be written explicitly because it would have about
one million terms—this approach uses covariants of binary quintics). It is not
clear if this approach could be effectively used for cyclic polygons with nine
or more sides. A nice survey on this and other Robbins conjectures is written
by I. Pak. In this paper we shall explain a simple quadratic system, which
seems to be new, for the circumradius and area of arbitrary cyclic polygons
based on a Wiener-Hopf factorization of our new Laurent polynomial invariant
of cyclic polygons. Explicit formulas, of degree 38, for the squared circumra-
dius (and less explicit for the squared area) of cyclic heptagons /octagons are
obtained. By solving our system in certain algebraic extensions we found a
compact form of our circumradius heptagon/octagon formulas with remark-
ably small coefficients. In 2005. we have presented an intrinsic proof of the
Robbins formulas for the area (and also for the circumradius and area times
circumradius) of cyclic hexagons based on an intricate direct elimination of
diagonals (the case of pentagon was treated in Ref. [7]) and using a new algo-
rithm from Ref. [11]. In the early stage we used computations with MAPLE
(which sometimes lasted several days!).

(Dragutin Svrtan) Faculty of Science, Department of Mathematics, Zagreb, Croatia,
dragutin.svrtan@gmail.com
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1 Introduction

Cyclic polygons are the polygons inscribed in a circle. In terms of their side
lengths aq,as,...,a,, their area S and circumradius r are given in case of trian-
gles and quadrilaterals explicitly by the following well known formulas: the Heron’s

formula ( 60 B.C.) for the area and the circumradius r of triangles (by letting
A= (452 p=1/r? :

A—(a+b+c)latb—c)la—b+c)(—a+b+c) =0, (1)
a?v’?p—(a+b+c)a+b—c)la—b+c)(—a+b+c)=0

and the Brahmagupta’s formula, (7 th c. A.D.) for the area and the circumradius
of convex (¢ = 1) and nonconvex (¢ = —1) quadrilaterals:

A.—(a+b+c—cd)(a+b—c+ed)(a—b+c+ed)(—a+b+c+ed) =0, (2)

(ab + ecd)(ac + €bd) (bc + ead) p-— (3)
(a+b+c—ed)(a+b—c+ed)(a—b+c+ed)(—a+b+c+ed) =0.

(Note that for ¢ = 0 (or d = 0) Brahmagupta’s formula transforms into Heron’s
formula.) In a masterfully written (in german language) thirty pages long paper (and
published in 1828 in Crelle’s Journal) A. F. Mobius studied some properties of the
polynomial equations for the circumradius of arbitrary cyclic polygons (convex and
nonconvex) and produced a polynomial of degree §,, = %(L(nﬁ_l)l /o J) —27~2 that relates
the square of a circumradius (r?) of a cyclic polygon to the squared side lengths.
He also showed that the squared area rationally depends on r2, a4, as,...,a,. His
approach is based, by a clever use of trigonometry, on the rationalization (in terms
of the squared sines ) of the sine of a sum of n angles (peripheral angles of a cyclic
polygon ). In this way one obtains a polynomial relating the circumradius to the side
lengths squared. These polynomials, known also as generalized Heron r-polynomials,
are a kind of generalized (symmetric) multivariable Chebyshev polynomials and are
quite difficult to be computed explicitly. Mobius obtained nice form for the leading
and constant terms for pentagons and hexagons, but no complete answer even for
pentagons. By an argument involving series expansions (cf. [8]) he proved that
the r2-degree for cyclic n-polygon is equal to d,. In the final part of the paper he
obtained for the squared area a rational function in 72, a;, as, . . . , a, involving partial
derivatives, with respect to side length variables, of all the coefficients of the Heron
r-polynomial. So, in principle, one could get from this formula the area polynomial
by using Viete formulas together with a heavy use of symmetric functions.

About thirty years ago David Robbins ( [3,4]) obtained, for the first time, concise
explicit formulas for the areas of cyclic pentagons and hexagons (he mentioned that
he computed also the circumradius polynomials for cyclic pentagons and hexagons
but was not able to put either formula into a sensible compact form). In [3] two
general conjectures (Conjecturel and Conjecture2), naturally extending nice M6bius
product formulas for the leading and constant terms for pentagons and hexagons
are given. We shall give a verification of these conjectures up to n = 8.

One of the Additional Conjectures of Robbins, stating that the degree of the minimal
A-polynomial equation for cyclic n-polygons «,, (165%,a?,...,a2) = 0, (i.e. of the
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generalized Heron A— polynomial), is equal to d,, was established in [FP] first (by
relating it to the Sabitov theory of volume polynomials of polyhedra, see nice survey
article by Pak ) and later in [8] (obtained by reviving the argument of Mobius and
reproving the Robbins lower bound on the degrees of minimal polynomials, c.f. [17]).
In Robbins work a method of undetermined coefficients is used for pentagons (70
unknowns) and hexagons (134 unknowns). This method seems to be inadequate for
heptagons because one would need to handle a linear system with 143307 undeter-
mined coefficients. By using a clever substitution (Robbins ¢; ’s) he was able to
write the pentagon and hexagon area equations in a compact form. He wrote his
formulas also as a discriminant of some (still mysterious) qubic. Along these lines
in [8] it is found that for (2m + 1)-gon or (2m + 2)— gon, the generalized Heron
A-polynomial is the defining polynomial of a certain variety of binary (2m—1)-forms
with m — 1 double roots (in some sense it demystify Robbins cubic but its role is still
mysterious). In [8] a formula for the area polynomial for heptagons and octagons is
found in the form of a quotient of two resultants, one of which could be expanded
explicitly so far. This exiting result was finished by two of the Robbins collaborators
just few months later after Robbins passed away.

Another approach, which uses elimination of diagonals in cyclic polygons, is treated
at length in [5] where among numerous results one also finds an explicit derivation
of the Robbins area polynomial for pentagons by using some general properties,
developed in that paper, together with a little use of one undetermined coefficient.
Independently in [7], where an almost forgotten elegant Gauss quadratic pentagon
area equation is revived, the Robbins pentagon area formula was obtained with a
simpler system of equations by a direct elimination (and MAPLE of course) with
no assistance of undetermined coefficient method. In [7] also the circumradius and
the area times circumradius formulas for pentagons, in terms of symmetric func-
tions of the side lengths squared, are explicitly computed. The diagonal elimination
approach seems to be better suited for circumradius computations than for the area
computations. By introducing diagonals into play the original side length variables
are separated into groups (symmetry breaking) and, after eliminating diagonals, one
needs to use immense computations with symmetric functions to regain the symme-
try. In [11,18] we have designed an algorithm, which generalizes the basic algorithm
for writing symmetric functions in terms of the elementary symmetric functions,
which does not expresses everything in terms of the original variables. Instead it
goes only down to the level of symmetric functions of the partial alphabets and leads
to global symmetric function expansion. This enabled us to get r-polynomials for
hexagons (and hopefully more in the future).

In this paper we illustrate yet another approach to the Robbins problem, especially
well suited for obtaining Heron r-polynomials. We have discovered that Robbins
problem is somehow related to a Wiener-Hopf factorization. We first associate a
Laurent polynomial Lp to a cyclic polygon P, which is invariant under similarity of
cyclic polygons (it is a kind of "conformal invariant"). Then there exists a (Wiener-
Hopf ) factorization of Lp into a product of two polynomials, v, (1/z) and v_(2), (in
our case it will be y_ = v, =: v ) providing a complex realization of P is given. The
factorization (i.e. v(z)) is then given in terms of the elementary symmetric functions
ex, of the vertex quotients, if we regard vertices of (a realization of) P as complex
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numbers of equal moduli (= r). For (ex)’s, viewed as the unknowns, we then obtain
a system of n quadratic equations, arising from our Wiener-Hopf factorization, with
n — 1 unknowns (note that e, is necessarily equal to 1 as a product of all the vertex
quotients (we call this a "cocycle property" or simply "cocyclicity")). The consistency
condition (obtained by eliminating all e;, kK = 1..n — 1 ) for our "overdetermined'
system will then give a relation between the coefficients of our conformal invariant
Lp, which in turn will be nothing but the equation relating the inverse square radius
of P with the elementary symmetric polynomials in the squares of the sides.
During of these investigations we found another type of substitutions by expressing
the coefficients of Lp in terms of the inverse radius squared (p) and the elemen-
tary symmetric functions of side lengths squared. By using this substitutions, our
Heron p-polynomials get remarkably small coefficients. Further simplifications we
have obtained by doing computations in some quadratic algebraic extensions. In
such quadratic extensions we can simplify our original system (having all but one
equations quadratic) by replacing two quadratic equations by two linear ones). Also
the final result can be written in a more compact form p, = A2 — A, B? (a Pell
equation). Thus the number of terms is the final formula is roughly a square root
of the number of terms in the fully expanded formula. With such tricks we have
obtained so far, down to earth, explicit formulas for Heron p-polynomials, up to
n==_§.

2 Equations for cyclic polygons via Wiener-Hopf
factorization
Assume that a cyclic polygon P has its vertices on a circle centered at the origin in

the complex plane. Suppose that these vertices are in order vy, ..., v, and that the
radius of the circle is 7. Also let v, 1 = v; and define the vertex quotients by

Uj+1
4G =——" (4)
Yj
The geometric meaning of these vertex quotients are q; = cos,; + Isinp; = eléi,
where ¢; denotes the central angle <t (v;Ovj41) of P. Then we have the following
Cocycle identity:

[lo=1 (5)

The side lengths a; (= the distance from v; to v;11) of P are given by

2 2 P 2 Vj+1 v
a’ = |lv; — v; = (v: — v Vi — Vs =r 2 L= 4
J ‘ J ]+1’ ( J ]+1)( J ]+1> < v; Uj+1> (6)
2 ~1
=2 (g+q7"))-
Now we associate to a cyclic polygon P, with side lengths a4, ...,a,, a Laurent

polynomial Lp(z) defined by the following formula:
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:ﬁ(z+z‘1+2—a§p> eC[z,z_l}, (7)
j=1

where p = 1/r? denotes the squared curvature of the circle circumscribed to P.
Note that this polynomial is a conformal invariant in the sense that if cyclic polygons
P, and P, are similar, then Lp, (2) = Lp,(2).

Basic notations:

Denote by e the elementary symmetric functions of ¢, ..., g, (vertex variables):

L4+ et+et’ +- - +e,t" =[] (14 gt) (8)
j=1

and by & the elementary symmetric functions of a?, ..., a2 (side lengths squared):

n
Lt et +eat? + -+ et” = [[ (1+alt). (9)
j=1

Lemma 1. (Additive form of Lp). We have

—n<k<n k=0
where

- 22 n—i n—i

i=k

(Note that Ay =A_,, = 1.)

Proof. We compute

LP(Z)ZH(Z—FZ_l—i-Q—a?p) H(1+z —a?p)
i=1 i=1

= (1 + Z)Qizfienﬂ- (al, - ,ai) <_p)n7i

0<i<n

2\ .. .
_ 5 (?)a—fen_i(—p)“-z
0<i<n \0<j<2i \J

= 2 (ot £ (e (Batoor) (o).

]

i
IN

0<i< 1<k<n
By equating the coefficients the result follows. O
If we know the vertex coordinates vq,...,v, of P then in terms of the vertex quo-

tients ¢; = v;4+1/v; we can factor its Laurent polynomial Lp into a product of two
polynomials, one in z and the other in z71.
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Lemma 2. (Multiplicative form of Lp) We have

Lp(z) =7 (z7) 2(2), (12)

where y(z) is the following polynomial

Y(2) =14 e1z + ez + -+ +ep2" (13)

with eq,...,e, denoting the elementary symmetric functions of vertex quotients
G1s- - - qn of the cyclic polygon P (note that e, = q1 -+ q, = 1).

Proof. We apply the identity

stz bgtq =g (T4g27") (14 ¢2) (14)
to each factor of the defining formula (7) of Lp(z) and then use the cocycle identity
(7). O
By combining both Lemma 1 and Lemma 2 we obtain the following

Theorem 1. The quantities e = 1,eq,€2,...,en_1,6, = 1, associated to a cyclic
polygon P, defined by (8) satisfy the following quadratic system of equations:

zk:ek_jen_j =c¢, k=1.n, (15)

=0
or more explicitly:

€1+ en—1 = C1,
€2 + €1€p—1 T €p_2 = Cg,
(15)
€n-1+€n2€y_1+---+eex+e =cyq,
l+ei+es+ +et+1=g¢,

with ¢, = An_i, where the lambda’s are defined by (11).

Proof. By comparing the coefficients of 2”1, 22 ..., 2,1 in the factorization re-

sulting Lemma 1 and Lemma 2 which explicitly looks as:

<1+61+6Z+~-+62) (1+elz+ezz2+~-+enz”)=
z oz z
Cn + Cn_1 (z—irz*l) + Cp_o (z2+z*2) + -4 (z"%—z’")
and using that eg = ¢, = 1. O]

Example 1. For n = 3 we get the following system:

e+ ey =
€ + €163 + €1 = Co (Eq3)

el +es+2=cs
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with
3 .
2 . .
=2 ( Z )(—1)3Zé‘suf‘z = —e1p +6,
= \i—2
3 .
2 , ,
2= (l _ 1) (—1)*esip’™" = e2p® — derp + 15, (C3)
=1
3 .
2 , ,
C3 = ( . ) (=1)*esmip”™" = —e3p’ + 2e2p” — 6e1p + 20.
1=0

By eliminating ey, ey from the (dependent!) system (Eq3) above we obtain

A 4+2c; —2c5+2—c3=0. (16)
By substituting for ¢y, ca, c3 from (C3) into (16) we obtain

p° (53p +£2 — 452) =0.

Since p (= 1/r?) is nonzero we end up with the Heron formula (1) for inverse radius
squared:

g3p+e7 —4dey =0
written in terms of elementar tri ti =a? 2 2 = a%a?
y symmetric functions 1 = af + a3 + a3, €2 = aja; +
2.2 22 _ 2.22

This example shows the main feature of our Wiener-Hopf type approach to Robbins
circumradius of cyclic polygons problem. We may hope that simply by eliminat-
ing ey,...,e,_1 from the system (15) of Theorem 1 we would get an equation for
the circumradius of general cyclic polygons. But elimination from such a "simple"
quadratic system may be computationally very demanding even for a very powerful
computers today. Further notation: The special values for z = +1 of the polynomial
~vp(z) we denote by

Y, =p(1) =24e1+es+ - +en, (17)
Op i=7p(-1) =1+ (—1)" —er+ea+ -+ (=1)" e, (18)

A =347 (<100,
=0
Then, from the factorization Lp(d1) = vyp(£1)? we immediately get

Yn2:2(01+C2+"'+Cn—2+cn—1+1)+Cn:An’ (19)
02 = (—1)"e.p". (20)

If we adjoin to our quadratic system, from Theorem 1, two linear equations, resulting
from (17) and (18):
Auxiliary equations:

erte+--te1 =Y, -2,

21
—e1+ey+ -+ (_1)n_16n—1 = @n -1- (_1)n ( )
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For example for n = 3 the two auxiliary equations are:

e1 ey =Ys—2 with Y2 =2(c; +cy+ 1) +cs,

22
—e1 t+ e = @3 with @% = —63p3 ( )
and we obtain immediately
caa+2-Y;=0. (23)
This gives us a new form of the classical Heron formula for the circumradius:
ps=|p* (A3 — A3BF) =0 (24)
where
As:=c1+2, By=1l,and A3 =Y =2(c;i +ca+1)+cs. (25)

This new derivation of the classical Heron formula explains some features of our
approach to Robbins problem. We are intending to write a final result in the form

pa=p"""" (A = ABY) =0, (26)

which is much shorter than if we would expand A2 and B2. Without auxiliary
equations we would get the formula in the expanded form which may not be
explicitly computable on a computer at our disposal.

Cyclic quadrilaterals (n = 4)
Now by eliminating eq, e, e3 from the basic system

2, 2, 9
Eq4 = {61 +e3 —c1,ea+e1e3 4+ ey — co, 63+ €se3 +ejea + e —c3,e] +e; + e —04}

we obtain

¢} —2ccy — ey — A+ 2c1c3+ A =0

With only first auxiliary equations

ertete=Y-2 Y/=2(a+ctat+l)t+a

we get

po=p " (A5 = A4BY) =0

where

2
A4 = Cl+01+63, B4I(21.
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Remark 1. If we substitute ¢; = 8 —e1p, co = €9p® —6e1p+28, c3 = —e3p° +4e9p* —
15e1p + 56, ¢4 = e4p* — 2e3p3 + 6e2p? — 20e1p + 70, and 4 = n? we obtain
Py = (53p +e2 —dey 414 (8 — 51,0)> (53p +e2 —deyg —ny (8 — slp))
= pipi
where pj corresponds to convex quadrilaterals and p; to nonconvex quadrilaterals.
Note also the following property:

pi=p3—e1(8—c1p)’.
Note that 8 — e1p can be interpreted as —ps (for a digon).

Cyclic pentagons (n = 5)

By eliminating eq,...,e4 from the basic system for cyclic pentagon we obtain a
polynomial in ¢y, ..., c; having 119 terms and coefficients between -20 and 32. By
substituting cs_, = 37, (fﬁk> (—1)°"e5_p° (0 < k < 4) we obtain a p® times a
polynomial of degree 7 in p having 81 terms and coefficients between -16384 and
8192.

By using auxiliary equations we obtain a much shorter expression (with coefficients
+1,4£2,43,44)

ps=p° (Ag - B§A5>

where

As =c] + (=3ca +2c5+ ¢4 — 3) & + (—2co — 4eg + 2) 1+

+2¢5 + (—=2c3 — 2c4 +4) ca + 3 + 2c3 — 2¢4 + (2 + 3) 5 + 2,
B5Z—C?+26%+(202—03)cl—2024—204—05—2,
As =Y2=2(ci+co+cs+cy+1)+cs.

pglem:

plhes®+(—2erezesteales?—deaes?)pl24 (213652 —2 €1 2eaencs +er2es?es—8 ereaes?+8 erezeacs—2 eaes’es+32 ezes? ) pl0+
+<—2 e1teseste1tes?+8 €13 eses+4e12e0eze5—2€12e3%e4—16€12€52—32 €1e32€5+16 €22€e3€e5+€32—32 €ae52—64 635465)p8+
+(61665+6 614626574 6146364+32 6136365732 613642732 61262265+16 6126263€4+4 612633732 61264e5+32 6163264732 623657

—16 €2€3%4+256 €1€52+128 egeqge5+224 63265)p6+(72 €1%e4—64€1%e5+16 6146264+6 614632+128 €1%€2e5+64€13e3e4—32€1%€2%€4—
—48 €1%e2e32 576 €12 €e3e5+384 €12€42+512 €122 €5 —256 €1 e2e3€4+96 €22€32 —512 €1 €465 —T68 eaeges — 128 e32e4 —T768 652)p4+

+(4 €1%e3+32€1%cs—48 e1%eaes+736 €1 €5 —256 €132 +192 €12 €22 €3—2816 €12 eae5—256 €1 2€3€4+512 €1€2%€4—256 23 €3+

+6144 €1e3e5—2048 €142 —512 e22e5+1024 ee3e4+2048 6465)p2+618—16 €1%e+96 €1%€22—128 €14 €4 —256 €1 2€23 —2048 €135+
+1024 €12 €2€4+256 €24 +8192 €1 €065 —2048 e2% €4 — 16384 e3€5+4096 €42

Cyclic heptagons (n =7)

In this case we have p; = p~% (A% — A;B2) (where here we have p = r71), A; =
2(ci+ea+--+es e+ 1)+
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CYCLIC HEPTAGON RADIUS EQUATION 20230519

The inverse circumradius equation for cyclic heptagon will be in the form

pl7] =A[7]2 —A[7]- B[7]2 with notations

e[ k] = thek_th elem.symm.poly. of side lengths a[ 1 P..a[71%:€[0]:=1:

pi= ¥ = inverse circumradius

forkto7 do c[ k] =sum (binomial(2-7 — 2-j, k — j) - (-1)7-epsilon[ j]-rho®”/ ,j=0.k) od
pe +14=-ple +14

v "V "V "V "V "VI

ple, —12p7¢, +91=p'c, — 12p’¢, +91

e, +10p*e, —66 e, +364=-p’e, +10p*e, — 66 p’ €, + 364
ple, —8p°e, +45p'e, —220p ¢, + 1001 =pe, —8p°e, +45p'e, —220p7 €, + 1001
p'%e,+6p°e, —28p°€, +120p"e, —495p7 ¢ +2002=-p'" e, +6p’e, —28p°¢, +120p' €, —495p” €, +2002
pPe, —4p'le, +15p%, —56p°¢, +210p*e, —792p7 €, +3003=p'? ¢, —4p'% e, +15p%¢, —56p°¢, +210p¢,
—792p% €, +3003
e +2pe —6p"0e, +20p%, — 700, +252p'e, —924p7 €, +3432=pte +2p% e —6p'¢, +200%,
—70p°e, +252p'c, —924p7 €, + 3432
> A[7] =product(4 —a[k?-p* k=1.7) =add(47— k.(-1)k-p
+203 +2¢, +2c5 +206 +¢

[> Then interms of elementary symmetric polynomialse[ 1],..,e[ 6] of vertex quotients q[1]...,
_ ql[7] our versionof the

2k e ,k=0..7) =242¢ +2¢
k 1 2

| > Newp — Robbins system for cyclic heptagons
[ > e[0]:=1:e[7]:=1:€[0]=1:¢c[0]=1:
> fork to7 do eqlk] = sort(sum(el[jl-e[7T —k—+jl,j=0.k)-c[k], [seq(c[k],k=1.7)]) od

eq = -¢ te te¢
eq, = - t+eegte te
eqy = -G teeteegtete
eqy = - teegteoeteaggtegte
eqs = -csteegteegteageteeg e e
edg= - teeteetee e t+eeg+e ¢
eq; = -, +d+&+d+g+ed+é+2
> Eq[0]:=uadd(e[jl,j=1.6) +2—=Y[7]
Eqy:=e +e,te;te teste +2-1,
> Fq[0]=add((-1)/""e[jl,j=1.6) —O[7]
Fgy:=e —e,te;—e +es—e — O,

e[3],e[2],e[1]])[2]):t7=time( ) — st;
t7=3035.781

> op(1,K7),0p(1,0p(2,K7))
(€ —¥2+4c,+dc,+acg+4) (-6 +283 +4cic, +8Y, — 8¢, — 8¢, — 8¢, — 16), -c +27

| > Remarks : 1) Y[7]2 =A[7]1=2-(1 +add(c[k],k=1..6)) +c[7]:
> 2) @ =2¢-2¢,+2¢-2¢,+2 ¢~ 2o, —2 =€ p
>
> So,we intendtowork in a double quadratic extension defined by adjoining Y[7]and ©, :
> The elimination of all variables [e[6],e[5],e[4],e[3],e[2],e[1]] from the p-System7 = {seq(eq[k], k
_ =1.7),Eq[0],Fq[0]} lasted only t7=3035.781 , ona Xeon WS (with256 GBRAM ).
| > The implicitinverseradius equation isobtainedasop (2, op(K7[2]) , where
| >
> st=time( ) : K7 = map (factor, eliminate( {seq(eq[k],k=1.7),Eq[0],Fq[0]}, [e[6],e[5],e[4],

0y

(0]
(&)

(C))

6
)



+4clcz+8Y7—8(:l—8c2—8c3—16

| >
> bl == sort(collect(op(2,K7[2]), Theta[7]), Theta[ 7]) : length(bl)
363028
> b2 = simplify(b1, { Y2 =€ +4dc, +dc, +4c, +4}) tindets(b2), length(b2), degree(b2, Theta[ 7])

{05 Vs ¢y 050 03, ¢4 €566}, 179163, 10

> b3 == map( factor, collect(b2, Theta[7]) ) :length(b3)
316038

> Notethat b3 depends linearly on Y[ 7]
> b30 = coeff (b3, Y[7],0) :b31 = coeff (b3, Y[7]) : length(b30), length(b31)
173880, 107654

2
{@7:201 —202+2c3—204+205—2c6+c7—2}) :

> indets([a7,b7]),length(a7), length(b7)
{cl, €y, €3, Cys Cs5 Cos 07}, 216981, 137841

| > Thus a7 and b7 do notdepend on Theta[ 7 | any more. By writingc[ k] simply asck, k=1 .k
> a’le:=subs(seq(clk]l=cllkk=1.7),a7) :b7e:=subs(seq(c[k]l=c||kk=1.7),b7) :
> map (length, [a7,a7e, b7, b7e, A7h, B7h])
[216981, 121216, 137841, 77021, 57588, 35958 ]

:> and converting to Horner form we obtain "shorter polynomials" A7h and B7h :

> A7h = convert(a7e, horner)
A7h =8+ 8+ (-104+(-284+(-15—=c7)c7)c7)c7)c7+ 12+ 28+ (11 4+ (-4 —c7)c7)c7) c7+(-8+ 24+ (18 +5¢7) c7) c7+(-16

+ (-4 +c7)c7+ (-8 c744cb)cb) cb) c6) c6+((4+ 20+ (11 +c7)c7)c7) c7+ (-8 4+ (16 + (28 +5¢7) ¢7) ¢7+ ((-20

—6¢7) 7+ (167424 +16 ¢6) c6) c6) c6+(-20+(15+6¢7) 7+ (-4 +(-50 —c7) ¢7+ (-6 ¢7+4 +4 ¢6) c6) c6+ (-4 +(
-8—=Tc7) c7+(8c7—4—8c6)c6+(-c6—2c7+6+(-2—c5)c5)c5)c5) c5) 5+ (-124+(-84+(54+9¢7)c7)c7+(-16+(-8
+20c¢7)c74+((8+5¢7)c7+(8c7—4c6) c6) c6) c6+ (84 (-4+(-284+4c7)c7)c7+ 8+ (-64—-26c7)c7+(-4c7—8
—8¢6) c6) c6+4 (60 + (-2 —=25¢7)c7+(50¢74+36 +24 c6) c6+ (12 c6+4c7+36+(6c6+c7—T—2ch c5)cd)chces5+(-32
+ 8+ B6+3c7)c7)c7+(-36+(-16—=22c¢7)c7+(-12c7+4 c6) c6) c6+ (-48 + (20 +2 ¢7) ¢7+ (68 ¢7— 16 +8 c6) c6 + (
=52+ (-4+c7)c7+(-4c7—48 =12 ¢6) c6+(8c6—4c7—28—=2c5) cd)c5)c5+(36+(-8+(8—c7)c7)c7+(-24+(16
—=2c¢7)c7+ (=28 +4c7+8c6) cb) c6+ (40 +(-16 +6¢7) c7+ (8 c7—24 =8 c6) c6+ (16 c6 —8 c7+20) c5) ¢5+ (24 + (-4
+2¢7)c74+(-8¢7+40—24¢6) c6+(16c6—8c7+8—4c5) c5+(-8c5+24c6+4c7—16—8c4) cd)cd) c4) cd) c4+ (-8 +(
“20+(-22+(-13=5¢7) 7y e7) 7+ (-84 (-8 + (-8 — 11 ¢7) ¢7) 7+ ((20 —4 ¢7) ¢7+ (24 ¢7— 8 — 8 ¢6) ¢6) c6) c6+ ( (15 c7*
—4) c7+ 48+ (-32+2¢7) 7+ (44 ¢7—16 =32 ¢6) c6) c6+ (20 + (=12 =21 ¢7) ¢7+ (8 ¢7+36 — 24 ¢6) c6+ ((10 — c7) 7+ (
-4 —4¢6) c6+ (6 c7+4)c5) c5)c5) 5+ (-84(60+ (108 +42 ¢7) ¢7) ¢7+ (24 4+ (-24 =2 ¢7) 7+ (-12 ¢7 — 24 — 8 ¢6) ¢6) c6
+(-16 +(-20+(-50 +3 c7) ¢7) c7+ (104 + (=24 +2 ¢7) c7+ (-4 ¢7+8 ¢6) c6) c6+ (=52 + (8 =6 ¢7) ¢7+ (-20 +8 c6) c6
+(-16c6+4c7—12—-6¢5)c5) c5) S+ 56+ (-12+2+2c¢7)c7)c7+(16+(-4—8¢7)c7+ (=24 c¢7—16) c6) c6+ (56 + (28
—6c¢7)c7+24c7+72+24¢6) c6+(-24c6—4c7+28+12c¢5) ¢5) 5+ (=24 +(-104 +2¢7) ¢7+ (40 ¢7+56 +8 ¢c6) c6 + (
24¢6—12¢7—8+24¢5) c5+(-8¢5—16c6—16c7—24+8 c4) c4) c4) c4) c4+(-16 + (-8 +(-8—=5¢7) ¢7) c7+ (4 +(-30
+(-11=3¢c7)c7)c7+ (16 +(12=3¢c7)c7+ (6 c7+12) c6) c6) c6+ (-8 + (16 +(-12+3¢7)c7) c7+ (12 +(-12+8 ¢7) c7
+(@4c7—48 =12¢6) c6) c6+ (-12+(40—11¢7) c7+ (=11 c7+20+8 c6) c6 + (8 c6 —c7— 6 +2 ¢5) ¢5) ¢5) c5+ (44 + (30
+23+4c7)c7)c7+ @4+ (-6+14c¢7) c7+(-4c7+4—12¢6) c6) c6+(-16 +(16 =11 ¢7) c7+ (16 ¢7+92 +12 ¢6) c6 +(
=206 +19¢7+8+8c5) S S+ (12 +(-114=25¢7)c7+(2¢7+32—12¢6) c6+ (=36 c6+8 c7+44 +8¢5) c5+(-20 ¢S5
+20c6+8c7+36c4)cd)cd) c4d+(12+(16+(114+2¢7) c7)c7+ (16 +(-24 +c7) c7+(-16 ¢7—4 416 ¢6) ¢6) c6+(-16
+(10+3¢7) c7+ (=34 c7+8+16¢6) c6+ (18 c6—4c7—28 =2 ¢5) ) 5+ (15¢7 +8 + (12 ¢7+36 — 20 ¢6) c6+ (32 c6
—=2¢7+32-10¢5) 5+ (=56 ¢5+32¢6—20c7—56 +12 c4) c4) c4+ (6 + (-9 +(-16 — c6) ¢6) c6+ (¢7+4 + (3 c7+20) c6
+(-3c6—1-2cHc5)ce5+(-31+(-1=3¢c7)c74+(c74+2443c6)c6+2c6+c7—26+c5)c5+2c5—3c6—-3c7—4
+9cd)cd)cd+(-8+(6—c7)c7+(-4+2c7—4c6)c6+(-2c6+6c7—2)c5+(-14c5+2c64+2c7+2—2c4)cd+(-4c4
—2c548c6—c7+2—c3)c3)c3)e3) e e3)e3)e3+(-4+(-24+(-41+(-25—=2¢c7)c7)c7)c7+ (8 +(-28 +(-38
—9¢7)c7)e7+R244+(16—=15¢7) c7+ (20 ¢c7+8 —4 ¢6) c6) c6) c6+ (24 + (44 4+ (52 +38 ¢7) ¢7) ¢7+ (40 +40 ¢7) c7+ (20 ¢7
—72 =48 ¢6) c6) c6+ (12 4+ 26+ (-11 —c7) c7) c7+(-16 +(-20—4¢7) c7+ 2 c7+12 c6) c6) c6+ (-16 +(-28 =3 ¢7) c7+ (
-8¢c7416) c64+(7c7+15+2c5) c5) c5) c5)e5+(-24+(124+ 38+ (13 —c7)c7) c7) c7+ (40 +(-36 + (-36 +c¢7) c¢7) ¢7 + (88
+(-20+12¢7) c7+ (4 c7+8—16¢6) c6) c6) c6+ (-80 4+ (-68 + (48 +¢7) c7) c7+ (-4 72 =16+ (-20 ¢7 — 16 ¢6) c6) c6+ (
-84+ (-184+10c7) c7+ (8 ¢c7—32+4c6) c6+ (-8 c6+24 c7+36—10c5) c5) c5) 5+ (108 + (4 +(-10=2¢7) c7) 7+ (-40
+(36—-16c¢7)c7+(-28 +48 c6) c6) c6+ (104 + (-8 +10c¢7) c7+ (8 ¢74+16 +24 c6) c6+ (=36 c6—2 ¢7+60 — 24 ¢5) c5) ¢5
+(-164+(-44+10c7)c74+(-4c¢7+80—=56c6) c6+(-16c6—12¢7—324+12c5) c5+ (8 c5+32c6—56 —8 c4) c4) c4) c4) c4

Q)

®
®

(10)

> a7 = 2_8-simplijfj/(b30, { @? =2¢; =2¢,+2¢;=2¢,+2¢5—2¢5t+ ¢ —2}) 1b7 = 2_8-<simplzﬁ/(b31,

an

(12)

13)



+(-16+(-14+ (=13 =2¢7) ¢7) ¢+ (=76 + (40 =9 ¢7) ¢7) ¢7+ (40 + (=24 — 2 ¢7) ¢7 + (12 ¢7 + 16 — 8 ¢6) ¢6) ¢6) c6+ (8
+(64+(8c7+16) c7) c7+ (16 +(32+40¢7) c7+ (24 ¢c7—8 —32¢6) c6) c6+ (-4 + (28 =16 ¢7) ¢7+ (-28 ¢7+ 80 +4 ¢6) c6
+(-12+14c5) c5) ) e5+ 88+ (44 +(82—3¢7)c7)c7+ (8 + (128 +6¢7) 7+ (=20 ¢7— 8 +24 ¢6) c6) c6+ (-128 + (-144
—=36¢7)c7+(-48¢7—16 +48 c6) c6+ (-80 c6+28 ¢7—92 +56 ¢5) c5) ¢S+ (-48 +(-76 =18 ¢7) ¢7+ (20 ¢7 +112) c6+ (
=96 c6+64 c¢7+160+92 ¢5) 5+ (-24c6+76 c7—56 +8 c4) c4) c4) c4+ (12 + 22+ (23 =T ¢c7) ¢7) c7+ (44 +(-18
+2¢7) ¢74 (=52 ¢7— 4 +28 ¢6) c6) c6+ (29 ¢ — T2+ (-24 ¢7+36 +68 ¢6) c6+ (40 =9 7+ (-c7+4) c6+ (4 c6—c7— 18
+2¢5)¢5) ce5) 5+ (-84 (48 +46¢7) c74 (50 74204 (2 ¢7—40 44 ¢6) c6) c6+ (84 + (60 +c7) c7+ (-8 ¢7+28 — 8 ¢6) ¢6
+(4c6—=Tc7+52+4¢5) ¢5) 5+ (1004 (=34 4+6 c7) 7+ (=68 =12 ¢6) c6+ (16 c6 +4 ¢7 =56 +4 c5) 5+ (-24 c5+12 ¢c6
+6¢7—8—36cd) cd) cd) cd+ (2 ¢ +20+ (-24 + (48 =5 ¢7) ¢7+ (-4 ¢7—32 +4 ¢6) ¢6) c6+ (48 + (-48 +5¢7) c7+ (14 ¢7
—24+8¢c6) c6+(-10c6—8c7—18—6c5) c5) 5+ (-84+(-16—c7)c7+(4c7+52—8cb) c6+(-8c6—14c7—24
+26¢5)c5+40c5—4c6—16c7—44+24cd)cd) cd+(-1+(15-5¢7) c7+(13¢c7—4—Tc6) c6+(-26 c6+21 c7+26
+21¢5)e5+(-20e5-26c6+6c7+28+25c4) c4+(-8c4—10c5+14c6—14c7—2+ 8 c4+2c5—c7+4—2c3)c3)c3)
e3)ed)ed)e3+(-28+(-16+Q21+Q20+2c¢7)c7)c7)c7+ (=20 + (=72 +(-12+5¢7) ¢7) 7+ (16 + (=52 —¢7) ¢7+ (-8 ¢7
+4 —4c¢6) c6) c6) c6+(-8+(4+30+3c7)c7)c7+(56+(36+16¢7)c7+(8c7+32—8c6) c6) c6+(-16+(-24 =35¢7) c7
+(-38¢7=16—16¢6) c6+(-12c6—4c7—44 + (-c6+9 —2 c5) ¢5) c5) ¢5) 5+ (108 + (32 =22 ¢7) 7+ (-56 + (24

+8¢7) 7+ (=12 ¢7— 68 +24 c6) c6) c6+ (104 + (-40 —40 ¢7) ¢7+ (32 ¢7+ 136 +88 c6) c6 + (64 ¢7+56 + (2 ¢7+8 +4 c6) c6
+@c6+4c7+48—=5c5) c5) cd) eSS+ (116 +(-4—-22¢7)c7+ (100 + (8 —c7) ¢7+ (-4 ¢c7—4 — 4 ¢6) c6) c6+ (-104 + (12
—2c7)c7+(-4c7—88)c6+(-4c6+2c7+8—4c5)c5)c5+(-60+88+3¢7)c7+(16¢7—40+20c6) c6+(-16c6—4c7
+16+8¢5) 5+ (16c5—28c6—12¢c7+24+12c4) cd) cd) c4) c4+ (24 +(-12+(-40—19¢7) ¢7) 7+ (-16 + (12 =14 ¢7) c7
+(-32¢7+16 +32¢6) c6) c6+ (=24 +(-52 +4 ¢7) c7+ (128 + (64 +2 ¢7) c¢7 + (104 — 8 ¢6) ¢6) c6+ (8 + (64 +c¢7) c7 + (-20
—12¢6) c6+ (12 ¢6+10 ¢7—40) ¢5) c5) 5+ (48 + (12 + (-54 +¢7) ¢7) ¢7+ (10 ¢ +16 + (20 ¢7 — 32 +8 ¢6) c6) c6+ (96
+(-4—=10c7) c7+(-24c7—88 =8 c6) c6+ (12 c6—48 =20 ¢5) ¢5) 5+ (-96 + (108 — 14 ¢7) ¢7+ (-44 ¢7— 80 — 16 c6) c6
+(16c6+8c7—=T2+8c5) c5+(48c5+24c6+32¢7+72—16c4) c4) cd) c4+ 32+ (4 +(-28 —c¢7) ¢7) c¢7+(-36 + (60
—15¢7)c7+ (=12 ¢7—64 +4 c6) ¢6) c6+ (36 +(-36 +9¢7) c7+ (16 ¢7— 152 +20 ¢6) c6+ (4 c6 — 18 ¢7—36 —42 ¢5) c5) c5
+(-44 + (134 +19¢7) c7+ 307+ 108 +12 ¢6) c6+ (20 c6— 16 c7—T72 =48 ¢5) ¢5+ (40 c6 — 6 c7+8 =32 ¢4) c4) c4+ (-8
+(-8=13¢7)c7+(-4—4c6)c6+(-48c6+34c7+24+56c5) c5+(-40c5—52¢6+24c7+64—-16c4)c4d+(-11c¢7-5
+(35=c6)c6+R2c7+10—=2¢5) 5+ (-12¢5+2c6+6¢7—3—=21cd)cd+(12c¢4—4c5—4c¢7—6)c3)c3)c3) c3) e3+(28
+ (@48 +(30+10c¢7) c7) 7+ (-56 + (64 + (38 —c7) ¢7) 7+ (-68 + (28 =2 ¢7) c¢7+ (4 ¢7+8 ¢6) c6) c6) c6+ ((-32 +(-30
—2c7)e7) 7+ 24+ (-16—=6¢7)c7+(32+8cb6) c6) c6+ 36+ (-6c7+4)c7+(-12¢7+4—-8c6) c6+(16c6+12c7+4
+7¢5) ¢S5 ed) eSS+ (-104+ (=20 + (=26 +4 c7) c7) ¢7+ (56 +(-20 +10 ¢7) ¢7+ (-16 ¢7— 16 — 40 ¢6) c6) c6+ (28 ¢7 — 80
+@8c7—64)c6+(32c6+22c7+4—12c¢5) 5 e5+(12+(12=5¢7) 7+ (20 ¢7—56 +60 c6) c6+ (-8 c6—12 c7+8
—36c5)c5+(16c5—48c6—16c7+64+20c4) c4)cd) c4+ (24 +(-32+Tc7)c7)c7+(-16 +(-12+16 c7) c7+ (12 ¢7— 48
=16 ¢6) c6) c6+ (24 + (16 +10¢7) c7+ (-8 ¢7—48 =8 ¢6) c6+ (48 c6 +96 — 36 ¢5) ¢5) 5+ (-104 + (-28 +8 ¢7) ¢7+ (=56 ¢7
—120—-16¢6) c6+(32c6—24c7—144 =76 ¢5) c5+(-16c5+48 c6—40c7+176 =32 c4) c4) ¢4+ (-16 + (=36 +¢7) 7+ (
-46 ¢7+36) c6+(-36 c6+20c7+4 +(-c7+68+2c5) c5) 5+ (-12¢7+92+(2¢7+36 +4 c6) c6+ (-4 c6—8c7+68
+8¢5) c5+20c5-8c6—10¢7+8+20c4) c4) c4+ (16 +(-16—2c¢7) c7+24 c6+ (32 +6¢5) c5+ (16 c5+4c6+16 c7+76
—20c4) c4+(-2c4—12c¢5+10c6—2¢7—=27+4¢3)e3)e3)e3) 3+ (-4+@E+2+c7)c7) 7+ (68 + (16 +5¢7) ¢7+ (8 ¢7
+28 =12 ¢6) c6) c6+ (=56 + (=28 = 12 ¢7) c¢7+ (-44 ¢7— 88 =40 ¢6) c6+ (4 c6—4 + (16 — c5) ¢5) ¢5) ¢5+ (36 +(-20
+3¢7) 74 (-8¢7—32+36c6) c6+ (32 c6+44 c7+40+ (4 c6+2c7—12—4¢5) c5) 5+ (-c7 +60 + (-4 ¢7—8 —4c6) c6
+(@4c7+8c6—8¢) S+ (-8c5+8c6+4c7—8—4cd) cd) c4) c4+((-4 +36¢7) c7+ (12 ¢7+32 +40 ¢6) c6+ (-56 + (40
+2¢7)c7+ (=16 =8 ¢6) c6+(4c7+4)c5) 5+ (128 +(-32+4c¢7) c7+24+8¢7) c6+(32—12¢5)c5+(-16¢c5—8¢c6
—12¢7—48 48 c4)cd)c4d+ ((-4¢7—32)c7+(6c¢7—48+4c6) c6+(-12¢6—16¢7—20)c5+32c5—32c6+8 +8c4) c4
+(-16c4—8c54+12c6—-28+3c3)c3)c3)e3+(124+(-16+(1—c7)c7)c7+((-4—=2c7)c7+(4c74+20+8cb) c6) c6+ (24
+(12=2¢7)c74+(-8¢c7+8—=8c6) c6+(4c6+6c7+4c5 chHc5+8+(-8¢c7—16¢6)c6+(16c6+16c7+16)c5+(-16c5
+16c6+8¢c7—32—8c4)c4) c4+(32+(16—2¢7)c7+(16c7+16+8c6) c6+(16c6—8c7+48 —4c5) ¢S5+ (16c5—16c6
—64+16cd) cd+(-4cd+4c5—2c7—4—-4c3)c3) 3+ (-12+(-3c7—4)c7+(-4c7—12—12¢6) c6+(8c6—4c7+16
8¢5 5+ (-8¢c5+8c6+4c¢7-20)cd+8c4d—8c6—4c¢7—32—-8¢3)c3+8c4d—4+4c2)c2)c2)c2)c2)c2)c2)c2+(8
F(-8+(-58+(-50—12¢7)c7) c7) c7+ (-8 + (60 + (96 +40 c7) c7) c7+ (-48 + (8 +44 ¢7) c7+ (-44 ¢7— 40

—8¢6) cb) c6) c6+ (-16 + (4 + (44 +(15+c7) c7)¢7) 7+ (8 +(-100 + (=44 —c7) ¢7) 7+ (-136 ¢7+24 + (24 +8 ¢7
—8¢6) c6) c6) c6+ (16 +(-36 +122—4c7)c7)c7+ (-4 +(-4—=10¢7) c7+ (24 ¢7+68 — 16 ¢6) c6) c6+ ((22 — 11 ¢7) c¢7
+(26c7+40—12¢6) c6+ (-4 c6+12c7—18+6c5) c5)c5) c5) 5+ (-32+(4+(58+(2c7+8)c7)c7) c7+ (-804 (48 + (
=36 —4c7)c7)c7+(-64+(4—16c7) c7—16 c6) c6) c6+ (64 + (-40 +(-42 +4 ¢c7) c7) 7+ (-56 + (16 +6 ¢7) c¢7+ (64 7+ 56
+16 ¢6) ¢6) c6+ (36 +(8 =30 ¢7) ¢7+ (132 =56 c6) c6+ (-64 c6+ 14 ¢7—56 +42 ¢5) ¢5) ¢5) ¢5+ (-40 + (112 + (42
+2c¢7)c7)c7+ (16 +(-104 +4c7)c7+ (8 ¢7+16 — 16 ¢6) c6) c6+ (-120 + (56 + 12 ¢7) ¢7 + (24 ¢7+ 80 — 40 c6) c6 + (-88 c6
—4¢7—-160+76c5) c5) c5+ (96 +(-16 —6¢7) c7+ (-8 ¢c7+16 +8 c6) c6+ (16 c6 —24 ¢7+96 +88 ¢5) ¢S5+ (-48 5 +32 c6
—8=24cdycd)cd)cd) 4+ (-84 (-24+(-14=20¢7) ¢7) c7+ (16 + (104 + (=22 +14 ¢7) ¢7) 7+ ((72 +6 ¢7) c7

—8¢6) c6) c6+ (28 + (=36 + (25 +3 ¢7) ¢7) 7+ (=76 + (84 — 57 ¢7) ¢7+ (-16 ¢7+76 +4 ¢6) ¢6) c6+ (-56 + (- 14 — 3 ¢7) ¢7
+ (44 ¢7+20 +28 ¢6) c6+ (-18 c6+27 ¢7—26 + (-c7— 14 +2 ¢5) ¢5) ¢5) ¢5) 5+ (72 + (232 + (76 +22 ¢7) ¢7) ¢7 + (-40 + (
=240 =54 ¢7) c7+ (-8 ¢7+56 +24 ¢6) ¢6) c6+ (8 +(-60 =34 ¢7) ¢7+ (32 ¢7+ 144 +24 ¢6) c6 + (116 + (10 —c7) ¢7+ (4 ¢7
+28+4¢6) c6+ (-8c6—4c7—18+4c5)c5) cd) 5+ 8+ (-160—8c¢7) c7+ (48 +(2¢7+8) c7+ (-24 — 8 ¢6) ¢6) c6+ (60
+(44-8¢c7) c7+(8c7+156) c6+(-16c6+12c7—16+8c5) c5) c5+(-248 +(-96 — 10 ¢c7) c7+ (16 c7+72 +24 c6) c6+ (
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-32c¢6+24c7—120—4c5) c5+(-56 c6+32+40 c4) cd) c4) c4) c4+ (12 + (-48 +(-83 =22 ¢7) c7) c7+ (24 + (16 =9 ¢c7) c7
+(32¢7+76 —8c6) c6) c6+(32+(6+41c7) c7+(-40 + (108 +c7) c7+ (-4 ¢c7—24) c6) c6+ (38 +(-23 +5¢c7) c7+(-6¢c7
—36+8c6)c6+(8c6—14c7—42+6c5)c5)c5)c5+(44+(-40+B36—5c¢7)c7)c7+(12+(4c7—12)c7+(12¢c7

—32)c6) c6+ 8+ (-60+17c7) c7+ (-4 c7—184 —24 ¢6) c6+ (8 c6— 10 c7— 136 +8 ¢5) ¢5) 5+ (-96 + (104 — 12 ¢7) c7 + (
-40¢c7+40 =16 c6) c6+ (48 c6+24 ¢7—32¢c5) c5+(-56 c5+32c6+44 ¢7+120 +16 c¢4) c4) c4) ¢4+ (-16 +(-30+ (9
—4c7)c7) 7+ (=324 (-66—-2c7)c7+(-4c7+48+8c6) c6) c6+ (-10+(-13+24¢7) c7+(-9¢7—8—=10¢6) c6+ (-2 ¢c6
—20c74+20+12¢5) c5) 5+ (16 +(120+27c7) 7+ (-2 ¢7—120) c6+ (48 c6 —45 c7—48 +22 c5) 5+ (-22c5+16 c6
—=30c7—=16—=56c4) c4)c4d+(-16 +(-5—¢c7)c7+(9c7—8)c6+(-28c6—12¢c7+16—14c5) c5+(60c5+6c6+11c7+14
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—102¢7+96 + (2 c5—c7— 152 +8 c4) c4) c4) c4+ (88 + (-109 +45 ¢7) ¢7+ (=36 ¢7—46 — 156 ¢6) c6+ (-134 c6—32 c7
+846 +64 c5) 5+ (-44¢c7— 1182+ (-c7+104 =2 ¢6) c6+ (2 c6+4 c7+330) 5+ (-10c5+16 c6+9 ¢7+208

+16c4) c4) c4+ 312+ (62 +c7) c7+(2¢7+292 +6¢6) c6+ (-4 c6—14c7+696 +16¢5) 5+ (28 c5+12c6—12 ¢7+512
—Tcd)cd+(-4c5+28c6—16c7—132+13 ¢3) ¢3) ¢3) ¢34+ (107 + (183 =28 ¢7) ¢7+ (83 ¢7+199 + (-33 — ¢6) c6) c6+ (29 c7
=734+ (3¢7—250)c6+ (-3 c6+41 —2c5) c5) 5+ (493 + (145 —¢7) ¢7+ (9 ¢7+540 +¢6) c6+ (=30 c6+9 ¢7+714
—19¢5) 5+ (-84c¢5—51¢6+12¢7+93 =21 c4) c4) ¢4+ (-424 + (159 =10 ¢7) ¢7+ (-7 c7+42 +14 ¢6) c6+ (-20 c6 — 32 ¢7
—476 +96¢5) 5+ (-30c5—46c6+8c7+36—34c4)cd+(-Tc4d+14c5+85¢6—24¢7—1035+16¢3) c3) 3+ (129 +(-62
—=37¢7)c7+(-5¢7+74+81c¢6) c6+ (70 c6— 11 ¢7+280 +197 ¢5) ¢5 + (254 ¢5+26 c6+105 ¢7 — 470 + 193 c4) ¢4+ (56 c4
=108 ¢5—74 c6+23 c7+1756 =193 ¢3) ¢34+ (=294 c3 =111 ¢4~ 572 ¢5—515¢6— 108 ¢7 =394 +307 ¢2) ¢2) ¢2) ¢2) c2+ (6
+(-25-11c7)c7+ @40+ (1 —c7)c7+(-2+c7—2¢b) c6) c6+(-16 +(-10 =3 ¢7) c7+ (14 c7+ 14 =2 c6) c6 + (-12 c6
+2¢7—10=8¢5) c5) 5+ (-10+(-35+5¢7) c7+2c7+54—=22¢6) c6+(-20c6—10c7+98 =32 ¢5) c5+(-74 + (16
—c7) 7+ (~c7+4+2¢6) c6+(4c6+10)c5+(-3¢7+46—2c4)c4)cd) c4+(22+ (40— 13 ¢7) c7+ (30 c7+84 +(-22
—¢7)c6) c6+(-218+ (4 +2c7)c7+(-16 +2¢6) c6+ (-3 ¢7+60—2c5) c5) 5+ (154 + (28 +¢7) ¢7+ (-4 ¢7+86 +4 c6) c6
+(12c6—2c7+184—8¢5) c5+(-22¢5—6c¢6—3c7+68—14c4)cd) c4+(-32+(14+3¢7)c7+ (-4 ¢7+32—2c6) c6
+(4c6—14c7—56+18c5) c5+8c5+4c7—96+4cd) c4d+(12c¢4+3c¢7—60—4c¢3)c3)c3) c3+(-12+(73+18¢7) c7+(
=222 +(-80 +c¢7) c7+ (c7+8 =2 c6) c¢6) c6+ (188 + (=40 +7 ¢7) ¢7+ (2 ¢7+316 — 18 ¢6) c6+ (-4 c6—2 ¢7+208) ¢5) 5+ (
-180 +(-14+7¢7) c7+(-24=2¢7-30¢6) c6+(8c6+10c7—36—4c5) 5+ (18c5+2c6—10c7—88 +28 c4) c¢4) c4+ (72



+(-4—=T¢c7)c7+(-12¢7—=56 +14 ¢6) c6+ (32 c6—2 c7+284 +124 ¢5) ¢5+ (200 ¢5— 10 c6+94 ¢7— 584 +194 c4) c4
+(12¢4—180¢5—152c6+86 c7+736 =152 ¢3) ¢3) ¢34+ (-44 + (129 =20 ¢7) c7+ (26 ¢7— 64 +104 ¢6) c6+ (38 c6 + 18 ¢7
—580—26¢5)c5+(-106¢5—26c6+14 c7+780 — 130 ¢4) ¢4+ (-396 ¢4 —1010 ¢5— 570 c6 — 51 ¢7— 552 — 64 ¢3) c3
+ (1228 ¢3+76 ¢4 +180¢c5+72 c6—63 ¢7+292 —676 c2) c2)c2) 2+ (1 4+ (294 (-c7—8)¢c7) c7+ B34+ (10 +c7) c7+ (3 c7
+20—=3¢6)c6)c6+(-20+(T—2¢c7)c7+Bc7+12—=6¢6)c6+(-3c6+4c7—21+6c5)cd)cS5+(14+(-c7+4)c7+2c7
+18 4+¢6) c6+ (-6 c6—14+15¢5) c5+26c5—c6+14c7—18+ 123 —c4) cd) cd) c4d+ (-8 + 121 =8 ¢7)c7+ (T c7—12
+18¢6) c6+ (16 c6+2¢7—152=6¢5) c5+(-62¢5—20c6+c7+200+(2c5—2c6—c7—42—=2c4)c4)c4+(-9c¢7—T1 +(
=32 —=c6)c6+R2c7—110-2¢c5) c5+ 4 c5—2c6+2c7—84+c4)c4d+(-4c6+2c7+36—-2c3)c3)c3)c3+(-30+(-62
+14¢7) c7+ (=36 ¢7=92 +13 ¢6) c6+ (74 c6 —20 ¢7+270 =37 ¢5) 5+ (=27 ¢7—202 + (-¢7—158) c6 + (4 c6 — c7— 232
+2¢5)e5+22e¢5+12¢6—2¢7—55+8 c4) c4) ¢4+ (130 + (¢7—30) ¢7+ (=36 +¢c7—=2¢6) c6+ (2 c6+10 c¢7+204
—24c5 5+ 4 ce5+6c6—c7+90+4cd) cd+(-4c4d—2c5—16c6+3c7+434—-2c¢3)c3) 3+ (-80+37+10c¢7) c7+(c7
—10—=21¢6) c6+(-20c6+7c7—136 =76 c5) ¢S5+ (-112¢5— 14 c6—48 ¢7+388 =99 ¢4) ¢4+ (-18 ¢4 +82 ¢5+68 c6
—32¢7—1000499 ¢3) ¢34+ (128 ¢c3+118 c4+418 ¢c5+318 c6+30 ¢7+322 =430 ¢2) ¢2) ¢2) 2+ ((-11 =3 ¢7)c7+ (11 ¢7
+32—-2¢6)c6+(-28+(-c7+4)c7+(-38+2c6) c6—26c5) c5+ 26+ (-c7+4)c7+2+4c6)c6+2—-2c7)c5+(-2c5
+22—4c4)cd)c4d+2c7—12+(c7+8)c6+(-¢c7—30—14¢5) c5+(-24c5+4c6—13¢c7+94 —26c4) c4+ (2 c4+26c5
+22c¢6—12¢7—1104+20¢3) c3) 3+ (6 +(-38+8c¢7)c7+(-8¢c7+30—24c6) c6+(-4c6—2c7+182+4c5) c5+(36c5
+4c¢6+3¢7—236+38c¢4) c4d+ (124 ¢4+280c5+126c6+9 ¢7+188 —16¢3) ¢3+(-650¢3—68 ¢c4—102¢5—20c6+19 7
=116 4+442c¢2)c2) 2+ (3+(T=2¢7) c7+(5¢7+13=2¢6) c6+ (-8 c6+3¢c7—34+6¢5) c5+(26c5+16c6+2 c7+27 +(
~c6+9—2c5—cd)cd) cd+ (6 c6+c7— 16+ (-c7—26+2¢5) ¢5—20 ¢4+ (cd+c6—59) ¢3) 3+ (21 +(-10 = ¢7) c7+2 ¢
+(-c7+28+2c6+14c5) c5+R24c5+2c6+11c¢7—116423c4) cd+2c¢4—22¢5—20c6+10c¢7+264 —23 ¢3) c3+(
-26¢3—=55¢c4—154¢5—101c6—3¢c7—1314273c2)c2) 2+ ((-c7+4)c7+ (-4 +c74+2c6)c6—20c5+(-4c5—c7+26
—4cd)cd+(-14c4—28¢c5—10c6—c7—22+4¢3)c34+ (156 c3+20c4+24c542c6—2c¢c74+24—-156¢2) 24+ (-2 +c7+(
“2=c5) S+ (-2¢5—c7+12=2cd)c4d+2c5+2c6—c7—26+2c¢3)c34+2c3+12¢4+28c54+16c6+26—90 c2) c2

| +28c2—=14c3-2c4—-2c5-2+(15c2—c4—-2c5—c6—-2+(-2—cl)cl)cl)cl)cl)cl)cl)cl)cl)cl)cl)cl)cl)cl)cl)cl

> B7h = convert(b7e, horner)

B7h:= -4+ (-8+ (11 +(17+6c7) c7) c7) c7+ (-8 +(-12+(-12=2¢7) ¢7) 7+ (-11 ¢ + (4 c7+8 +4 ¢6) c6) ¢6) c6+ (4 + (-4 (14)
+(-17=11c7)c7)c7+ @A+ (-4 —c7)c7+(16¢c7—4—4¢6) c6) c6+ 4+ (10—=5¢7) c7+ (16 +10c7—4 c6) c6+ ((4
+2c¢7)c7+(-10=c7—=2¢cb) c6+(4c6—3c7+3—c5)c5)c5)e5)e5+ 8+ (12+(-16—8c7)c7)c7+ (16 +(-8+10c¢7) c7
+(-20c74+8)c6) c6+(-20+ (16 +129 —c7)c7)c7+(-4+ 28 =3¢7)c7+20+4¢c6)c6) c6+(-284+(6¢c7—12)c7+2¢c7
—56—4c¢6)c6+(12c6—Tc74+6—-6c5c5cScS5+124+(-8+(-124+c7)c7)c7+(16+ 4 c7+16)c7+ (4 c7+4)c6) c6
+ 364+ (-4c¢7—28)c74+(-20¢7—=12—24¢6) c6+(32c6+6c7+48—-6c5) c5) c5+(-24+(8—=2c7)c7+ (-8 +8 c6) c6
+20c64+12¢7-20-20¢5) c5+(-16c6—4c7+8c4)cd)cd)cd) c4d+(8+(16+ @A+ B +c7) c7) c7) c7+(4+12c7
+17) A+ (-124+(-3 c7—4)c7+(-4c7—4+4c6)c6)c6) c6+(-8+ @4+ @4 —5c7)c7)c7+ @+ (-2242c¢7)c7+2c7
—16+4¢6) c6) c6+ (-12+(6+9c¢7)c7+(-11¢c7+2—=2¢6) c6+(-2c6—4c7—8+4c5) cd)cd)cS5+(4+(-60+(-55
—11¢7)c7)ec7+ 20+ 128 +5¢7) c7+(12¢7—4 =20 c6) c6) c6+ (44 4+ (14 +26 c7) c7+ (6 ¢7+4 +8 c6) c6+ (-4 c6—15c7
+22+10¢5) ¢5) 5+ (-40 + (4 ¢7+52) 7+ (=28 ¢7—4 +44 ¢6) c6+ (28 c6—24c7—60—18 ¢5) c5+ (32 ¢5—28 ¢c6+28 ¢7
+28)cd) cd) cd+ (6 +(c7+4)c7)c7+(12+(-44+6c7)c7+(-842c7—4c6)c6)c6+(-44+2—-2c¢7)c7+(-12c¢7+32
—4¢6)c6+(10c6—5c7—44+(-c6+c7+8—c5) chcheS+(-324+(-6c¢7+18)c7+(-14¢7—-32+16c6) c6+ (-4 c7—28
+(-3¢c74+64+2c6)c6+(4c6+2c7+22—c5c5cS5+E8+3B6+3c¢7)c7+(-2¢7—40)c6+(-4c6—Tc7+6)c5+(10c5
+8c6—2¢c7-20—-8c4)cd)cd)c4d+(-8+(-10—8¢c7)c7+9c7+10+3¢c7—2c¢6)c6) c6+ 4+ (10—-3c¢7)c7+ (-4
—4c6)c6+ @4 c6+5c7—4-2c5c5cS5+H(-6+(-T—c7)c7+(16+6c6)c6+(-6c6+6c7—8—12c5) c5+(14c¢5—10c6
+c7=2c4)cd)c4d+(5¢7+3+(-8—=5¢7+5¢c6)c6+3Bc6—c7—13—=c5)c5+(5¢5—-10¢6+6c¢7+24+c4) c4+ (-8 ¢4
+6c54+2c6—3c7=24(c4d—c5—c6+c7+1)c3)ce3)e3)e3)e3)e3+(4+R20+(1945¢7) c7)c7+((8+ (28 +¢7) c7) 7+ (
16+ (-1243¢7) 74+ (-16 =4 ¢6) ¢6) c6) c6+ (-16 +(-36+(-32—10¢7) ¢7) 7+ (8 +(-32—=10¢7) c7+ (8 ¢7+32
+8¢6)c6) c6+(15¢72—4+(16+10c¢7—4¢6) c6+(-12¢6+11 ¢7—2+ (-3 +¢5) ¢5) ¢5) ¢5) 5+ (8 +(-20 =22 ¢7) ¢7+(
-16 + (24 +6¢7) c7+(4c7—40 =16 ¢6) c6) c6+ (68 + (60 +17 ¢7) ¢7+ (=16 ¢7 =20 c6) c6+ (-4 c6—26 ¢7+20 + (-4 c6
—2c7+44+2c5) ¢5) 5 S+ (-68+(20+8¢7) c7+(4c7—16+28 ¢6) c6+ (-84 +(-20+c7) c7+ (4 c7+8 +4 c6) c6
+4c5) 5+ A8+ (-24-2¢7)c7+(-8¢7—24—-8¢6) c6+(8c6+4c7+36—-8cH)cS+(-12¢5+16c¢6+8c7+16
—8c)cd)cd)cd) cd+(-4+(-4+(1+8c7)c7)c7+(12+128+13¢c7)c7+ (4 c7+4 =12 ¢6) c6) c6+ (4 +(-10—14c¢7) c7
+(-34¢7—=20-8¢6) c6+ (6 +(-3—2¢7) c7+ (B c7+26+6c6) c6+(-8c6—2c7—14+2¢5) ¢5) e5) eSS+ (-18 ¢ 72 — 48 +
S12+ (-84 —c7)c7+ (-4 c¢c74+48 —4¢6) c6) c6+ 24+ (88 —2¢7)c7+(6¢c7+1324+4¢6) c6+(-16 c6+3c¢c7—2
+20c5) 5 e5+H(T2+E+9¢7)c7+24c¢7—-36+12¢6) c6+(-40c6—14¢7—52+18c¢c5) c5+(20c5—28 c6—28 ¢c7—32
+20cd)cd)cd) c4+ (-4 +(-8+(-194+4c7)c7)c7+8+(10+c7) c7+ (2 c7+44) c6) c6+ (12 + (26— 13 c7) c7+ (-3 ¢c7
—22—10¢6) c6+22c6+14c7+2-3c5) eSS+ 8+ (-17¢7=24)c7+ (-4 c7—8¢6) c6+ (16 c6+24 c7—84 —54c5) ¢S5
+(6c5+32c6+4c7+44+24c4)cd)c4+(10+(-5+5¢7) c7+(-6¢7—32+6¢6)c6+2c6+6c7—4—-24c5)c5+(-16¢5
—8c6+24c7+32—-26c4)c4d+(-6¢c7—=T+(-8+c6) c6+(-c6—2c7+16+3c5c5+(5c5+2c6—3c7—4—-3c4) cd+(
2c4d—4c5+3c7+8—=c3) e e ed) eI e3+H (1244 +(-22-9¢7)c7)c7+ (16 +(40—2c¢7)c7+ (16 c74+4) c6) c6+ (8
+(164+(-34+c7)c7)c7+(-44+2c7—40)c7+(-36 —4c7—8¢c6)c6) c6+ (16 + (4 c7+14) c7+ (10 c7+44 +4 c6) c6+ (
~6c6—9c7+8—chc5chHeS5+(-644+(-124+34—-3¢c7)c7)c7+8+(-16—=8¢7)c7+ (4c7+64416c6)c6) c6+(-72
+Bce7+12)c7+(12¢7—44+12¢6) c6+(-24c6—22¢c7—60+14¢c5) c5) 5+ (116 +(-20+3 ¢7) c7+(-12¢7— 16
—36¢6) c6+ (8 c7+68+32¢5) c5+(-20c5+40c6+16c¢7—24—20c4) c4) c4) c4+(-20+ 20+ (33 +4c¢7)c7) c7+(-12
+(-16=6¢7)c7+ (-4 c7+32+16¢6) c6) c6+(-24+ (26 —8¢7) c7+(-24¢7—32—16¢6) c6+(34c6—6c7—6
+14c5 55+ 60+ (14c¢7—24)c74+(44c¢7—52—-40¢6) c6+ (44 c6—4c¢7—20—14¢5) c5+(-36c5+24c6—44c7—20
+16cd)cd)cd+ (16 +(12¢7—28)c74+(14¢c7—8—16¢6) c6+(8c6—Tc7+ 184+ (-20+c7—3cH) ¢c5) c5+(-40c¢c7—24 +(




-2¢7—40—4¢6) c6+(10c6+7c7+36—=8chc5+(-14c54+4c6—16)cd)cd+2+64+2c7)c7+Bc7—14—=2c6) c6+(
-12¢6—2c7+344+8c5 c5+(14c5—11c74+34+14cd)c4d+ (4 c4d—3c5+8c6—5¢7—T+2c3)c3)c3)e3) e3+(-20+(-32
+(-3c¢c7=4)c7)c7+(164+(-36—=12¢c7)c7+ (-4 ¢c7+44 4+16c6) c6) c6+ (-8 + (24 +16c¢7) c74+(20c7+8+8 c6) c6+ (6 ¢7
=28+ (-2+ch)c5)ch)esS+(16c7+88 +(-24 —48¢c6) c6+ (8c6—24¢c7+60+ (-4c6—2c7—4+4c5) ch5)c5+(-84+(12
+c7)c7+4c7+32+4c6)c6+(-8c6—4c7—28+8c5)c5+(8c5—8c6—4c7—8+4cd)cd)cd)c4d+(32+(-16—-3c7)c7
+B6c7—12—=36c6)c6+((-38—2¢7)c7+(-36+8c6) c6+(-2c6—c7—58—4c5) c5)c5+(-12+32—5c¢7)c7+(-12¢7
+60—4c6)c6+(12c6+14c7+48—2c5) 5+ (-12c5+16c6+16¢c7—8—12c4) c4) c4+ (26 c7+ (4 c6+6¢7) c6+ (-22 c6
+13¢74+484+10c¢5) c5+(-24c¢5—16c64+8c7—16—12c4) c4d+(-6c5+16c6—15¢7—-22—c3)c3) e3) 3+ 12+ (12 4+ (¢7
N e?)e7+(-404+(-4+2c7)c7+(-4c7—44 -8 ¢c6) c6) c6+ 36+ (-4+2c7)c7+(8c7+32+8¢cb)c6+(-4c6—6c7+4
—4c5)ce5)e5+(8c7—64+(24+8c7+16¢6)c6+(-16c6—16c7—44)c5+ (16 c5—16c6—8 c7+24 +8 c4) c4) c4+(-16
+(-4-9¢7)c7+(-16¢c7+24+4c6) c6+(-12c¢6+10c7+48 +22¢5) c5+(20¢c7 =16 — 12 c4) c4+ (24 c4+6 c5+28 c6
—4c7—14c3)e3)e3+(-12+@4+3c¢7)c7+@Ec7+16+12¢6) c6+(-8c6+4c7—24+8c5) c5+8c5—8c6—4c7+32) c4
+(12¢4-20c5—16c6—-12c¢7—12—12¢3) 3+ (12c3—8cd+12—4c2)c2) e2) e2) c2) e2) 2+ (-4 + (12 4+ (29 + (23
+2c7)c7)e7)e7+ 16+ (-484+(-70—=12¢7)c7) c7+ 32+ (4 +3¢7)c7+ (16 c7—12 ¢6) c6) c6) c6+ (16 +(-20+ (-8 ¢7
—24)c7)c7+(-20+ (114 +34 ¢7) 7+ (10 ¢7 =32 =28 ¢6) c6) c6+ (-8 + (10 +7 ¢7) ¢7+ (=34 ¢7— 28 +4 c6) c6 + (20 c6
—=2c7=12+(-c7+5+2c5) c5)c5)c5) e5+ (24 +(-32+(-8¢7—24)c7) c7+ (8 + (36 +38 ¢7) 7+ (-20c7+8

+24 ¢6) c6) c6+ (-36 + (46 +20c¢7) c74+(-114c7+12 =8 ¢c6) c6+ (-20+ (12 =2 ¢7) c7+ (6 ¢74+32 +4 ¢c6) c6+ (-16 c6+12
+4csceS)ed)eS+E+(-44+(-12+c7) c7)c7+ 24+ (-4+2c7)c7+ (-4 c7—12—=8¢c6) c6) c6+ (28 + (-4 —10c7) c7
+@4c7+52+16c¢6) c6+(-16 c6+18 c7+24 +8 ¢5) ¢5) 5+ (-48 +(-2¢7+32) ¢7+ (8 ¢7—16 +24 c6) c6+ (-48 c6+4 c7
—48 —4c5 54+ 32¢5-24c6—4c74+16+8c4)cd)cd) cd) c4d+ 12+ (-16 + (13 +c7)c7)c7+ (48 + (22 =T c7) c7+(
-54¢7+4+32¢6) c6) c6+ (-8 +(10+(3—=2¢7)c7)c7+ (10 +(-29 +4c7) c7+ (c7+84 =6 c6) c6) c6+ (28 + (-6 +c7) c7
+(-5¢7+44+4¢6) c6+(5c¢6+3c7—c5cd)ed)edS+ (=724 (-70+(-29=3¢7)c7) 7+ (76 + (116 +5¢7) c7+ (14 c7
—20)c6) c6+ 264+ 33+c7)c7+(-21¢c7—94—4¢6)c6+ (8c6+c7—52—-3c5) c5c5+(524+(70+10c¢7) c7+(-38 ¢c7— 60
—16¢6) c6+ (18 c6+2c7—66—8c5) c5+(32c¢5+40c6+20c7+88 =56 c4) c4) c4) c4d+(-8+(36+(4c7+48)c7) c7+(
=50+ (1—=10¢7)c7+(-9¢7—=16+10c6) c6) c6+ (-4 +(-12¢c7—64) c7+ (24 ¢7— 10 +2 c6) c6 + (-25 c6+24 c7— 10
—22¢5)¢5) 5+ (624 (-39—-T7c¢7)c7+(29¢7—66—16c6) c6+(6c6+14c74+30+7c5) c5+(-4c5+22c6—22c¢7—14
—48cd)cd) c4+(8+(-8—3¢7)c7+ (40 c7+42 =26 c6) c6+ (14 c7+ 14+ (45 +c6) c6+ (-c6—2c7—2+3 ¢c5) c5) 5+ (
=707 =38+ (-c7+18)c6+ (-2c6+3c7+45+3 ) c5+(-11c5-8c6+9c7+52)cd)c4d+(19+(-3+4c7)c7+(-3c7
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4255 e5+R2T1+(-8—=3¢7)c7+(-6¢7+80)c6+(20c6+15¢74+404 —-6c¢5) c5+(-32¢5+16c6—3c7+313
—50cd)cd)cd+(-29+(-284+T7c7) c7+(-3¢74+327+8c6) c6+(-4¢c6—20c7+37+19c¢5) c5+2c5—38c6—5c¢7—527
—3c4)cd+(50c4—20c6+30c7—280—-36c3)c3)c3) 3+ (-48 41220453 ¢7)c74+(-87c7— 134+ (-¢c7—43 — 6 c6) c6) c6
+ 0964+ (-147 +c7) c7+ (18 ¢7+277 +8 ¢c6) c6 4+ (-26 c6 — 10 c7+227+3c5) cd 5+ (-16 +(-21 —c7) c7+ (13 c7+214
—4¢6)c6+(-50c6+15¢7+1384+4chc5+(11c5—16c6—11¢7—154 422 c4)cd) c4+ 254+ (-78 =10c¢7) c7+ (-21 ¢7
+136+4c6) c6+ (4c6—25c¢7+298 +108 ¢c5) 54+ (180 c5+23c6—11¢7—1314 +187 c4) ¢4+ (102 ¢4 —239 ¢5— 60 c6
+155¢74+252 =146 ¢3) ¢3) ¢34+ (50 4+ (129 =43 ¢7) ¢74+ (23 ¢74+95¢6) c6 4 (-11 c6+29 ¢7— 559 +46 ¢5) c5+ (17 c5—54 c6
+72¢74250—36c4) c4+ (-368 c4—720 ¢5—259 c6+100 ¢7—345 4278 ¢3) 3+ (1047 ¢34+102 c4—21 ¢c5—112c¢6—90 ¢7
+43—-109c2)c2)c2)c2) 24+ (-34+ 8+ (10=3¢c7) c7)c7+(-3+(-16+6c7) c7+(2c7+5—4c6) c6) c6+(-34+(-12
+15¢7)c74+(-24¢c74+3—-6¢6)c6+(Tc6+8c7+82—12cHc5) c5+(-34+1@40—14¢7)c7+ 23 c7+T74+(-16 +c6) c6) c6
+37c¢7=754+(-3¢7—83—c6)c6+(4c64+2c7+58—c5c5)c5+B0+(-7+3¢7)c74+(-¢7—9—=3¢c6)c6+2c6—4c7
+79) 5+ (-5¢54+3c6+3c7+13=9cd)cd)cd)cd+(-3+87T+14c7)c7+(-31c¢7—424(-c7—6)c6)c6+(-31c7+14
+2c74+71+c6) c6+(-3c6+3c7+86—c5c5)c5+88+(-37T—2¢c7)c74+ (11 c7+113 —4¢6)c6+(-26c6+2c7+82
+11ce5e54+@4ce5—23c6+T7c7—146+23cd)cd) cd+ (-3 —-8¢7)c7+(164+10c¢7—6¢6) c6+(-20c6+13 ¢7—35
+27¢5)e54+3B0c5—18c6—c7—172+47 c4) c4+ (-56 c5+6c6+25c7+41 +(c5—324+c4) c4d+(-c6+c7—8—c5
—c3)e3)e3)e3) e3+ 264 (-55-35¢7)c7+(105+(54+3¢c7)c7+(5¢74+55—=T¢6)c6) c6+(11+36—12¢7)c7+9c7
+122—-3¢6)c6+(-26c6+10c7—64+15¢5) c5) 54+ (-31+(-29—-5¢7)c7+2c7+128 +12¢6) c6+ (-18c6—14c¢7—-3
+32¢5) 54+ (T1e54+8c6+6c¢7—243 +63 c4) c4) c44+ (63 + (79 —32¢7) c7+(8¢7—99 +50 c6) c6+ (52 c6+6 c7— 602
—c5eS5+H(-170¢5—-34c64+119¢7+340 4+ (-c5+c6—32—=9c4) c4d) c4+ (-34c6+2c¢7—189 4+ (¢7—294 -3 c5) c5+(8ch
—4c6—4c¢7—-330—2c4)cd+(10cd+c5—8c6+T7c7+267—6¢c3)c3)c3) 3+ (-18+(-51+35¢7)c7+(-58 ¢7—298
+23¢6) c64 (190 c6 —50 ¢74+241 —51¢5) c5+29¢7—236 4+ (-143 +¢6) c6+ (-c6—2c7—374+3c5) c5+ 21 c5—-2c6
—6c7—155421cd)cd) c4+(-48c7+18+(-2¢7—385—-6c¢6) c6+(9c6+15¢c7+151 —21c5) c5+(c5+38 c6—c7+446
—cd)cd+(-6c4d—6c5—12c¢7+958 +13¢3) c3) 34+ (-37T+90+2¢7)c7+(5¢7—109 =7 c6) c6+(-27 c6+26 c7— 191
—41¢5) 54+ (-84¢5—28c6+7c7+794—81c4)cd+(-69c4d+T4c5+51c6—75¢7—361 +88c¢3)c3+(-69c3+111c4
+279¢5+166c6—47 c7+213 =427 c2)c2)c2)c2) 2+ (-3 4+ (13 +(7T=2c7)c7)c7+ (=16 +(-174+2¢c7)c7+ (21 +2¢7
—c6)c6)c6+(-34+(-84+3c7)c7+(-8c74+54c6)c6+R2c6+c7+4—-3c5c5)c5+R29+3B3—-7¢7)c7+2c7—-51



>

>

+14¢6) c6+(-2c6—117+23c5) S+ (-3¢5+5¢6—2c7+33+(-c5—c6+c7—23+c4)cd)cd) c4+2+(-19+10c¢7) c7
+(-19¢7=974+17¢6) c6+(30c6—12¢c7+78 =43 c5) 5+ (-86 —8c7+(12+¢c7) c6+(-2¢c6—2c¢7—88+2c5) c5+(-4cb
+3c7=80+12c4) cd) cd+(12+ (14 —c7)c7+(c7=T6 —c6) c6+ (c6+c7+3)c5+(-Tc5+8c6+163 =3 cd)cd+(-13 c4
+2c5+8c6—8c7+64+11¢3)c3)c3)e3+(8+(-102—-23¢7)c7+ (40 c7+T75+ (7 +c6) c6) c6+ (49 ¢7—48 + (-3 ¢7— 108
—c6) c6+(4c6+2c7—93—c5)cHceS+H(12+(c7+17)c7+(-T¢7—=90+5¢6) c6+(22c6—9c7—52—4c5)c5+(-4c5
+6c6—c7+119—11c4)c4) c4+ (59 +6c¢7)c7+(-2¢7—=32)c6+(16c6—4c7—=T6—=36c5) c5+(-T4c5—2c6+5c7
+670—85c¢4) c4+(-16c4+115¢5+30c6—67c7—177+59¢3) c3) c3+(-46 +(-90 +30c¢7) ¢7+(-18 ¢7+53 — 51 ¢6) c6
+(20c6—15¢7+478 =24 ¢5) c5+ (27 c5+10 c6—34 ¢7—250 +42 c4) ¢4+ (319 ¢4 +488 ¢5+93 ¢6 —39 ¢7+283
—303¢3)c3+(-1184c¢3—141c4—58¢c5+113c6+64c7—43+189¢2)c2)c2) 2+ (-4+(6c7+12)c7+(-5¢7—18+(-¢c7
—34¢6)c6) c6+(2c¢P+6+(-3¢7—21+c6) c6+ (4 c6—c7+10 =3 ¢5) ¢5) ¢5+ 9+ (11 +¢7) 7+ (-¢7—26 — c6) ¢6
+@c6—c7+20—=2c5) 5+ (-14c5+c6+43 —10c4) c4) c4+ (-15+(-18+5¢7) c7+(-3¢7+29 =T c6) c6+(-5c6+2c7
+126-3c¢5)c5+B3c54+2c6—15¢7—=794+ (17 +c4)cd) c4+(50c5—=Tc6+6c74+40+ (-c5+c64+62) c4+ (-c4d+c6—c7
—594c3)c3) e e3+(-14+(18—=15¢7)c7+ (28 ¢c74+126 — 12 ¢6) c6 4 (-62 c6+23 ¢7—110+33 c5) 5+ (118 ¢5+28 c6
—7¢74+100+(-3¢c5+c7+79 =8 c4) c4) c4d+ (-c7—24+ (142 +c6) c6+(-c6—2c7—84+3c5) c5+(5¢5—10c¢6—222) c4
+(6cd+c5—5c6+T7c7—387—T7c3)c3)c3+(-64c7+15+(-c7+43 +c6) c6+(9c6—9c7+85+11c5)c5+(45c¢5+14c6
—6¢7—505+45¢4)c4+(25¢4—49¢5—36c6+44¢c7+290 —46 c3) 3+ (102 ¢3— 118 ¢4—208 ¢5—90 ¢6+35 c7— 166
+485¢c2)c2)c2)c2+ (14 +3c¢7)c7+(-6¢7=13)c6+ (11 c6—4c7+8+12c5) 5+ (-4c¢7—T+ (12 +c7—c6) c6+ (-3 cO
+c74+104c5) 5+ (-c6+c7—=2442cd)cd) c4d+(-2+(-12—=c7)c7+(54+c7)c6+(-4c6+2c7+2+4c5 c5+(10c5
—2c6—1034+12c4)c4d+(-2c4—15¢c5—5¢c64+9c7+35-8c3)c3)c3+(164+28—=9¢7)c7+(Tc7—244+12c6) c6+ (-8 c6
+2¢7—=162+8c¢5) 5+ (-15¢5+4c6+5c7+100—16c4) c4+(-109 c4—138¢c5—3 c6+c7—94 +114 ¢3) 3+ (605 ¢3
+81c4+47¢5—54¢c6—19¢7+29—-157c2)c2) 2+ (1 +(-2+4+2¢c7)c7+(-4c7—17+2¢6) c6+(Tc6—3c7+16—5c5) c5
F(-13c¢5—c6—14+(-12+c4)c4) c4+ (11 c5—1Tc6+2c7+6+(-c5+c6+34)c4d+(-cd+c6—c7+52+c3) c3) 3+ (
~10c6+19¢7—2+(-c6+c7—16—=c5) c5+(-11¢5—=2c6+c7+139 =11 c¢4) c4+(-3c4+12c¢5+10c¢6—11¢7—-96
+11e3)e34+(-53¢34+55¢4+77c5+22¢6—10c¢7+66 —-285¢2)c2) c2+(-2+(-3+c7)c7+(-¢c7+3 —c6)c6+(c6+19
—c5eS+R2c5—c6—13+2c4)cd+13c4d+14c5—2c6+c7+11—14c3) c3+(-144¢c3—-21c4—12c5+12c6+2c¢7—9
+65¢c2)c24+(c5+c6—2c7+(cS5—144+c4) c4d+(-c5—c6+c7+11 —c3) 3+ (12c3—12c¢4—14c5—-2c6+c7—13

+91¢2) 2+ (-13c2+13c3+2c4+c5—c6+1+(-15c2—c3+c4d+c5+1+(1+cl)cl)cl)cl)cl)cl)cl)cl)cl) cl) cl) cl)
cl)cl)cl

From (10) wehave b3 =b31-Y[7] + b30 , thus the soughtrelation among ¢[1]....,¢[7] isgiven by
a7>Y[7]> —=b7>=0 or (A7h)?-(2-(1 +add(c|/k, k=1..6)) +¢||7) — (B7h)?>=0
Thisrepresents , compactly, an implicit heptagon's inverseradius -equation interms of our ¢ — substitutions

withremarkably small coefficients : because

[ min( [ coeffs(expand(A7h) ) ]), max( [ coeffs(expand(A7h) ) ]) ], [ min( [ coeffs(expand(B7h)) ]),
max ( [ coeffs(expand(B7h) ) ]) ]
[-1614,2180], [ -1314, 1047 ] as)

In the following theorem we describe the inverse radius equation
interms of elementary symmetric polynomials of squaresofsides ofa cyclicheptagon:

THE MAINTHEOREM : Consider a cyclicheptagon withsides a, ..., a,,p =1~ ! (inverse circumradius )

If € e € ArC the elementary symmetric polynomials inthe squaresofthe sides ,
c[k]= sum(binomial( 14 =25,k —j)-(-1 )j~ej-2'j ,j=0 ..k) and
A[7] = product(4 —a[k]>-p> k=1.7) =sum(47* j-(—l)j-ej 020 =o..7),

then (the square ofthe inversecircumradius ) p2 satisfies the following degree 38 equation

el -6

ps =p **subs(seq( e[|k =c[k],k=1.7, (A7h)* — A (B7h)?)
The leading monomial of pglis equalto E;O p76.
REMARK : Wehave length( pS') =19649983 ,nops( pS) = 199695

Moreover the coefficients of p;l have at most 22 digits :
[min( [coeffs(expand( p;l) ) ]),max( [coeffs( expand( p;l) ) ]) ]
[ -1143554017381916344320, 1208261736827975630848 ] (16)

length( -1143554017381916344320), length(1208261736827975630848 )
22,22 a7
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In conclusion, we can interpret the quantity Q7 := (ATh)> — A7 - (B7h)? as a
kind of minimal condensed polynomial relation (among cl,...,¢c7), Q7 = 0. It
has only up to four-digit coefficients (between -1614 and 2180). Our formula for
P, having 199695 monomial terms (with up to 22-digit coefficients), is expectedly
large (as a 2200 pages book!). From this formula one can get other expressions by
simple substitution (e.g., by side lengths - what might be unreasonable, instead one
might rewrite it in monomial or Schur basis of symmetric functions, etc.). Similar
explicit circumradius formulas we have obtained for cyclic octagons already in 2004
(see [9,11,14,18]) (for partial results see [22]), but for heptagon area equation we
need to compute resultant of two polynomials of degree 11 and 12- not yet achievable
on our computer at hand.

Future research: One may expect, with more powerful computer system, to obtain
circumradius equation for cyclic nonagon (cyclic 9-gon) which has degree 187 in
circumradius squared.
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