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Abstract

In this paper we construct a new class of algebraic surfacéseée-dimensional
Euclidean space that are generated by roses. We derivepdugimetric and im-
plicit equations, investigate their singularities andugiize them with the program
Mathematica.
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1. Introduction

In [2], by using ann+2)-degree inversion defined in [1], we elaborated the pedédces

of special first order line congruences. The directing liokethese congruences are roses
given by the polar equation = cosny, wheren is an odd positive integer. The cases
with special positions of the pole appeared to be very istarg and led us to explore a
new construction of surfaces where the generating curveawase with a finite number
of petals. The resulting surfaces had various attractiapas$, a small number of high
singularities and were convenient for algebraic treatraadtvisualization in the program
Mathematica. Another attempt to generalize roses is given in [6].

2. Roses

Roses or rhodonea curvesR(n, d), treated here, can be expressed by the following polar

equation:
n
= — 1
T = cos ¢, 1)



where? is a positive rational number in the simplest form, t&'D(n, d) = 1.

If n - disodd, the curves close at polar anglést and have: petals. They are algebraic
curves of the orden + d, with ann-ple point in the origin and Wit@n(d — 1) double
points. Ifn - d is even, the curves close at polar anglgs: = and haven petals. They are
algebraic curves of the ord2(n + d), with a2n-ple point in the origin and witBn(d —1)
double points [5, pp. 358-369], [7], [8], [9] (see Table 1).

| n-d| order | pointO | number of double points period | number of petals

odd | n+d n-ple In(d—-1) d-m n

2

even| 2(n+d) | 2n-ple 2n(d — 1) 2d - 2n

Table 1: Properties ak(n, d)

According to [5] we can derive the following implicit equati of R(n, d):

( iﬁ: jio(—l)kﬂ' (2‘11{;) C) (2% + yQ)”T”—kﬂ‘)S _ ( MZ/QJ(_UZ' (Z) x”_%y%>s =0,

wheres =1if n-disodd ands = 2if n - d is even.

According to [4, p. 258, the tangent lines at the origin are given by the followingaq
tions:

-if n-dis odd

[n/2] n

Z (_1)k <2k) xn—Qkka — 07 (3)
-if nis even

(S (50 )am2) = @

-if diseven (] = 9)

(22 + %" = ( Lnf(—l)k (;;) 2y

k=0

2

= 0. (5)

1See the quotation that follows in the proof of theorem 1.
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Figure 1: Ifn is odd, the rosd&?(n, 1) is ann—petalled curve withn tangent lines at the
origin (Figs. aand b). Ifi is even, the ros&(n, 1) is an2n—petalled curve witlw double
tangent lines at the origin (Figs. c and d).
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Figure 2: Ifd is odd, the rose?(1, d) has only one petal (Figs. a and b).lfs even, the
roseR(1, d) has two petals (Figs. c and d).

Figure 3: Four roses with petals in different colors.

3. Rose Surfaces

Definition 1 Let P (0,0, p) be any point on the axis =z and let R(n, d) be a rose given by
eg. (1) inthe plane z = 0. A rose surface R(n,d, p) is the system of circles ¢; which
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lie in the planes ¢ through the axis » and have diameters PR;, where R; # O are the
intersection points of therose R(n, d) and the plane ¢ (see Fig. 4).

Figure 4: Ifn - d is odd or even, the number of poins € ( is d or 2d, respectively.

3.1. Parametric equations ofR(n, d, p)

Let ¢ be the angle between the plarigg) andy = 0. The parametric equations of the
circle c with the diamete” Rt in the plane( (i) are the following:

1
r:—cosago+1/p + cos? dgpsmﬁ)
1 ) ) 1
=§(p—l— p? + cos Egpcos@), 0 € [0,2m), (6)

wherep € [0,d - 7) if n-disodd, andp € [0,2d - ) if n - dis even.
Therefore, the parametric equations of the rose suffiee d, p) are the following:

1
T =508y cos—go—i—,/p + cos? — gosm@
1. [
y=gsing cos—g0+ p? + cos? — gosm@
1
:E(p%-w/pz%—cosz gQOCOSQ), 7
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where(yp, 0) € [0,d-7) x [0,27) if n-dis odd, andy,d)) € [0,2d-7) x [0,27)if n-d
IS even.

Equations (7) allow foMathematica visualizations of surfaceR(n, d, p), see [3].

3.2. Implicit equations of R(n, d, p)

From the identitycos d% ¢ = cos ny and multiple angle formula
cosnp = S (—1) (51) (sin )% (cos )"~ we obtain

|d/2] [n/2]
> (1) i G eos G = 3 (1) (5, ) s cos . @)

=0

Since the implicite equation of the circleén the planel(y) is

(r — COSQ%%))Q + <z — g)Q le (cos’ ESO +p%), )

by substituting- = /22 + 32 in (9), we obtain the following conditions for the points of
R(n,d,p):

os P4y’ +22—-p-z . n ) (22 +y2+ 22 —p-2)? (10)
—p = SN — @ = - .

d(p /x2+y2 ’ d(p $2+y2

By substituting (10) andos p = —= in p = —Z— into equation (8), we obtain

Vo P T g

the following algebraic equations:

5] & i
s(n d) k —q
(@® +9) ( § 1)t (%)( )(x Yt = pe )T (@ ) J)
=0 j=

5] ’
- (;(1)2 (;) x”%y?’) , (11)

12] & N 7k ’
(_1)k+j (Qk) (j) (12 + y2 + 22 —p- Z)d72(k7j)(x2 + y2)k7j
k=0 j5=0

J

:(xQ—i—y?)s(d;”) (Z(l)z(;)xnhg/%) 7 (12)




wheres=1if n-disodd, andk = 2if n - d is even.

Equations (11) and (12) are the implicit equationgdfi, d, p) forn > d andn < d,
respectively.

3.3. Properties ofR(n,d, p)

Theorem 1 For rose surfaces R(n, d, p), the following table is valid:

|n-d] | order | pointsOandP | axisz | double circlesin |
odd (n>d| n+d n-ple (n — d)-ple sn(d—1)
even| n>d | 2(n+d) 2n-ple 2(n — d)-ple n(2d — 1)
odd | n<d 2d d-ple 0-ple sn(d—1)
evenil n <d 4d 2d-ple 0-ple n(2d — 1)
A B C D

Table 2: Properties dR (n, d, p).

PROOFE

adA The order of an algebraic surface is equal to the degree algéebraic equation. In
egs. (11) and (12) the terms with the highest exponents:(ferj) are
<2d—1(w2 ) (2 4yt Z2)d>s and

<2d71(3;2 +y2 +22)d> (xg _i_yQ)s(d;n) <Z£§é(_1)i(;>xn72iy2i) , respectively.

adB According to [4, p.251]: If amth order surface if£* which passes through the
origin is given by the equation

F(ZL’, Z7y> = fm(‘rmy?Z) + fm+1(x,y,z) +o fn(xvyv'Z) = 07



wherefi(z,y, z) (1 < k < n) are homogeneous polynomials of degke¢hen the
tangent cone at the origin is given by the equatfpiiz, y, z) = 0.

Therefore, the tangent conesRin, d, p) given by egs. (11) and (12) at their points
O andP are given by the following equations:

— (io(l)i<;)a}"2iy2i) —0, (13)

- ( (—1)i<;) 2"y (a? + y2)d?n) =0, (14)

respectively.

In these equations;p - d corresponds with the poird2, and-+p - d with the point
P as the origin.

adC If R(n,d,p) is given by eq. (11), any poirify(0, 0, z;) lies on the surface and the
tangent cone ar,, with the origin translated int&,, is given by the following
equation:

s(n—d)

(2 +y*) 2z =0. (15)

This equation represents tﬁ@;—‘i)-ple pair of isotropic planes through the axis

If R(n,d,p)is given by eq. (12), it is clear that a poif(0, 0, zp) on the axisz
lies onR(n,d,p) iff 22 —p-20=0,i.e.Zy =0 or Z, = P.

Ad D The circlec in the plang is the double curve oR(n, d, p) iff the intersection point
of ¢ andR(n, d) is the double point oR(n, d). Thus, the number of double circles
onR(n,d,p) is equal to the number of double points®fn, d) if n - d is odd. But,
if n - d is even, other double circles in the planesexist onR(n,d, p). These
circles lie in the planes through the double tangent lineRB(f, d) at O and their
diameters ar®P. If O = P, these circles degenerate into the pairs of isotropic
lines. O



Corollary 1 If p = 0, the tangent cone of R(n, d, p) at O = P splitsinton or d planes.

PROOE If p = 0, egs. (13) and (14) take the following forms:

[5] i o
Z(_l)z <21> In—21y21 _ 0, (16)
=0

13 °
(Z(_l)i (;) xn—2iy21‘(x2 + yz)d—T") —0, (17)

respectively.

Since the polynomials in these equations =ife (eq. 16) ordth (eq. 17) degree homo-
geneous inc andy, therefore they can be reduced to linear and quadraticriacihese
factors equal to O represemior d planes (real or imaginary) through the axis O

3.4. Visualizations ofR(n, d, p)

The following figures are computed and plotted by the soféiéathematica.

R(3,1,2) R(5,1,2) R(2,1,2) R(4,1,2)

Figure 5: Ifd = 1 andp # 0, the tangent cones at the poidisand P are proper cones.
If » is odd, there are no double circles Rrin, 1, p). If n is even2n double circles exist
onR(n,1,p).
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R(3,1,0) R(5,1,0)

Figure 6: Ifd = 1 andp = 0, the tangent cones @axt splitinton planes. Ifn is even, these

planes are the double tangent plane®of, 1,0).

R(5,2,1) R(2,5,1) R(7,3,0) R(3,7,0)

Figure 7: Four rose surfaces.
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